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What will this talk be about?

Conformal Field Theories techniques to study String scattering
amplitudes on AdS

Why scattering amplitudes?

They allow to test the predictions of our theory.

They can teach us much about its structures/symmetries

On-shell and twistor Methods.
Color/kinematic duality and double copy.
Positive geometry.
· · ·

We will study graviton scattering amplitudes in String theory on AdS.
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Scattering amplitudes

Scattering Amplitudes

Probability that two particles colliding (with momenta p1, p2) result into
two other particles (with momenta p3, p4).

<latexit sha1_base64="WLnUvS9F+tQEWdwuVJDFOQDLCA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Qe0oWy2m3bpZhN2J0IJBf+AFw+KePUXefPfuE170NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwSha6b7e9/rlilt1c5BV4i1IBRao98tfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz/LT52SM6sMSBhrWwpJrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLli80VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroupdVb3GZaXWeJrHUYQTOIVz8OAaanAHdWgCgyE8wyu8OdJ5cd6dj3lrwVlEeAx/4Hz+APssjg0=</latexit>

P1

<latexit sha1_base64="W6CEXiMDEhzetaVk/rLK9L6xfYU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjwmaB6QLGF2MpsMmZ1dZnqFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwSha6b7er/SLJbfszkHWibckJVii3i9+9QYxSyOukElqTNdzE/QzqlEwyaeFXmp4QtmYDnnXUkUjbvxsfuqUXFhlQMJY21JI5urviYxGxkyiwHZGFEdm1ZuJ/3ndFMMbPxMqSZErtlgUppJgTGZ/k4HQnKGcWEKZFvZWwkZUU4Y2nYINwVt9eZ20KmWvWvYaV6Va42kRRx7O4BwuwYNrqMEd1KEJDIbwDK/w5kjnxXl3PhatOWcZ4Sn8gfP5A/ywjg4=</latexit>

P2

<latexit sha1_base64="LiyLzKLp1joIRH9ZvFfhC2Q7YNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BLx4TNA9IljA7mU2GzM4uM71CWAL+gBcPinj1i7z5N04eB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBStdF/rXfaKJbfszkBWibcgJVig1it+dfsxSyOukElqTMdzE/QzqlEwySeFbmp4QtmIDnjHUkUjbvxsduqEnFmlT8JY21JIZurviYxGxoyjwHZGFIdm2ZuK/3mdFMMbPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt+eZU0L8reVdmrV0rV+tM8jjycwCmcgwfXUIU7qEEDGAzgGV7hzZHOi/PufMxbc84iwmP4A+fzB/40jg8=</latexit>

P3

<latexit sha1_base64="42wqMGGuYrlXyxpC3hpU5nfeZRI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjwmaB6QLGF2MpsMmZ1dZnqFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwSha6b7er/SLJbfszkHWibckJVii3i9+9QYxSyOukElqTNdzE/QzqlEwyaeFXmp4QtmYDnnXUkUjbvxsfuqUXFhlQMJY21JI5urviYxGxkyiwHZGFEdm1ZuJ/3ndFMMbPxMqSZErtlgUppJgTGZ/k4HQnKGcWEKZFvZWwkZUU4Y2nYINwVt9eZ20rspetew1KqVa42kRRx7O4BwuwYNrqMEd1KEJDIbwDK/w5kjnxXl3PhatOWcZ4Sn8gfP5A/+4jhA=</latexit>

P4

= A(g , s, t, u)

A(g , s, t, u) depends on many things:

The parameters of your theory g .
The particles you are scattering (their masses, polarizations, etc)
The momenta of the particles being scattered:

s = −(p1 + p2)2, t = −(p1 − p3)2, u = −(p1 − p4)2
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String theory scattering amplitudes - Flat space

4pt graviton amplitude in ST

The parameters of the theory are gs and α′.

The amplitude depends on the momenta pi and polarisations εi of
the gravitons.

SUSY fixes the dependence on the polarisation:

A(gs , α
′, pi , εi ) = pref (εi , pi )× A(gs , α

′, s, t, u)

The computation organises in a genus expansion

+ + ...+

A(genus 0)(α′, s, t, u)+g2
s A

(genus 1)(α′, s, t, u)+g4
s A

(genus 2)(α′, s, t, u)+· · ·
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String theory scattering amplitudes - Flat space

At tree level and in flat space: Virasoro-Shapiro amplitude

A(genus 0)(α′, s, t, u) =
Γ(−α′s

4 )Γ(−α′t
4 )Γ(−α′u

4 )

Γ(1 + α′s
4 )Γ(1 + α′t

4 )Γ(1 + α′u
4 )

Crossing symmetric.
Poles due to the exchange of particles (of mass m = 2

√
n/α′ and

spin `)

A(genus 0)(α′, s, t, u) ∼ P`(t, u)

s − 4n/α′

Regge behaviour

A(genus 0)(α′, s, t, u) ∼ s−2+α′ t
2 , for large |s|

α′ expansion

A(genus 0)(α′, s, t, u) ∼ 1

s t u︸︷︷︸
sugra

+α′3 + α′5(s2 + t2 + u2) + · · ·︸ ︷︷ ︸
stringy corrections
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VS in AdS

What can we say about the Virasoro-Shapiro amplitude on AdS?
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AdS/CFT

String amplitudes on AdS ↔ Correlators of local operators
in the CFT at the boundary.
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A(gs , α
′, s, t, u)↔ 〈O(x1)O(x2)O(x3)O(x4)〉
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AdS/CFT

String theory on AdS5 × S5 ↔ 4d N = 4 SYM
(gs ,R) (gYM ,N)

gs ≈
1

N
,

R2

α′
=
√
g2
YMN ≡

√
λ

<latexit sha1_base64="Mz96czhTHzUPlEPW3NVH8xywbpg=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjNifewqblxJpVaFTi2ZzG0NzWSG5I5Yhn6LG3/FjQtFXQl+jGntQq0HAodz7uXkniCRwqDrfji5qemZ2bn8fGFhcWl5pbi6dmHiVHNo8FjG+ipgBqRQ0ECBEq4SDSwKJFwGveOhf3kL2ohYnWM/gVbEukp0BGdopXbx0E9VCHq4nvkId5jVUQvVpSyy8ZiGYGis6IAehfV2hfooIqvUryuDdrHklt0R6CTxxqRExqi1i29+GPM0AoVcMmOanptgK2MaBZcwKPipgYTxHutC01LFbFIrG504oFtWCWkn1vYppCP150bGImP6UWAnI4Y35q83FP/zmil2DlqZUEmKoPh3UCeVFGM67IuGQgNH2beEcS3sXym/YZpxtK0WbAne35MnycVO2dsre2e7perpuI482SCbZJt4ZJ9UyQmpkQbh5J48kmfy4jw4T86r8/49mnPGO+vkF5zPL8hwpGY=</latexit>

String amplitudes on AdS5 ⇥ S5 <latexit sha1_base64="cDlikFmsU9V8F+ljNMFQtWp9wDk=">AAACIXicbVDLSgMxFM34rPVVdekmWARXZUZE3QhCN24URVuVTimZ9LYNZpIhuSOWYX7Fjb/ixoUi3Yk/Y/pY+DoQOJxzLjf3RIkUFn3/w5uanpmdmy8sFBeXlldWS2vrdatTw6HGtdTmJmIWpFBQQ4ESbhIDLI4kXEd31aF/fQ/GCq2usJ9AM2ZdJTqCM3RSq3QYpqoNZjiehQgPmFW1MSAZamOpUDTPQs4kPcuP9ug4QC9vT/O8VSr7FX8E+pcEE1ImE5y3SoOwrXkag0IumbWNwE+wmTGDgkvIi2FqIWH8jnWh4ahiMdhmNrowp9tOadOONu4ppCP1+0TGYmv7ceSSMcOe/e0Nxf+8Roqdw2YmVJIiKD5e1EklRU2HddG2MMBR9h1h3Aj3V8p7zDCOrtSiKyH4ffJfUt+tBPuV4GKvfHw2qaNANskW2SEBOSDH5ISckxrh5JE8k1fy5j15L967NxhHp7zJzAb5Ae/zC8GYpHw=</latexit>

Correlators in N = 4 SYM
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Genus expansion
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Stringy corrections to sugra
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Graviton on AdS
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1/N expansion
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Compute 〈O2(x1)O2(x2)O2(x3)O2(x4)〉 in a 1/N and 1/λ expansion.
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4d N = 4 SYM - Kinematics

The symmetry

PSU(2, 2|4) ⊃ SO(2, 4)︸ ︷︷ ︸
conformal symmetry

⊕ SO(6)︸ ︷︷ ︸
R-symmetry

The operators

OIJ(x)︸ ︷︷ ︸
sym. traceless of SO(6)

= Trϕ(IϕJ) → O2(x , y) = OIJ(x)y I yJ , y2 = 0

The observable

〈O2(x1, y1)O2(x2, y2)O2(x3, y3)O2(x4, y4)〉
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4d N = 4 SYM - Kinematics

Bosonic symmetry

〈O2(x1, y1) · · · O2(x4, y4)〉 =

(
y12y34

x2
12x

2
34

)2

G(U,V ;σ, τ)︸ ︷︷ ︸
degree 2 pol. in σ, τ

U =
x2

12x
2
34

x2
13x

2
24
,V =

x2
14x

2
23

x2
13x

2
24
, σ = y1·y3y2·y4

y1·y2y3·y4
, τ = y1·y4y2·y3

y1·y2y3·y4

Super-conformal Ward identities

(z∂z − α∂α)G(z , z̄ ;α, ᾱ)|α=1/z = 0

(z∂z − ᾱ∂ᾱ)G(z , z̄ ;α, ᾱ)|ᾱ=1/z = 0

U = zz̄ ,V = (1− z)(1− z̄), σ = αᾱ, τ = (1− α)(1− ᾱ)
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1/N expansion

Genus-0 amplitudes → leading non-trivial term in a 1/N expansion.

Dropping 1/λ corrections gives the supergravity approximation
(computed by Arutyunov and Frolov 22 years ago)

G(U,V ;σ, τ) = Gdisc(U,V ;σ, τ)︸ ︷︷ ︸
disconnected

+
1

N2

(
G(sugra)(U,V ;σ, τ) + · · ·

)
+· · ·

We are interested in keeping all 1/λ corrections, to leading
non-trivial order in 1/N.

G(U,V ;σ, τ) = Gdisc(U,V ;σ, τ)︸ ︷︷ ︸
disconnected

+
1

N2

(
G(sugra)(U,V ;σ, τ) + · · ·

)

︸ ︷︷ ︸
Virasoro-Shapiro on AdS

+ · · ·
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The right language: Mellin space

G(U,V ;σ, τ)→M(s, t, u;σ, τ) ≡M(s, t;σ, τ), with s + t + u = 4.

G(U,V ;σ, τ) =

∫ i∞

−i∞
dsdtUsV t Γ{ki}(s, t, u)

︸ ︷︷ ︸
A prefactor

M(s, t;σ, τ)︸ ︷︷ ︸
string amplitude in AdS5 × S5

M(s, t;σ, τ) is a meromorphic function with very nice properties:

1 Crossing symmetry. X
2 Exchanged operators lead to simple poles:

Mexch(s, t) =
∞∑

m=0

C 2
∆,`

Q`,m(u, t)

s − (∆− `)− 2m
+ regular X
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The right language: Mellin space

G(U,V ;σ, τ) =

∫ i∞

−i∞
dsdtUsV t Γ{ki}(s, t, u)

︸ ︷︷ ︸
A prefactor

M(s, t;σ, τ)︸ ︷︷ ︸
string amplitude in AdS5 × S5

3 Superconformal Ward identities:

M(s + 1, t;σ, τ) + σ∂σM(s, t;σ, τ) + · · · = 0 X

Solved by

M(s, t;σ, τ) = (Shift operator) ◦M(s, t)

Analogous to what happens in flat space!

A(pi , εi ) = pref (εi , pi )×A(s, t, u)→M(s, t;σ, τ) = Sσ,τ ◦M(s, t)

AdS VS amplitude: M(s, t) at leading non-trivial order in 1/N.
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AdS Virasoro-Shapiro amplitude

Diagrammatic perspective (perturbative in 1/λ)
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Sugra → exchange of sugra fields → symmetric meromorphic
function.

Stringy corrections → contact terms → symmetric polynomials.

Mtree(s, t) =
1

(s − 2)(t − 2)(u − 2)︸ ︷︷ ︸
sugra

+

α0,0

λ3/2
+
α1,0(s2 + t2 + u2) + γ0,0

λ5/2
+
α0,1 s t u + · · ·

λ3
+ · · ·
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AdS Virasoro-Shapiro amplitude

General expansion

Mtree(s, t) =
1

(s − 2)(t − 2)(u − 2)︸ ︷︷ ︸
sugra

+
∞∑

a,b=0

σa2σ
b
3

λ
3
2

+a+ 3
2
b

(
αa,b +

βa,b

λ1/2
+ · · ·

)

︸ ︷︷ ︸
stringy corrections

σ2 = s2 + t2 + u2, σ3 = s t u

What is known about the stringy corrections?
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AdS Virasoro-Shapiro amplitude

Flat space limit

Large s, t, u, λ, with s/
√
λ ∼ fixed.

Only leading terms survive

Mtree(s, t)→ 1

s t u
+
α0,0

λ3/2
+
α1,0(s2 + t2 + u2)

λ5/2
+
α0,1 s t u

λ3
+ · · ·

In this limit we should recover the flat space answer

Mtree(s, t)→ A(genus 0)(α′, s, t, u)

↓
α0 = ζ3, α2 = ζ5, α3 = ζ2

3 , · · ·
Localisation constraints

Two further constraints at each order.

To be able to say more we need to change our perspective!
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AdS Virasoro-Shapiro amplitude

Non-perturbative perspective

1 Regge limit

Mtree(s, t) ∼ 1

s2
, for large s and Re(t) < 2

2 Heavy/stringy operators with ∆ ∼ λ1/4 are exchanged.

These heavy operators correspond to ’short’ strings, dual to e.g . the
Konishi Operator K = TrϕIϕI

∆K = 2λ1/4 − 2 + 2λ1/4 + · · ·
The Mellin amplitude should have poles there. Can we see them?

Properties 1 and 2 are intimately connected!
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AdS Virasoro-Shapiro amplitude

Toy Model: (partially-symetrized) exchange of a heavy operator:

Mtoy (s, t) =
1

s −∆
+

1

u −∆
=

1

s −∆
+

1

(4− s − t)−∆

Correct Regge behaviour

Its 1/∆ expansion results in polynomials:

Mtoy (s, t) = −−2

∆
− s + u

∆2
− s2 + u2

∆3
+ · · ·

Real life: an infinite sum over such exchanges...[poles at τ = ∆− `]

Mtree ∼
∑

∆,`

C 2
∆,`

(
P`(t, u)

s − τ +
P`(s, t)

u − τ

)

Note: full crossing symmetry is not automatic, and it should
impose constraints on what can be exchanged!

Can we make this precise?
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Dispersive sums

1 Use Cauchy theorem

Mtree(s, t) =

∮
ds ′

2πi

Mtree(s ′, t)

s ′ − s

2 Blow up the contour, pick contributions from the poles
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<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥
<latexit sha1_base64="w8WAx0G3dJbLDpJGBvYeFXDT/5c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgpccK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4bua3n5g2XMkHnCQsiMlQ8ohTglZq9ZCk/ct+ueJVvTncVeLnpAI5Gv3yV2+gaBoziVQQY7q+l2CQEY2cCjYt9VLDEkLHZMi6lkoSMxNk82un7plVBm6ktC2J7lz9PZGR2JhJHNrOmODILHsz8T+vm2J0G2RcJikySReLolS4qNzZ6+6Aa0ZRTCwhVHN7q0tHRBOKNqCSDcFffnmVtC6q/nXVv7+q1Op5HEU4gVM4Bx9uoAZ1aEATKDzCM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AU/Ljvo=</latexit>⌧3

<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥
<latexit sha1_base64="tKjlvgsQj5R+CuwcFLBMe9Knnik=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgJWFXgnoMeMkxgnlgsoTZySQZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSnYAaLoXiTRQoeSfWnIaB5O1gcjf3209cGxGpB5zG3A/pSImhYBSt9FgtY7mHNOl7/WLJrbgLkHXiZaQEGRr94ldvELEk5AqZpMZ0PTdGP6UaBZN8VuglhseUTeiIdy1VNOTGTxcXz8iFVQZkGGlbCslC/T2R0tCYaRjYzpDi2Kx6c/E/r5vg8NZPhYoT5IotFw0TSTAi8/fJQGjOUE4toUwLeythY6opQxtSwYbgrb68TlpXFe+64t1XS7V6FkcezuAcLsGDG6hBHRrQBAYKnuEV3hzjvDjvzseyNedkM6fwB87nD28jkCI=</latexit>

4 � t � ⌧1

<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥

<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥

<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥ <latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥ <latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥

<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥

<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥ <latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥
<latexit sha1_base64="LWG4Icr05tNlSFP8aLCN3ZyOOXA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6m/mtJ26s0OoBxykPEzpQIhaMopOaXaRZL+iVyn7Fn4OskiAnZchR75W+un3NsoQrZJJa2wn8FMMJNSiY5NNiN7M8pWxEB7zjqKIJt+Fkfu2UnDulT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOPbcCJUmiFXbLEoziRBTWavk74wnKEcO0KZEe5WwobUUIYuoKILIVh+eZU0LyvBdSW4vypXa3kcBTiFM7iAAG6gCjWoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDTMOO+A==</latexit>⌧1

<latexit sha1_base64="Xj7Q62hT7LZ3vJR4Wum2L5zab90=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeClx4r2A9oQ9lsN+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFK7T7SdFAblCtu1V2ArBMvJxXI0RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+trh2Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhrZ8JlaTIFVsuClNJMCbz18lQaM5QTi2hTAt7K2FjqilDG1DJhuCtvrxO2rWqd1317q8q9UYeRxHO4BwuwYMbqEMDmtACBo/wDK/w5sTOi/PufCxbC04+cwp/4Hz+AE5Hjvk=</latexit>⌧2

<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥
<latexit sha1_base64="w8WAx0G3dJbLDpJGBvYeFXDT/5c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHgpccK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4bua3n5g2XMkHnCQsiMlQ8ohTglZq9ZCk/ct+ueJVvTncVeLnpAI5Gv3yV2+gaBoziVQQY7q+l2CQEY2cCjYt9VLDEkLHZMi6lkoSMxNk82un7plVBm6ktC2J7lz9PZGR2JhJHNrOmODILHsz8T+vm2J0G2RcJikySReLolS4qNzZ6+6Aa0ZRTCwhVHN7q0tHRBOKNqCSDcFffnmVtC6q/nXVv7+q1Op5HEU4gVM4Bx9uoAZ1aEATKDzCM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AU/Ljvo=</latexit>⌧3

<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥
<latexit sha1_base64="tKjlvgsQj5R+CuwcFLBMe9Knnik=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgJWFXgnoMeMkxgnlgsoTZySQZMju7zPQKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSnYAaLoXiTRQoeSfWnIaB5O1gcjf3209cGxGpB5zG3A/pSImhYBSt9FgtY7mHNOl7/WLJrbgLkHXiZaQEGRr94ldvELEk5AqZpMZ0PTdGP6UaBZN8VuglhseUTeiIdy1VNOTGTxcXz8iFVQZkGGlbCslC/T2R0tCYaRjYzpDi2Kx6c/E/r5vg8NZPhYoT5IotFw0TSTAi8/fJQGjOUE4toUwLeythY6opQxtSwYbgrb68TlpXFe+64t1XS7V6FkcezuAcLsGDG6hBHRrQBAYKnuEV3hzjvDjvzseyNedkM6fwB87nD28jkCI=</latexit>

4 � t � ⌧1

<latexit sha1_base64="pnfLGoqH9jVTWG4uqb5zIYbSeTw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwkmME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+m/mtJ26s0OoBJwkPYzpUYiAYRSc1uyhibnulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVdQtCbP5tVNy7pQ+GWjjSiGZq78nMhpbO4kj1xlTHNllbyb+53VSHNyGmVBJilyxxaJBKglqMnud9IXhDOXEEcqMcLcSNqKGMnQBFV0IwfLLq6R5WQmuK8H9Vblay+MowCmcwQUEcANVqEEdGsDgEZ7hFd487b14797HonXNy2dO4A+8zx+58Y9A</latexit>⇥
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Dispersive sums

1 Use Cauchy theorem

Mtree(s, t) =

∮
ds ′

2πi

Mtree(s ′, t)

s ′ − s

2 Blow up the contour, pick contributions from the poles

Mtree(s, t) =
∑

τ,`

Res
Mtree(s ′, t)

s ′ − s

∣∣∣∣∣∣
s′=poles

3 Expanding both sides in 1/λ:

Mtree(s, t)︸ ︷︷ ︸
Polynomials in the 1/λ expansion

=
∑

τ,`

Res
Mtree(s ′, t)

s ′ − s

∣∣∣∣∣∣
s′=poles︸ ︷︷ ︸

CFT data of heavy operators
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AdS Virasoro-Shapiro amplitude

Leading order coefficient

α0,0

λ3/2
+
α1,0(s2 + t2 + u2) + γ0,0

λ5/2
+
α0,1 s t u + · · ·

λ3
+ · · ·

⇓
Tower of heavy operators labelled by δ = 1, 2, · · · and

` = 0, 2, · · · , 2δ − 2

τ(δ, `) = τ0(δ)λ1/4 + τ1(δ, `) + τ2(δ, `)λ−1/4 + · · ·

C 2
δ,` = f0(δ, `)

(
1 + f1(δ, `)λ−1/4 + f2(δ, `)λ−1/2 + · · ·

)

Exactly as expected!
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AdS Virasoro-Shapiro amplitude

General structure

<latexit sha1_base64="EcGvGd47iWyNSfC1xhOdPw0C1ZE="></latexit>

⌧(�, `) = ⌧0(�)�
1/4 + ⌧1(�, `) + ⌧2(�, `)�

�1/4 + · · ·

<latexit sha1_base64="UOLLO0rO6jMAu5CNvO/beEZbIZ8="></latexit>

C2
�,` = f0(�, `)

⇣
1 + f1(�, `)�

�1/4 + f2(�, `)�
�1/2 + · · ·

⌘

<latexit sha1_base64="OEP+0NwVXOpIa5GMjmXkqM+lDcg=">AAACCXicbVC7SgNBFJ31GeMramkzGAULCbsiahmwsZIoJgpJCHcnN8mQ2Qczd8WwpLXxV2wsFLH1D+z8G2djCk08MHA4517unOPHShpy3S9nZnZufmExt5RfXlldWy9sbNZMlGiBVRGpSN/6YFDJEKskSeFtrBECX+GN3z/L/Js71EZG4TUNYmwG0A1lRwogK7UKvEF4T+kVKiBsc4r4bgNU3INWCgf+cHfYKhTdkjsCnybemBTZGJVW4bPRjkQSYEhCgTF1z42pmYImKRQO843EYAyiD12sWxpCgKaZjpIM+Z5V2rwTaftC4iP190YKgTGDwLeTAVDPTHqZ+J9XT6hz2kxlGCeEofg51ElUFjirhbelRkFqYAkILe1fueiBBkG2vLwtwZuMPE1qhyXvuORdHhXLF+M6cmyb7bB95rETVmbnrMKqTLAH9sRe2Kvz6Dw7b877z+iMM97ZYn/gfHwD/deZ6g==</latexit>

Related to ↵a,b
<latexit sha1_base64="RA8JuH9rNUeENIppkYc1AVO2WdU="></latexit>

Related to subleading coef. �, �, · · ·

And we get precise equations relating the two!

Note: τ(δ, `) and C 2
δ,` is CFT data of planar N = 4 SYM, so it should

be in principle computable from integrability!
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AdS Virasoro-Shapiro amplitude

Simplest equation to leading order

∑

δ=1,2,···

(
2δ−2∑

`=0

42q+3

τ0(δ)4q+6
f0(δ, `)

)
= αq,0 = ζ(2q + 3)

Large q expansion...[τ0(1) < τ0(2) < · · · ]

42q+3

τ0(1)4q+6
f0(1, 0) +

42q+3

τ0(2)4q+6
(f0(2, 0) + f0(2, 2)) + · · · = 1 +

1

22q+3
+ · · ·

↓

τ0(δ) = 2
√
δ,

2δ−2∑

`=0

f0(δ, `) = 1

The twist agrees exactly with the GKP analysis!
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AdS Virasoro-Shapiro amplitude

All terms αa,b, βa,b, · · · follow from data for heavy short operators
+ our equations!

αa,b =
∞∑

δ=1

2δ−2∑

`=0

terms with f0

βa,0 =
∞∑

δ=1

2δ−2∑

`=0

f2(δ, `)− (2a + 3)f0(δ, `)τ2(δ, `)

δ4+2a
+ terms with f0

Crossing imposes non-trivial linear constraints on the CFT data!

∞∑

δ=1

2δ−2∑

`=0

1

δ4
(2`(`+ 2)− 3) f0(δ, `) = 0

Not at all obvious from the integrability perspective!
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AdS Virasoro-Shapiro amplitude

Moreover the structure of the equations is quite rigid!

Combining crossing constraints with the transcendental structure
of N = 4 SYM seems to be very powerful!

We have a prediction for the leading Regge trajectory data...

∆(`) =
√

2`+ 4λ1/4 − 2 +
3`2 + 10`+ 16

4
√

2`+ 4
λ−1/4 + · · ·

C 2(`) = f0(`)(1+
3`+ 23/4√

2`+ 4
λ−1/4+

(
R + 2(`/2 + 1)2ζ3

)
λ−1/2+· · · )

The dimension exactly agrees with the dimension at strong coupling of
Konishi-like operators!

The OPE coefficients are new results!
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Conclusions

Explicit relation between the 1/λ expansion of the AdS VS
amplitude and the planar CFT data of heavy operators/short
strings at strong coupling.

Non trivial constraints for the CFT data, not obvious from
integrability!

The rigidity of the equations + some mild assumptions, lead to
new results!

New connection between standard bootstrap techniques,
localisation and integrability!

Computing the full AdS VS amplitude seems now doable, and the best
way to package the CFT data of short strings!
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