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‘We investigate the electromagnetic response of a viscous quark-gluon plasma in the framework of
the relativistic Boltzmann equation with current conserving collision term. Our formalism incorpo-
rates dissipative effects at all orders in linear response to the electromagnetic field while accounting

We present:
The electromagnetic response of viscous QGP

|

|

| for the full space- and time-dependence of the perturbing fields. As an example, we consider the

| collision of two nuclei in a stationary, homogeneous quark-gluon plasma. We show that for large
collision energies the induced magnetic fields are governed by the response of quark-gluon plasma

| along the light-cone. In this limit we derive an analytic expression for the magnetic field along the

| beam axis between the receding nuclei and show that its strength varies only weakly with collision

|

energy for \/snn > 30 GeV.

considering the full space- and time- dependece of @ --— - ---------------- -~~~ -~~~ —~—~—~—~—~—~—~

perturbing heavy ion fields. (only constant and ideal
conductivity previously studied) 4 FI" ;
QP v | ©

* The inclusion of collisions allows for a finite 3 %/ - ==

dynamic conductivity of QGP. —mf g9 Py

. " J . ‘MI/ s

» The corrected collision term generates a , F exct ¢

polarization tensor which conserves current and 1

consequently energy. 3




Linear Response from the Vlasov-Boltzmann Equation

Using the Vlasov-Boltzmann equation for each quark flavor one can calculate the induced

electromagnetic current in linear response and identify the polarization tenso IIY/(k) M. Formanek, C.
Grayson, J. Rafelski and B. Mdller, Annals Phys. 434, 168605 (2021)

- 0)f )+ a5, L — g (1)

Where the current due to up, down, and strange quarks is, the (collisional)
THEREAY = LT U TC R TR st
The first order response of a medlum to fields can be “‘described in fourier space using a

simple relation, Kis the 4 Ohm’s Law
N'u L e IS the
]ind(k) = 11 (k) A" (k) vector k" = (w, k) | > J=0o)E
(R. Starke and G. A. H. Schober, Int. J. Mod. Phys. D 25, 16400 _
Where 11#(k) Is the polarization tensor ;! (k) is the fourier transformed induced current in
the medium and 4*(k) is the fourier transformed perturbing 4-potential of the colliding ions.

xis the QGP strong :
damping parameter |
and is obtained :
1
1
1

from the inverse of

op = “Satic Conductivity”



Linear Response from the Vlasov-Boltzmann Equation

Using the Vlasov-Boltzmann equation for each quark flavor one can calculate the induced

electromagnetic current in linear response and identify the polarization tenso 114 (k) M. Formanek, C.
Grayson, J. Rafelski and B. Mller, Annals Phys. 434, 168605 (2021)

L, Of(zx, n(x rcis the QGP
(p-0) /(@ p) +qF" pyfa(—»up) =(p-uk (feq(p)ﬁ - f(xvp)) strinaedampinq
p Neq parameter and is

inverse of the
(collisional)

|
|
|
|
Where the current due to up, down, and strange quarks is, :
:
|
|

7(k) = 2N, / cAmo, (02 —mAp" Y ap(fy(k.p) — Fr(k.p))

Using this current one can calculate the polarization tensor using the method shown in the previous talk,

(o _2N/dp > ar(0fs(w,p) — 8 f(x,p)) Gt (k) = TI4(k) AY (k)
w,dys ind I

= e / dp)p Z 419/ (@ p) |:> The polarization tensor is identical besides a change in

ks the Debye mass due to the extra degrees of freedom.

_ iNge? / (dp)p"3f (=, p)
| mD(EM) Z qu2 = ConT" =

' — 2
1 No =N E (ar/€)” =2 | _ Enhancement due to quarks and color )
| f i u,d,s

e2T?
3

obtained from the

relaxation time 1/z.
uds e e ————



Electromagnetic Polarization Tensor: Infinite Medium

The polarization tensor for an infinite homogeneous plasma is composed of two independent
response functions which can be found by projecting onto k and considering longitudinal and

transverse polarization functions.

*'IZ'SHH 0 o X

w

E— T I
1

—MH” 0O O H” rest

w

Calculated in the ultrarelativisitic (p >>m) limit

w+ ik + |k
o 2 w_2 _ wA A = ln—_
1L (w, [K|) =MD 3 <1 —2]k|—mA> ; w+ ik — |k

_ mpw (wHin)* 1\ 2(w+ik)

ol = 3 (4 (M5 1) -
Where my, is the electromagnetic Debye mass of the plasma
N e2T?
mD%EM) = E Q§T2§ = CemT2 =2

u,d,s

Not to be confused
with “transverse”
and “longitudinal”
to the collisions axis

Here we have chosen k to point along the third
component Xj.

H.A. Weldon, Phys. Rev. D 26 (1982)




Estimating Quark Collision Term

To get an estimate of k we multiply the parton-quark transport cross
section by the parton density, (P. Danielewicz and M. Gyulassy, Phys. Rev. D 31, 1985)

(Mrowczynski, Acta Phys. Polon 1988)

10 1
k(T IN; +16)¢(3)aIn | — | T
(T) = 17 (ONy +16)¢(3)ad n ( —
Where we model how the strong coupling varies with temperature
USing a flt QCD, hadronic structure and high temperature
P LI B A I
0 (T) ~ —2stTC) osf Lo =160Me¥
s ~ 1+ Cln(T/Tc) 0.5 K OéS(Tc) =0.5
w 0.4
= 92/47T 0.3

0.2
0.1

(Hadrons and Quark Gluon plasma, ©
Letessier, J.,Rafelski 2002)
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FIG. 2: Plot of the QED debye mass and the QCD

dampening rate x as a function of temperature
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If K(Qcp) > ﬁmD(EM) then

plasma oscillations are overdamped



Comparison with Lattice Results

Kappa can also be compared to lattice conductivity calculations

Static conductivity

________________________________
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k(T) = T7m

(9N} + 16)¢(3)a? In

e2T?

mD%EM) =2 3

“Debye mass”

UO/ (TCem)

1

T

S

“QCD damping parameter”

A. Amato, G. Aarts, C. Allton, P. Giudice, S. Hands
and J. I. Skullerud, Phys. Rev. Lett. 111, 172001 (2013)
[arXiv:1307.6763 [hep-lat]].

G. Aarts, C. Allton, A. Amato, P. Giudice, S. Hands and
J. 1. Skullerud, JHEP 02, 186 (2015) [arXiv:1412.6411
[hep-lat]].

u,d,s
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0.3F -
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arXiv: |

O 1512.07249
0.1F m?, A 1910.08516 I
— O’O = — ¥
3K ¢ 1307.6763, 1412.6411 |;
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i 1 i i 1 i
i}. AB. 131'a11<1t, A. Francis, B. Jager and H. B. Meyer,
Phys. Rev. D 93, 054510 (2016) [arXiv:1512.07249 [hep-
lat]].

N. Astrakhantsev, V. V. Braguta, M. D’Elia, A. Y. Ko-
tov, A. A. Nikolaev and F. Sanfilippo, Phys. Rev. D 102,
054516 (2020) [arXiv:1910.08516 [hep-lat]].
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Magnetic field at the Center of Colliding lons

, . For simplicity we present the magnetic field
Y at the center of QGP where the magnetic
field is largest. y

1_ns'ﬂs)3|r_rs|2 (1_n5.ﬂs)3|r_r8|

qc(B, x ng) N qns X (ns x ((ng — B,) x )Bs))
72 .



Self-consistent Fields

In order to calculate the induced charge and field using the longitudinal and transverse
response functions one must project vector perturbations onto k

~ kE-A ~ ~ o~ . Then solving maxwell's equations in projected
A= W’ Al =A- Ak space one find the self consistent potentials,
e

e _ 5ext(wa k)
60(k2 — w2) (H||/(w26o) + 1)

Thus are 4-vectors in the different coordinates are,

~ o~

Al w, k) = (¢, A) = (¢, AL, Ap)

1 :UJO} ex (w7k) e w ~
ALlw, k) = k* —cluZ t— prollL A=

The self consistent potentials can be used to calculate
the self consistent fields.

TTTTToTToTmT T B()—/—d% B, - | T
B(w, k) =ik x A, | AT et YT ) et v
- | Ak
I
1

E(w, k) = —’quﬂg + ZCU;‘/. By(t’ O) _ / (27r)4 e—iwtéy(w’k)

Magnetic field at the origin

Then we fourier transform the fields back to position space




Magnetic Field of Heavy lon Collisions at the Origin,

Electric field is shown in supplemental slides B(1.0) = / dk .., Motk X j 1w, k)
’ (2m)* k2 — w? — polly (w, k)

Au-Au Collision, 4/syy =200 GeV, b = 6.4 fm

1 — Full time and space dependent response

1— Only time dependent response (Drude model)

| | Ostat
EO'J_(W,IC):—Z.HJ_(ZJ”C) i > O'L(LU,O): __stat

1 —iw/k

NEl: 3f  — External Field [~ Light-cone conductivity

[ ] 2 2 :

~ — _,;Mp (K Ll
= | oulw =l =i%2 (S m©e+ 2 €+ 1)

o 2f

o I

[ : m2 Ohm’s Law
1t T Static Conductivity gy = —2

K. Tuchin, Phys. Rev. C 88 (2013) 3K J = O'QE
-—---I!\Hhﬁ-‘:.....n"
-0.2 -0.1 0.0 0.1 0.2

T = 300 MeV ct(fm) oo = 5.01 MeV

Magnetic field persists

due to induced currents.

11



Magnetic Field of Heavy lon Collisions at the Origin,

Electric field is shown in supplemental slides B(1.0) = / dk .., Motk X j 1w, k)
’ (2m)* k2 — w? — polly (w, k)

Au-Au Collision, 4/syy =200 GeV, b = 6.4 fm

10E .............................. !
1 . 35 e Dynamic effects are important fort < 1/k
- e After t > 1/k the solutions begin to
~ 0100 i approach the static solution:
K [ 4
& 0.010} i: ZaB b 2
~ ¥H (0} —b%o9
S .fl By(t) — —Moiﬁ—g 16%
o 0001} (27) 4t
@ 5
10} e At the freeze-out time the QGP
begins to hadronize.
107°}
. 0 , 5 3 4 5 . “Why does the light-cone solution match
tcol = 2R/~ ct(fm) the full solution?”
el = 1/m T T Freezecout time” L



Light-cone Conductivity for Ultrarelativistic lons

pre(w, kp) = QWche_(’“z+w2/(Bv)2)RT2 JESLELL

2

Au-Au Collision Z = 79., 4/Syny = 200. GeV
: ' ' 1| ' )
: : al |
ko, Width v/2/ R w Width S7v2/R : | |
[ \ |
i |
Au-Au Collision Z = 79, /s = 10.GeV, ct = -2.12 A, b= 1. R 9 | ML (w, ko)l |
£ | | |
o oL ‘
= i ‘Region of 24 sigma support” |
1k |
0.15 [
epf/mn30-10 10 0-. . 1 N - 'y N
01 0 20 40 60 80 100
0.00 <>

w = [K[ (my)
xA)-Transverse  The conductivity does not vary with k, and we
can use its value at k, = 0
z(A;)-Longitudinal
“Lorentz contraction in

m2, [ K> 1K
10 10 w UL(“’:“"D:%LL—:)D (ﬁln(ﬁ)ﬁ—l-;(f-l—l))
direction of motion” §=1—-2i—
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Magnetic Field of Heavy lon Collisions at the Origin,

Expansion of the light cone conductivity in w/K:

6Ustat U-)Q w4
_ o=
5 K2 i (&4

Ostat

o (w=lk|)= m

(1+

(.4)2
K2

“Drude conductivity”o | (w,0)

Au-Au Collision Z = 79., 4/syy = 200. GeV, b =6.4 fm
10 T T T T
""" 0, (w,k)
1tEE S g 0, (w,0) E
----------- 7,(0,0)
0.100k /= =
< 4 i %,,&,:_ o (w=1K) }
S Y
g ootopy: \ 0 R i — !
= ] ...... '.'""""_""""'-""Hnmm...
% 0.001k" * 1
o
104} i
10—5 1 1
0 1 2 3 4 5
ct(fm)

_________________________________________________

d*k i
B(t70) — / (27‘(’)4 tk2
o M (w, k) i
o) (w, k) = —i 1w, k) :
' w

________________________________

K. Tuchin, Phys. Rev. C 88 (2013) 14

_________________________________________________



Freeze-out Magnetic Field at the Origin,

Freeze-out magnetic field induces polarization in final hadron spectrum

__Au-Au Collision, b = 6.4 fm, T = 150 MeV__ Numerical solutions for the full polarization
e y=1000 | tensor:
N
. - y= ) ~
0.010 “‘."‘\.‘ y=100 - B(t 0) _ / d*k —iwt MOZk X JJ_f(w7 k)
0.005F \ % ’ M4 k2 —w? — ol (w, k)
(o]
Er: Approximation expected to apply till
“_-'? 0.001F V6 =~ \V R/Ustat ~ 12
Q [
© 5 x 10~4F “Static Conductivity solution”
| ZqpB bog b0
— B (t) = —uyn— ——¢ 16¢
(1) = ~ho gy 4
> 4 6 8 10 12 14
ct(fm)

1
1
[ bRl
1

1

15



Space-time Magnetic Field,

Au-Au Collision, 4/syy =200 GeV, b = 6.4 fm

my?
4 10.
9 1.
<
§ 0 0.100
0.010
-2
0.001
-4 ec|B,|(my>)
\ 107
4 2 0 2 :
z (fm) ]
Larger peak field

Au-Au Collision, 4/Syn =/17 GeV, b =6.4fm

ec|B,|(ms)

-2

z (fm)

Larger freeze-out field due to smaller freeze out time

0.100

0.010

0.001

107

16



Outlook: Just at the Beginning
e Early Universe Plasma and BNN (See lecture by Cheng Tao Yang)

® BBN fusion reactions in damped electron-positron-plasma.

e Electric field: pair production and characterization of electric field in QGP.

e QGP Switch-On and Evolution: create a realistic spacetime picture of the plasma.

® This can be done by adding a source to the neutral plasma in the boltzmann equation.

~ / —~ -
gt (w, k) = dﬁﬂ“w’,w,k‘ A" (W k)O(w — o t>0
ind v

27 t <0

4
i N
mz
> %4 ¥ g |
% % v
7 Y A B2 N
f - A ~ - » A
m—
. N » A
4 | .
4

Thank You!
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Supplemental Slides
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Electric Field

3.0F

«— 2.0}

elEy|(my

0.0f

2.5}

1.5
1.0k
0.5}

External Field (k = )

1 xk=5mp

_______________________________________________

Transverse electric field is
| suppressed.

19



Electric Field

Au-Au Collision Z =79., \/_ 200. GeV, b =4.5 A,
00— _

0.05}

—~ 0.04}
E [
£ 003}

o 0.02f 1x=5mp /

0.01} _f ~_ |/

External Field (k = o)

0.00f

" Longitudinal Electric field is
Z(Ar) enhanced

20
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Freeze-out Magnetic Field at the Origin,

Freeze-out magnetic field induces polarization in final hadron spectrum

ec|B,|(m,°)

N LR v = 1000
0.010F% e
[ \\ ''''' - y=100 3
0.005f\ %> e y =15
""‘3\ _——— y=10
0.001f
5.x 107}
’|.x’|0'4:'

Au_—Au (_30llli§ion_Z_ =_79._, b = 6.4_ fm,_ T = 1.5(_) M(_aV

Numerical solutions for the full polarization
tensor:

d*k
B(t,0) = | ——e~
( 70) / (27_‘_)46
Approximate result expected to apply till

’76 ~ \V/ ’i/gstat ~ 12

“Dynamic solution”

wt Moik X ;J_f (wv k)
K2 — w? — polly (w, k)

- By (t) = —Ho

Zqf bkogat (1 — KtEi(kt)e ")
(2m) 4t

“Static solution”

ZQB bostat
By(t> - _NO% A2

21



Outlook: Just at the Beginning

e QGP Switch-On and Evolution: In order to accurately model in space and time

QGP we would like to create a realistic spacetime picture of the plasma.
o This can be done by adding a source to the neutral plasma in the boltzmann equation

(anﬂ%@+ﬂFWmagﬁm==@4Wiﬁﬂmnuy—ﬂ%p)+: !

p neq l_ _' ________________ |
The leads to a convolution integral in Ohm’s Law of the form, / |\

~ dw’
- (L _ T OTTHR v - / t
gt (w, k) —/ AW, w k)A (W', k)O(w — ') @(t):/ AP
t>0 - =
t<0

21
'—.; Ry =
% j:E > A

F“”

ext A F“y

22




Free Charge Distribution

For simplicity we prescribe the external fields using a gaussian charge distribution normalized to the
radius and charge of the nucleus.

Au-Au Collision Z =79, \/E =10.GeV,ct=-212A,,b=1.R

Free Charge in Position Space

(t,2) = 20~ ok

_________________________________________________________

____________________________________________________________




Induced Charge

As yincreases the external charge density is contracted

i (grows large in magnitude but smaller in space).The
Z=79.,T=300. MeV, mp=74.1857 MeV '

External ]

functional dependence of the tail changes little so appears
to be small and more smeared out at high gamma.

___________________________________________________________

i y=12,Z2=79.,T=2300. MeV, mp = 74.1857 MeV

0.03 . External i
: ----- Induced
: ----- = Total

0.02 - -

40 30 20 -10 0 10
""""""""" ~ B Z(Ar) Ar=141m ,

3
S
&
s
|
Se
3
=
|
(\)
Cbl\:)
&



Induced Charge
_ y=52= 79.: T= 3(?0. Me\{, mp = 74'185.7 MeV .
0.12f
0.10F
0.08f

0.06}
0.04}

ep/m,>

0.02
0.00

-10

__________________________________________

i As yincreases the external charge density is contracted

i (grows large in magnitude but smaller in space). The

' functional dependence of the tail changes little so appears
i to be small and more smeared out at high gamma.

___________________________________________________________

y=100,Z=79., T = 300. MeV, mp = 74.1857 MeV

External

2.5F
----- Induced
20F == = Total
“r 1.5}
S
& 10k f)/ — 100
0.5¢
0'0- .........................
-05 -04 -0.3 -0.2



Induced Charge - (Single Nuclei) g

-

Plot below shows a single ion traveling through the plasma. A tkailing negativély

charged wake is shown trailing behind the positive lon.
y 5, Z2=79., T=300. MeV, mp =74.2 MeV

______________________________________________

2
5ind — HL¢ (1 - ﬂ)

w2

JIII:d 1_[T14T jlnd |’€| 71 Pind

K(QCD) &2 O MpEMm)

ep/m;>

-0.001
-0.002
-0.003
-0.004

-0.005



Charge Conservation in the Infinite Plasma

In the case of an infinite plasma in both space and time the induced charge
balancing the induced screening charges has moves to infinity.

Z=79, T =300.MeV, mp = 74.1857 MeV_ Z=79., T =300.MeV, mp = 74.1857 MeV
External External
----- Induced ] Induced A
..... = Total = Total
P 1000 Static Gaussian Charge Z = 79.

1
~0.01} 3
. -0.10 I a0
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14 -
Z(Ay) z(An) -

0O 10 20 30 40 50 60 70
r(Ar)

27



Plasma Frequency

We can use the dispersion relation to solve for the natural oscillations of the
effective particles within the plasma i.e. plasmons, This is done by solving the
dispersion relation in the limit k—0,

1 .
(k- @) (k- @)* + poTlL (k) (k* + pollz (k))* = 0
for both modes one tinds,
— K 2 KZ 2 m%
w = —lE + Wy, — Z Where w, = T

For an oscillatory electric field, these modes are damped by the relaxation
parameter

: _Kpdita w2 — B2
E — Eoe—zwt » F = E()B 5 tLit w2 — 5

28



Susceptibility . .

0.1mp
0.1mp

- 0O

o

(Imp3)Imix.], k
1

(1ImpP)Relx.], k

FIG. 3. Longitudinal susceptibility xr(w,k) in units of m% for x = 0.1mp. Left panel: real part of xr(w,k); right panel:
imaginary part of xr(w, k).

0.1mp
0.1mp

(1/mp?)Relx7], k
(1Imp?)Imix-], k

FIG. 4. Transverse susceptibility x7(w,k) in units of m% for k = 0.1mp. Left panel: real part of yr(w,k); right panel:

imaginary part of xr(w, k).

I’ (w, k)

Ki(w,k) =1+

0 0

—
8
)

2
_w 179

w2€0 =1+ X; (wa k)

(Rukhadze and Silin, 1961)

P = EQXeE

29



Fields of Colliding lons s e

potential reaches 2my

(n—p) (nx (m-g)x5)\
20 AP —r2 el AP r) oo

eE(r,t) = Zahc

___________ V¢, -4
Radiation Field 0.2 ) -5
-6

0.1 1.
-7

ecBy[my/A ]

0.4 ’ .
Blue arrows indicate

direction of motion

Figure 19: Here we see the fields and gauge potential of two colliding Pb ions at v = 37 (about 74 GeV
per nucleon pair in the CM frame) and impact parameter b = 3R where the ions are separated by
Az = 2fBct = 1\, where )\, is the muon Compton wavelength, approximately 1.87 fm. At this collision
energy the potential of the ions surpasses 2m, over a distance larger than the muon compton wavelength
Au The lorentz contracted nuclei are indicated by black surfaces traveling in the x direction (collision
axis). (a) the potential is plotted in units of my, in the xy-plane (collision plane) md the electric field
vectors are shown in units A,L where in these units the Schwinger field eEs = =15= 2 The 2m,, barrier,
at which the Dirac equation predicts boundstates to dive in to the negative contmuum [110] is indicated
by a gray surface.

30



Conductivity  o(w, k) = —i

3.5p ; ; ; : :
k=0mD ]

g 3-0'.‘ --=-- k=110mp ?
< 25} e k=12mp
o ]
n 2.0fF ]
¥ ]
= 1.5¢ :
S ]
Q 1.0f ]
E ;
= 0.5} g
0.0} . | N ———

o
o
o
N
o
i AN
o
o
o
o
—_
o

w/mp

FIG. 8. Real part of or for different values of k.

w
: k=0mp ]
o 3-0f P T - k=1/50 mp, 3
E 25K AN eeees k=1/10mp ]
o 5 s k=12mp ]

wimp

FIG. 7. Real part of oy, for different values of k.

Discontinuity at k = 0 comes from infinite extent of
plasma (Baranger 1989) 31



Modes - Dispersion Relation

(k- w)? + pollL (w, k) (k* + pollr (w, k))* = 0

Longitudinal Modes: Electric Charge Oscillations —
Langmuir waves (density fluctuations), Debye screening
(charge screening)

Re[w]/wp

Finte K

Re[w)/wp

Longitudinal Mode ]

Transverse Mode

25 3.0

2.0

Negative
imaginary part
means modes are

Transverse Modes: Current Oscillations —

Electromagnetic waves in vacuum

Longitudinal Mode ]

Transverse Mode

20 25 30

Im[w]/wp

damped
0.0f T
k=08w,  __...---
-0.2} Pt
ol Longitudinal Mode |
..... Transverse Mode
-0.6
-0.8 ) : : : . .
00 05 10 15 20 5 30
kiwp
i

: Longitudinal solution runs
i into the branch cut at -ik



Modes - Dispersion Relation

1nw—|—7l/<a—|—|k|
(k- w)?® + pollp (w, k) (E* + pollp(w,k))* =0 w+ ik — [K|

[
Longitudinal Modes: Electric Charge Oscillations — | Transverse Modes: Current Oscillations —
Langmuir waves (density fluctuations), Debye screening ! Electromagnetic waves in vacuum
(charge screening) :

Re[w]/wp
0.0F T 1 0
K=08wp ... 2
, -02 00— ‘
§Q 2.0 § 04 Longitudinal Mode 0.2
g % ----- Transverse Mode Im{wwep -0.4
< L of -0.6 -0.6
0.5k Longitudinal Mode ] ~08
oobes Transverse Mode -0.8 A '
00 05 10 15 20 25 30 00 05 10 15 20 25 30
k/wp
kiwp
r-r-r——-——=—=—""™—=—=—"=—=—=—=—+ I
: Longitudinal solution runs I
. . |
i into the branch cut at -ik : (Schenke et al. 2006)

33



Au-Au Collision Z =79., 4ysyy =200. GeV, b =6.4 fm
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FIG. 6. Comparison of the magnetic field for different values
of QCD dampening or equivalently conductivity. Larger val-
ues of dampening x represent smaller conductivities and vice
versa as indicated by Eq. (54). The black dashed line and
the black line represent the limits of zero and infinite or ideal
conductivity respectively. One can see that as k increases the
asymptotic value of the magnetic field decreases.
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