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Boltzmann equation for the distribution function f (x, p)
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Linear nonequilibrium response to time dependent fields

Boltzmann equation for the distribution function f (x, p)

df (x,p)
p-0f(x,p) +aF*py ——— = Clf (x,p)]
| L
Vlasov force term Collisions

Linear response:

1
flx,p) = feq () +6f (x,p) feq(p) = exp(p - u/T) + 1
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Linear nonequilibrium response to time dependent fields

Boltzmann equation for the distribution function f (x, p)

af (x,p)
p-0f(x,p) + qF*'p, o~ U (x,p)]
‘ 1 ’ [
Vlasov force term Collisions

Linear response:

1
flx,p) = feq () +6f (x,p) feq(p) = exp(p - u/T) + 1

Induced current from the solution:

jE (0 =2 f AP (0 p)  (ap) -

Two component plasma

d*p
20 4n5(p2 —m?)

Electron-positron plasma
example jH(x) = 2q f (dp)p“[f+(x, p) — f-(x,p)]
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But induced charges also generate fields!

Perturbative approach (often implicitly assumed in literature on this topic)

u _ . —
]f — (,Uf;]f) F®Y ]md (pmd:]md) 1nd
Induced
S - EM fields - charges + - T};glrdiM
SOUICES currents

Maxwell egs.

Maxwell egs. Boltzmann equation

Works only if the EM fields of induced charges and currents are much smaller than the
fields producing the induced charges and currents in the medium!

Can we do better?
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Self consistent solution in Fourier space x* = (t,x) = k* = (w, k)
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Self consistent solution in Fourier space x* = (t,x) = k* = (w, k)

AV (k) = (¢, A) - all the fields

Covariant Ohm's law: o =THAY
Jind = v including the induced ones

Martin Formanek Covariant plasma response May 17th, 2022




Self consistent solution in Fourier space x* = (t,x) = k* = (w, k)

AV (k) = (¢, A) - all the fields

Covariant Ohm’s law: o =T1FA4Y
Jind = v including the induced ones
Maxwell equations = N _ , »
in medium: kP = po(f +Jing)  F¥ (k) = k*AV (k) — kY A (k)

Martin Formanek Covariant plasma response May 17th, 2022




Self consistent solution in Fourier space x* = (t,x) = k* = (w, k)

AV (k) = (¢, A) - all the fields

Covariant Ohm’s law: o =T1FA4Y
Jind = v including the induced ones
Maxwell equations = N _ , »
in medium: kP = po(f +Jing)  F¥ (k) = k*AV (k) — kY A (k)

Additionally: Gauge condition kuﬁﬂ = 0 and current conservation kﬂji”nd =0

Martin Formanek Covariant plasma response May 17th, 2022




Self consistent solution in Fourier space x* = (t,x) = k* = (w, k)

AV (k) = (¢, A) - all the fields

Covariant Ohm’s law: o =T1FA4Y
Jind = v including the induced ones
Maxwell equations = N _ , »
in medium: kP = po(f +Jing)  F¥ (k) = k*AV (k) — kY A (k)

Additionally: Gauge condition kuﬁﬂ = 0 and current conservation kﬂji”nd =0

Solution for components ¢, A where A = Ajk + A, :

o (k) B 0 Lo
¢(k) — (kz — wz)(l—IL(k)/wz — 1) AJ_(k) — k2 — 2 — HT(k) All(k) |k| ¢(k)

Depends only on external charges / currents and polarization tensor properties
[1r and I1; - transverse and longitudinal projections of Hff (Weldon, PRD 26 (1982) 1394)
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Collision term
In general complicated (Groot, Leeuwen, Weert, Relativistic kinetic theory, 1980)

d?p d3 / d3pr
Clff=%f 5 Pﬁ, p,i; (i = FIW(P pilp. 1)
|

Transition rate
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Collision term
In general complicated (Groot, Leeuwen, Weert, Relativistic kinetic theory, 1980)
0 0 .0 (f’f{ "ffl)W(P’»PHP,Pl) .
Pi P D

clrfl=3f
Transition rate

Simplest model-relaxation time approximation (RTA) (Anderson, Witting, Physica 74 (1974) 466)
Clf (x,p)] = (P*u)klfeqlp) — f(x,p)] k = 1/relaxation rate

Does not conserve 4-current aujiﬁ;d # 0! Better (BGK) (Bhatnagar, Gross, Krook, Phys. Rev. 94 (1954) 511)

d p, d’p’ dspi
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Collision term
In general complicated (Groot, Leeuwen, Weert, Relativistic kinetic theory, 1980)

d, &% dp ,
C[f.f]= :‘-zf : (ffl FOW(p', pilp, 1) -
P] P Transition rate
Simplest model-relaxation time apprOX|mat|on (RTA) (Anderson, Witting, Physica 74 (1974) 466)
Clf (x,p)] = (P*u)klfeqlp) — f(x,p)] k = 1/relaxation rate

Does not conserve 4-current aujﬁld # 0! Better (BGK) (Bhatnagar, Gross, Krook, Phys. Rev. 94 (1954) 511)

CLf G p)] = (pHu)x feq(P)Q — f(x P)

. . Neq
Designed explicitly to conserve current:
nG) =2 [ (@)@ wf e p)

n(x)
2 | (d -u)C , =2 |(d . , =0
-2 [0 e } | @@ welrem =2 [ @ne-w [feq(P e
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Doesn’t conserve energy and momentum!

0,T* = 09,2 f (dp)p*p'f(x,p) # 0

But can be fixed too by adding more terms as shown very recently (Rocha, Denicol, Noronha, PRL 127

(2021) 042301) For particle-antiparticle plasma T*Y conserved (Grayson, Formanek, Rafelski, Muller (2022)
arXiv: 2204.14186)

0,7 =, 2 f ()P p” (F-(p) + fr (. p)) | = 0

Because the equilibrium distribution doesn’t depend on position and the position dependent
perturbation changes sign with charge.

6fr(x,p) = £q5f (x,p)

Assuring cancelation of this contribution.
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Altogether we are solving Boltzmann equation:

of (x,p) .
apu = (p uﬂ)

In the plasma rest frame: p*u, = my

K feq( )Q—f(x p)

neq

p-0f (x,p) + qF*Vp,

In the linear order in perturbations: f(x,p) = feq(p) + of (x,p)
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Altogether we are solving Boltzmann equation:

of (x,p) .
apu = (p uﬂ)

In the plasma rest frame: p*u, = my

p-0f (x,p) + qF*Vp,

K |feq(® )Q—f(x p)

neq

In the linear order in perturbations: f(x,p) = feq(p) + of (x,p)

Without collision term solved for QGP in Blaizot, lancu, Phys. Rep. 359 (2002) 355: Satow, PRD 9o (2014)
dxH

034018 method of characteristics PDR — ODR along trajectories m——= ph.
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Altogether we are solving Boltzmann equation:

of (x,p) .
apu = (p uli)

In the plasma rest frame: p*u, = my

p-0f (x,p) + qF*Vp,

K |feq(® )Q—f(x p)

Tleq

In the linear order in perturbations: f(x,p) = feq(p) + of (x,p)

Without collision term solved for QGP in Blaizot, lancu, Phys. Rep. 359 (2002) 355: Satow, PRD 9o (2014)
dxH

034018 method of characteristics PDR — ODR along trajectories m——= ph.

Our method — Fourier transformation 6ﬂ - —ikﬂ

afeq(P) B feq(P)
dpH = (oo _ Neq

—i(p - k)6f (k,p) + qF*'p, sn(k) — 8f (k, p)
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Our solution (main result)

We want Fourier transformed current! In the linear order algebraic equation for §f (k, p)
which can be solved.

eurrents g0 =2a [ (o)t [FrGep) = F(ep)] = 4 | (@pp*3F (k)

Ohm'slaw:  Ji (k) = I, (k)A” (k)
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Our solution (main result)

We want Fourier transformed current! In the linear order algebraic equation for §f (k, p)
which can be solved.

eurrents g0 =2a [ (o)t [FrGep) = F(ep)] = 4 | (@pp*3F (k)

Ohm'slaw:  Ji (k) = I, (k)A” (k)

_ QR (k)

Solution: | II#(k) = R!(k) T+ Qk)
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Our solution (main result)

We want Fourier transformed current! In the linear order algebraic equation for §f (k, p)
which can be solved.

eurrents g0 =2a [ (o)t [FrGep) = F(ep)] = 4 | (@pp*3F (k)
Ohm'slaw:  Ji (k) = I, (k)A” (k)
il -
Solution:  |II#(k) = R* (k) — Q_ (MH”(;‘),
- [+ Q)
Where:
4qi (P - Wfeq(p) B , (- Kptp, — (k- p)p*u,
0110 =~ [ ) ST RGO = —a0® [ gy TP
2iK (p- u)zfeq(P) _ : (u-k)p, — (k- plu,
000 =~ [ ) e (k) = =24 | @)@ - Wz @) e
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Properties:

L YT ANV T AV U
_ _ Jing = HILAY =110(AY —ikYX), | . wuwr
Gauge invariance:  °™¢ ~i HI‘/‘ iv — Iy =0
Jind = Hyp-
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Properties:

T TR ANV — TTI( AV IR

. . Jing = LAY =11 (AY — kVX), LV

Gauge invariance:  °™¢ Yy HI‘/‘ iv = IILE" =0
Jind = Hp-
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Properties:

THE _ TTHOANY T AV SR

: . Jing = Uy AY =111, (AY — kYY), LV

Gauge invariance:  °™¢ Yy HI‘/‘ iv = IILE" =0
Jind = Hp-

~
.

Current conservation: k,j* =0=Fk,I"A", = k1" =0,
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Properties:

S TTR ATV — TTI( AV IR

] : Jing = Hy A =115 (AY — k" X). LV

Gauge invariance:  °™¢ ~i HI:‘ iv =& =10
Jind = Hyp-

~
.

Current conservation: k,j* =0=Fk,I"A", = k1" =0, V
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Properties:

L YT ANV T AV SR
_ _ Jing = LAY =115(AY —ikYX), | . wuwr _ ¢
Gauge invariance:  °™¢ Yy HI;‘ iv = 1IL,k" =0

Jind = -

Current conservation: k,j* =0= k" A", = k" =0, \/

Electron positron plasma application

All the integrals can be calculated in ultra-relativistic limit — massless particles. Only two
Independent components:

me [ w' 20’ Where: K

My (k) = A—A—— T @
T( ) 4‘|k| (lklz |k|> w = w + K A=lnw’_|k|

Debay mass:
2 .2 r

mpw W Zlkl 202 [® 272

1, (k) = 1———A _ 4 / _4
1) = ( 2] )Zlkl—iicA mh =~ | pPdlplf(pD =75

Reduces to standard result weldon, PRD 26 (1982) 1394 in the limit k = 0
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Susceptibility y, =1,/w? D, =¢,(1+ x)E;

15, 20
1.0} 1.5
E : E |
2 E 10
~ Ut ‘NQ :
S E 05
k09 RO
_1.0} 0.0}
_1.5: --------------------- : _0.5: ..................... :
0.0 0.5 : ; ! 0.0 0.5 1.0 1.5 2.0
w/k
Real part Imaginary part

For k = 0 we reproduce Weldon, PRD 26 (1982) 1394
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Conductivity

O-T/L — _ia)HT/L

3.5_' L T A 2 T T T ; .

[ k=0mD . k=0mD :
éa?’-o- ----- - k=1/50 mp 3 53-0 siwan ke 1A0mg ™
-~ 25: - k=1/10mD-: — 2_5 "AEEREEN k:1/2mD -:

E mirrirrnn k=12 E O. E
I 20 2 Hp - I -
x g ] X :
g o ] & :
Q1.0 1S ]
S | S ;
. 0.5 =l ]

0.0 , bttt

00 02 04 06 08 10

w/mp w/mp
Real part of longitudinal conductivity Real part of transversal conductivity

Discontinuity at k = 0 comes from infinite extent of plasma (Baranger, 198g)

Martin Formanek
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Dispersion relations - w (k) For |k| — 0 we have for both L,T:

[(k -u)? + .uOHL(k))[kz + pollz (k)] =0 e 2
\ r J \ I } - —— + 2
Longitudinal modes Transverse modes “+ 2 \ “p 4

1
Modified plasma frequency w, = §m12)

* kK < w, weekly damped case
* K > 2w, overdamped case

Re[w]/wp

k=0,|k|l#0
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k| # 0,k # 0

oop—— 1T T
[ k=08wp ___..c---
-0.2} ol
Q. Q. ’a" .
i i 0.4 - Longitudinal Mode -
% §. ----- Transverse Mode
= )
o =
-0.6
-08r T
oo 05 10 15 20 25 30
k/wp
Real part Imaginary part

See also results of Carrington, Fugleberg, Pickering, Thoma, Can. J. Phys. 82 (2004) 671; B. Schenke, M. Strickland, C.
Greiner, M.H. Thoma, Phys. Rev. D 73 (2006) 125004

Martin Formanek Covariant plasma response May 17th, 2022




Summary:

Manifestly Lorentz covariant formulation of the plasma perturbation

Including a collision term which preserves 4-current and energy momentum tensor
Polarization tensor manifestly gauge invariant

* The results reduce to Weldon in the limitk —» 0
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Summary:

Manifestly Lorentz covariant formulation of the plasma perturbation

Including a collision term which preserves 4-current and energy momentum tensor
Polarization tensor manifestly gauge invariant

* The results reduce to Weldon in the limitk —» 0

Outlook:

* Generalization to laser light interaction with matter

 application to QGP in heavy ion collisions (following talk by Chris M. Grayson)
* Early universe e e™ plasma (talk tomorrow by Cheng-Tao Yang)

* Finite physical systems

* Generalization for multicomponent plasma
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Thank you fo

| 5

q

r your attention!

Happy birthday Prof.
Rafelski!




