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N=4 SYM at the planar limit

Two-point function in the planar limit at weak coupling
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Single-trace operators
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S \ M. de Leeuw, C. Kristjansen, G. Linardopoulos ‘18
tructure constant / Asymptotic: TG, Z. Bajnok ‘20
_ ) S. Komatsu, Y. Wang" ‘20
Y. Jiang, S. Komatsu E. Vescovi ‘19
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Open question: » Wrapping corrections for Cp ??




I AdS/CFT duality

Gauge theory side

String theory side

Long range spin chain with length J

1+1 dimensional sigma model with
length J

Dilatation operator:
HN) = HO £ XHD £ N2H® 4
Integrability: [H(N), Q3(N)] =0
Q3(\) = QY + 2@ + QY + ...

Anomalous dimension = string energies

e(p)
Scattering matrix:  S(p1,p2) ~ S(p1,p2)®
su(2[2).

Dispersion relation:

scattering matrix

2

J — oo | HY :2.site int. ). 3-site int. -
H® :3site int (1), 4-site int
H®? :4-site int. (). 5-site int. 2 elpy pia @ @
Asymptotic Bethe Ansatz - » Asymptotic Bethe Ansatz
N=4 SYM: |n.f. local dimension, o!ynam!cal Toy models: simpler 1+1d field
Toy models: gl(N) long range spin chains | theories
— _ _ LUscher corrections -
. T Wrapping corrections < » (ginjte size corrections)
Finite J olols]

KRR

Toy models: ???

TBA, Y-, T-, Q-systems
Toy models: 1+1d field

theories in finite volume
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Preliminaries (Definition of asymptotic long range spin chains)



I Integrability at higher loops

N. Beisert, C. Kristjansen, M. Staudacher ‘03
one-loop: nearest neighbor interaction (2-site)

. . . . ©_y
two-loop: next-to-nearest neighbor interaction (3-site) HY = Sj I |
J .
k-loop: (k+1)-site interaction HY = i R )
J .
J
HON) =HO 4+ HD £ 22?4 HY is defined only for J > ¢+ 2 (asymptotic region)
Integrability: H(N), Q3(\)] =0 2s(\) = QY + AQLY + A2QY) +
oth-order: [H©,Q"] =0 (). 3-site interaction
oo oo Q'Y : 4-site interaction
th-order: [H', Q3]+ [H, Q5] = (2) . 5-site interaction
2th-order: [H(2), QéO)] + [H(l), Qél)] 4+ [H(O), :(>)2)] —0 N. Beisert, T. Klose ‘06

We obtain H®, Q\* order by order
Starting from an integrable 2-site spin chain —— \\nich contains unfixed parameters

Do, =M. QM oM em =0 G=de U= aWr!
k

19,(0), Q4(0)] =0 H(A) = Qa(N) Q= Yrs(N)Qs

S
T. Bargheer, N. Beisert, and F. Loebbert ‘08 )
J Physical paramters: (), Br.s())

Zar )BIQr(A)] + Zﬁr s ML Unphysical paramters: 7.5 (A), e (A)



I Asymptotic Bethe Ansatz

Example: long range deformation of the XXX spin chain.

oiP — Z—l_zg Qr:qu(uk)
uj—l—'i/2 J:_Kuj—uk—l—i 1 i i
(Uj_i/Q) ,guj_uk—i qr(u>:r—1 ((u+i/2)7”_(u—i/2)7">
# N. Beisert, T. Klose ‘06
T Q=Y N Q=Y am)
I i

o Tr(u) = r—1.<x(u—i—z/2)f'" w(u—i/2)"

(229" [ exptrotu 2=

u() =+ 200 O, 0) =3 3 BrsN(@ ():(0) — G ()3 ()

£=0 r=2s=r-+1
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Construction of the transfer matrix for long range spin chains



B. Pozsgay ‘21

Medium range spin chains s rosm

1 2 3 45 6

Interaction range ¢ + 2 o (0)
H hjit1,.. jre+1 =) h:
Jopig Z s Z

Length J

7=1 1 23456
) ’ , I |
L (u) = LY} rya(uw) = 14+ uh{” + O(w?), L1 | I gi:] o0
= (£ V4 = (£ ¥ (4 > (¢ ¥ (¢ > (¢ ~ (¢
R (u,v) = R oppalu,v), R (u, 0) L () LS, (0) = L (0) L8, (w) R (u, ).
0 ~ [ - (0 ¢ d , (e ¢
T () = Tr, [Lf,>(u)...L§>(u)] 79(0) = 1 1) = H
u=0
1234567
123456789 123456789 |9 ¢m
ANEEREN T I=cs
o o
.. _ | L
Cu u S
| [ I 1 | \: u
I ‘ Iul I\‘
{ v ) I
I T 111 I I I B B B {‘ﬁbl,‘
1234567809 123456789 567193



Properties of transfer matrices

1234567 1234567 1234567 2345671

456712 3 56712 3 4 56712 3 4 56 712 3 4

75 (u) = UTS" (w)U ™



I Properties of transfer matrices

[ u ]
60060610315,
TO W)U T () o= = T8 () U780 (w1 s MY ! !

712 3456

o _
T8 (w), TS (0)] = 0 ?ﬁf LT |



Generalization to long range

zgﬁ) (’LL, )\) _ E\'g)( L(O) _|_ Z )\JL(J) Egj) range ]+2
14
. . = (j.k .
Rﬁf) (u,v,\) = Rge’o) (u,v) + Z)\JRg j)(u,v) jo ) range 2j+2
j=1
() »(€ 5 (£ 5 (4 5 (4 <5 (£ . .
RY L (W) L), (v) = L9 (0) L8, ()R + O+ R\ = RY (u,v)

Itis I+1 equation for )0 X! . .  \‘
Let assume there exist £°, R’ and let us take the next order
Ry VLIV )L (0) = L7V ) LEED (R + 0N F)
For the orders A% A',... A® this egn containsonly L, ... L®
Ry LY () £y (v) = £17 (0) L5 RETY + o)
Question: Is it guarantied that these equations have solutions R“t57) for j =0,...,¢

R (w, >+o<v+l> LR (w0700 H @)L ) =1+ 0

?

The matrices are fixed by R*% » Unknowns: L®) R&H



Lax operators and long range
Hamiltonians

The transfer matrix 7. (u) = Tr, [Eg) (w)... L0 (u)} + O\
Truncated RLL —— > [T\ 9(w), 719 (v)] = O

J4
Regularity E(@ (u, A) =1+ ub(e)( A) + O(u?), (16)0\) = Z Akhgk)
/
= 770 =1 T(@( )| =HY +on HY =3 A
u=0 k=0
J
For J>¢+2 (asymptotic region) H\) = S hg@ » range ¢+ 2 Hamiltonian
j=1

The regular solutions of the truncated RLL gives integrable long range Hamiltonains by definition!
Question: Is the reverse direction also true?

Are there Lax operators for every integrable long range Hamiltonains?

For general long range deformed GL(N) spin chains, there exist LY, L, L?
(for every physical parameters a,.(\), 8,.5()\) )



I Content

Finite size long range Hamiltonians



Wrapping corrections

—

The transfer matrix 7. (u) = Tr, [ﬁvff) (w)... L (’UJ)} + O(Aeﬂ)

V4 ¢
is well defined even for J < £+ 2 o T()() = H'Y o
u=0
(=3.J=4
19234 1 234 1 234 19234 19234
o000 000 000
HH! | )
0000 0000 000
123 4 123 4 123 4 123 4 123 4
1234 2341 341 9 4123
Hf)) h(43) i:::II:Hj i::#j i:::::::Tj i:::::::F
2541 341 2 1123 1234
¢ g0
More generally: Hf,)_zhg. ) WO T, 0
j=1
1 23456 78 1=t 1 2345
= | || 111

[ J g

| | |
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Inozemtsev spin chain

Let us take a finite volume long range spin chain #, for every length J

It defines the asymptotic Hamiltonian H = Jh—{%o Hy

“Physical” consistency: Does out method give the initial finite volume Hamiltonians Hj; ?

. . . 2w T
The Inozemtsev’s spin chainis Hj = Z (p(k —J)+ Z<(§)) P; j W=
1<y,k<J
K 2
e 7Y — Vik — P, N
The asymptotic limit is Z (k—J)P;jx V() <—Sinh(j/<;)>
—oco<j<k<oo
12345678 1 2345
The transformation o L {l | | tty p
- _ \ J \ I =113
RO = T ph® edull]]]
123456738 4 5123
acts on the permutationas P, ;, — N, Mod(k, J) =1,
Pl,Mod(k,J), MOd(k, J) = 2, ceey J.
, 2
Hy=const.+ >  Pip Y V(k—j+1J) > Vik+1)) = (p(k)—l—;C(

1<y<k<J —oo<[<o0o —oco<I<0
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Requirements from AdS/CFT duality



I Argument 0

The anomalous dimensions Energy levels of a finite
of single trace operators ~  volume 1+1d field theory

Asymptotic data
e(p), S(p1,p2)

F|e|d theory description: > The f|n|te VOIUme Spectrum

, , .. Asymptotic Finite size
Spin chain description:  Hamiltonian > Hamiltonians

H Hy

Our method provides unique finite size Hamiltonians



I Argument 1

unfixed parameters coming from the free ex(A) parameters of the
. . . . < >

ch0|c_e qf the renormalization scheme in asymptotic Hamiltonian
the dilation operator
F. Fiamberti, A. Santambrogio, C. Sieg, and D. Zanon ‘08 i
h hvsical , Requirement: the parameters €x(})

h_eshe;re unp nyIC& |toharame irs > should disappear from the spectrum
which disappear irom the spectrum of the finite size Hamiltonians

H = exp(U)H exp(—U) H = exp(Us)Hyexp(—Uy)
>
Uy =" ex(N)XP

U= eNXP
2,; +Y It can be proved -



I Argument 2

Let us consider three asymptotic Hamiltonians ~ HV =4, HSU (V) 345U

— HSU(N)
SU(2)

— HSU(2)
SU(2)

for which N =4

In the AdS/CFT, the wrapping corrections of the SU(2) sector includes

contributions from the full spectrum _ _
Z. Bajnok, R. Janik ‘08

—»  The finite volume Hamiltonian in a closed sector N =4

£ 1,50 (2)
depends on the full asymptotic Hamiltonian d J

SU(2)

Our definition for the wrapping region contains sums for the full spectrum
12345

)

| | | T T T Our finite volume Hamiltonian in a
\\ . —®» closed sector depends also on the full

| | | asymptotic Hamiltonian
45123

SU(N
HEU)

SU(2)

2 HEU@)




Argument 3

The four-loop asymptotic dilatation operator in the SU(2) sector contains: ((3)

The four-loop length 4 dilatation operator in the SU(2) sector contains: ¢(3),¢(5)
F. Fiamberti, A. Santambrogio, C. Sieg, and D. Zanon ‘08

—» | The finite volume Hamiltonian could contain extra transcendental numbers

1 2 3 4
Our definition for the wrapping region contains sums for the full spectrum | T
| J

¢

|
2341

For infinite dimensional local Hilbert space, we have an infinite sums which may result in
extra transcendental numbers.



I Conclusions

The main message:

| showed a perturbative construction for transfer matrices which give perturbative
long range commuting charges.

* | checked that this construction gives all the SU(N) symmetric long range integrable
spin chain up to )2

* This transfer matrix is well defined even when the interaction range is smaller than
the spin chain length therefore it defines long range Hamiltonian with finite length.

* We saw that these finite volume Hamiltonians satisfy some properties of AAS/CFT
wrapping corrections.

1) The finite volume spectrum is independent from the parameters €x())
2) The wrapping corrections of the closed sectors depends on the full spectrum
3)Extra transcendental numbers can appear in the wrapping corrections
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