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Motivation

Xk V27 SYM is integrable in the planar limit.

X Is it the only* integrable theory in 4D?
3 What happens when we have less supersymmetry?

3k Can we do this in an organised way?



The past

3k Why do people believe that A2 2 theories are not integrable”?

3 They do not obey the usual YBE. [1006.0015 Gadde, EP, Rastelli]

3k Does this kill integrability? No!



Integrable models

3k Rational (like XXX based on SU(2))
3 Trigonometric (like XXZ based on SU(2)q)

3K Elliptic (like XYZ based on SU(2)q.1)

X There are also hyper-elliptic examples (chiral potts model)



Elliptic models

X Depending on the basis we use, elliptic models do not have

to obey the standard YBE but a modified, dynamical YBE.
[Felder 1994]

X In the “Baxter basis” (where the usual YBE is obeyed) there

IS no highest weight state.

3k SCFTs have BPS operators which correspond to the highest

weight states. They are naturally not in the “Baxter basis”.



[Drinfeld 1990]

Quasi-Hopf algebras

3k More structures beyond elliptic models and the dynamical YBE.

X Drinfeld twist: quasi-Hopf algebras, quasi-Hopf YBE.

R12<I>312R13<I>1_312R23<I>123 = ¢321R23<I>2_311R13<I>213R12

3 When the Drinfeld twist obeys the so called shifted cocycle

condition, we get elliptic models and the dynamical YBE.



N2 92 SCFTs

3K Lagrangian . V2.2 SCFTs are classified. [Bhardwaj,Tachikawa 2013]

3k Many of them can be obtain via orbifolding .A># SYM and

then marginally deforming.
3 We know the gravity duals for marginally deformed orbifolds.
% At the orbifold point (no marginal deform.) they are integrable.

[Beisert,Roiban 2005]

3 We only need to understand how to marginally deform.



Our main example
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3k Enough to discover all novel features (dynamical, elliptic ...).

¥k When go — 0 gives . V2.2 SCQCD in the Veneziano limit (N=2Nc).



The Plan of the talk

3%k The one-loop spin chains of 422 SCFTs are dynamical.

%k V2 2 SCFTs enjoy a quasi-Hopf symmetry algebra.

3 The R-matrix in the quantum plane limit and the twist.
3 Understanding the non-trivial twist/coproduct.

3k Quantum multiplets for the BPS spectrum.



One-loop
dynamical
spin chains



XY sector: an alternating spin chain

Every 27 SYM spin chain state ‘XYXYYX s e >

Gives two . ¥2.2 spin chain states

Which are Z> conjugate

(k states for a rank k orbifold)
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Note that if we specify the gauge group of the first color index we
identify which of the two states we have. This can be done by labelling
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The XY sector Hamiltonian

The one-loop Hamiltonian:
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XZ sector: dynamical spin chain

Every V27 SYM spin chain state ‘XZXZZX é é'.é

Gives two .} 2 spin chain states  |Q12! 2Q21! 1! 1Q10 a4 al
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Which are Z> conjugate |Q21 1Q12 2Q2 aak

(k states for a rank k orbifold)

We specify the gauge group of the first color index we identify which of
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The XZ sector Hamiltonian

The one-loop Hamiltonian: 00 0 &
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Elliptic from dynamical

Old idea: construct the elliptic R matrices from trigonometric ones by an
‘averaging’ procedure. [Jimbo, Konno, Opake, Shiraishi 1997]

At the level of the R matrix, the dynamical parameter

of Felder keeps track of the color indices!

Our model is more intricate than Felder: when we cross a Z (field in the
adjoint representation) we don’t want to shift the dynamical parameter.

It is a dilute RSOS/CSOS model.

The holomorphic SU(3) sector is captured by a dynamical 15-vertex
model which is specified by the adjacency graph, which is the dual
to the brane-tiling diagram of the quiver theory.

[2106.08449 Rabe, EP, Zoubos]




Quasi-Hopf
symmetry




[Drinfeld 1990]

Quasi-Hopf symmetry

3%k As for marginal deformations of /Y2 SYM.

[Roiban2004] [Berenstein,Cherkis2004] [Beiser,Roiban2005]...
[Mansson,Zoubos2008]...[Dlamini,Zoubos2016&19]

%k . V2.2 SCFTs enjoy a quasi-Hopf symmetry algebra.

3 To discover it we look at the F-terms.
X They define a (complex 3D) quantum plane.

3 The R-matrix at the quantum plane limit (Braid limit)

ba_R

3 The superpotential is invariant under the quantum group.



Ex. the Manin quantum plane

qu — yX Can be obtain from an R-matrix:
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The quantum plane is invariant under the transformations x"' =t ij b

They obey the algebra SU(2), which is obtained using the Rtt relations:

R'apt]th = tht' R,

thtd =tath, tht5 ! thth =(q 1! gthth

tLtl = g MLty tht?d = o HAtY, tLt = o Rt t4t3 = q L3ty



3D quantum planes classified

[Ewen,Ogievetsky1994]
Parameterise using two tensors Eix and Fijx:

Ei!j x'xl =0 UinFif. =0

Quantum plane Quantum co-plane

The R-matrix is given by: Rkl = (Skdj C Eklmem

A

R=PR

Using this R-matrix we get back the right quantum plane relations and
through the Rtt relations we can write down the quantum algebra.
The R-matrix encodes symmetries of the quantum plane.



[Roiban2004][Berenstein,Cherkis2004] ...[Mansson,Zoubos2008][Dlamini,Zoubos2016&19]

Leigh-Strassler theory
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AdS point of view

Gravity dual reason why we have a quantum algebra:

NSNS B-field turned on the C? (transverse to the D3).

When there is a B-field the open strings ending on

the D3 branes see a non-commutative geometry. [Seiberg,Witten1999]
Open strings see a quantum plane!

3k For the Leigh-Strassler background [Kulaxizi 2006]

3k Marginally deformed orbifolds also have a B-field on the orbifolded C?! C3
(transverse to the D3) allowing us to go away from the orbifold point:
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[Gadde, EP, Rastelli 2009]



The Z2 quiver quantum group

There are two copies (images)
of the quantum plane:
g
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The Z2 quiver quantum group

11
XY sector the R 1: the SU(2) that rotates X and Y is unbroken (indeed true)

XZ nontrivial R: the SU(2) that rotates X and Z is broken (upgraded to quantum)
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The Z2 quiver has extra symmetry

The superpotential is invariant under a quantum SU(3)x symmetry,

with the appropriate co-product (dictated by the twist F)

LR s= K, p! R' s+ R' g1 Ky

& The XZ SU(2) (as well as YZ SU(2)) inside the SU(3) are quantum.

First we have the action of the generators of the SU(3)« on fields
together with the co-product, then the full SU(4)« and we are currently

working out the action of the full supergroup PSU(2,2|4)«! [Ihry 2008]
[Garus 2017]

& The BPS spectrum organises in multiplets of the quantum SU(4). .

[2208.xxxxx Andriolo,Bertle,EP,Zhang,Zoubos]



The Z2 quiver has extra symmetry

Example of an SU(2): multiplet
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The kappa symmetrised
operators we can also obtain
by direct diagonalisation of the
one-loop Hamiltonian.
[2208.xxxxx Andriolo,Bertle, EP,Zhang,Zoubos]



The Z2 quiver has extra symmetry

The stress energy 21

tensor multiplet of A2 7

breaks into. /22 1+

multiplets. Nonetheless,
the broken generators
with the new coproduct
allow us to see them as
one multiplet!

The D multiplets drop after you trace.
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[2208.xxxxx Andriolo,Bertle, EP,Zhang,Zoubos]



Conjecture

%k The . V27 theories which can be obtained via orbifolding,
orientifolding, ... the mother A2 7 SYM theory, enjoy a
quantum deformation of PSU(2,2|4).

3k The naively broken generators of PSU(2,2[4) ! SU(2,2|.4")
get upgraded to quantum generators.

... any susy breaking that is due to R-symmetry breaking.



3D g-planes and gauge theories

D3 : D3 i'
R° CYscone

N27 SYM NZ4 gauge theories

XK N« 7 theories: F-terms: (complex 3D) quantum planes.

3 We read them off the R-matrix at the quantum plane (Braid) limit.
3 Rtt relations: give the quantum group.
3 From the R-matrix we get the Drinfeld twist (change of basis).

3k The Drinfeld twist gives a quasi-Hopf symmetry algebra.



Where we currently are

3K Detailed study of a class of V2.2 SCFTs. (A-type orbifolds)

X More multiplets, also non-BPS, ex. 6x6=1+15+20’, then 6x6x6=...
3 The SU(3) scalar sector as a dynamical 15-vertex model.

3 Explicit study using the coordinate Bethe ansatz.

1 I
Ei(p;#) = s #+ 5 (1L+ #2)2" 4#2sin’p

3k Brute force computation of a Qs in the XY sector.

[in progress de Leeuw, EP, Retore, Zoubos]



Where are we going?

3k How to go from 2- to 3-sites: Derive the co-cycle condition.
3 This will formally answer the Integrability question.

X All-loops S-matrix and hopefully integrability.

3K Detailed study of more V22 SCFTs and . V27 SCFTs.

3 The SU(3) scalar sector as a dynamical 15/19-vertex model.



Outlook

3k Study the gravity dual of marginally deformed orbifolds!

3%k “4D Chern-Simons” approach [2005.03064 Costello, Stefa! ski

¥ Generalize [2104.08263 Gaberdiel. Gopakumar] [2206.08795 Gaberdiel.Galvagno]

To the quantum string Dual to Free . A2 2 SCFTs.



Thanks!



