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What controls structure constants?

HEXAGON: Growing evidence that correlation functions of single-trace operators 
may be built for all values of the ’t Hooft coupling (and order by order in 1/N) using 
hexagons

TBA/QSC: Overwhelming evidence that the spectrum of scaling dimensions of 
single-trace operators is described by the Quantum Spectral Curve - which 
upgrades the Thermodynamic Bethe Ansatz to deal with operators of any sort and 
make all symmetries manifest

The former describes the punctures and the latter the planar geometry away 
from them



This might not be urgently needed for higher-point functions of protected operators


Structure constants more “interesting” for non-protected operators where inputs 
from the exact wave functions appear needed - wrapping issue

This talk : Evidence / conjecture that the two paths join when wrapping effects are 
becoming important

Is there a unified picture for the spectrum and the correlation functions?

TBA/QSC HEXAGONS

??

What controls structure constants?

Remark: there are other ways, like combining spectral data with conformal 
bootstrap - see Fernando’s talk see also [Cavaglia,Gromov,Julius,Preti] 

[Caron-Huot,Coronado,Trinh,Zahraee]



Plan

Conjecture for upgrading hexagon representation for structure constants using 
solution to spectral problem in the simple case of 2 BPS and 1 non-BPS operators

Checks at weak/strong coupling

<latexit sha1_base64="3gezZdlo+AteAT1kSfiLrRlha9U="></latexit>
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Hexagons

Hexagons are bounded by 3 spin chains and 3 mirror cuts (seams)
They are describe with form factors giving the amplitudes for absorption of 
excitations on all the edges 

Excitations are magnons on the spin-chain operators or their mirror partner - 
describing the fluctuations of the open strings along the mirror cuts

The glue-back-together procedure entails summing over all the fluctuations of 
the latter open strings and also over all possible ways of distributing physical 
magnons on the two hexagons (will get back to that)

The hexagon method relies on the idea that the pair of pants may be 
covered using hexagons - only two hexagons are needed for 3pt functions   



L R
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Hexagons
Sum over a complete basis of mirror states along each cut 

States are labelled by rapidities and spins

<latexit sha1_base64="Vpo/vgPIRRntfqxiRezFFkNFAxE="></latexit>
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They determine                   rep. and energy of the magnon
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Ea(u) = log (x[+a]x[�a])

Integrand follows from hexagon form factors after summing over all flavours
<latexit sha1_base64="3iLfimJ46zVsY7poO/aIdPsNhGg="></latexit>
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The weights              are given by                transfer matrices
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su(2|2)2

[BB,Goncalves,Komatsu,Vieira]
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Wa(u)
<latexit sha1_base64="UmjZbkUYea+TnSBw8OE44S7bpLs="></latexit>
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Ta(u) = strSa1(u, z)
<latexit sha1_base64="onrGqMUy1SbsKLjCwG4HetnTNMk=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5KUoq6k4MZlBfuANpTJdNIOnUzCzE2hxP6JGxeKuPVP3Pk3TtostPXAwOGce7lnjh8LrsFxvq3CxubW9k5xt7S3f3B4ZB+ftHWUKMpaNBKR6vpEM8ElawEHwbqxYiT0Bev4k7vM70yZ0jySjzCLmReSkeQBpwSMNLDtfkhgDJDqZF6pPdUuB3bZqToL4HXi5qSMcjQH9ld/GNEkZBKoIFr3XCcGLyUKOBVsXuonmsWETsiI9QyVJGTaSxfJ5/jCKEMcRMo8CXih/t5ISaj1LPTNZJZTr3qZ+J/XSyC48VIu4wSYpMtDQSIwRDirAQ+5YhTEzBBCFTdZMR0TRSiYskqmBHf1y+ukXau6V9X6Q73cuM3rKKIzdI4qyEXXqIHuURO1EEVT9Ixe0ZuVWi/Wu/WxHC1Y+c4p+gPr8wccnJNP</latexit>

su(2|2)

E.g.
<latexit sha1_base64="lWkAQ36JvX9zP99eyxbcj1+TB+A="></latexit>
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Hexagons dead end?

They may be seen to arise from a singularity of the interaction

between mirror magnons on L and R

<latexit sha1_base64="fxRWSFMAQ/l8p3iwq1wDpZpHYm8=">AAACGXicbZDLSsNAFIYn9VbrLerSzWAptKAlKUVdScGNywr2Ak0tk+m0HTqThLkUSuhruPFV3LhQxKWufBunaRbaemDg4//ncM75/YhRqRzn28qsrW9sbmW3czu7e/sH9uFRU4ZaYNLAIQtF20eSMBqQhqKKkXYkCOI+Iy1/fDP3WxMiJA2DezWNSJejYUAHFCNlpJ7tRL0Y+bOiPoOTEvQk5dDrE6ZQIkOPawPGLsGiPp+UHio9O++UnaTgKrgp5EFa9Z796fVDrDkJFGZIyo7rRKobI6EoZmSW87QkEcJjNCQdgwHiRHbj5LIZLBilDwehMC9QMFF/d8SISznlZtMCR2okl725+J/X0Wpw1Y1pEGlFArwYNNAMqhDOY4J9KghWbGoAYUHNrhCPkEBYmTBzJgR3+eRVaFbK7kW5elfN167TOLLgBJyCInDBJaiBW1AHDYDBI3gGr+DNerJerHfrY/E1Y6U9x+BPWV8/76qe/A==</latexit>

pab(u, v) ⇠ �abµa(u)(u� v)2

These poles map to tiny loops winding around the excited operator and they remind us that 
finite-size corrections are not that easy to encode

Schematically, we are lacking a prescription for integrating the double poles and a way of 
introducing wrappings in the picture - the two are related as changing prescription may result 
in redefining what we mean by wrappings  

Thee same type of corrections enter the energy levels so why not using TBA here?

Problem is that we are not calculating a free energy and it is not immediately obvious how 
to set up the TBA calculation on a pair of pants

This would be the end the day if it were not for wrapping corrections



Searching for wrappings
The long way to go 

Start from something finite - like a 4pt function of protected operators - which may 
be calculated using hexagons in principle

Read off structure constants of interest by going to the OPE limit

Everything should be finite and physically regulated

But hard to follow all the way to the end - need to find appropriate mean field techniques 
(such as the ones developed for structure constants of determinant operators or studies of 
torus/cylinder partition functions)

Extract as much as we can from such analyses at first orders (leading exponentially small 
corrections in the volume) and make an educated guess

Less risk of introducing artefacts of a badly devised regulator

The lucky way to go

Non-zero risk of making the wrong extrapolation

But as many tries as you want and conjectures may be tested in various regimes 

[Fleury,Komatsu] 
[Eden,Sfondrini]

[Jiang,Komatsu,Vescovi] 
[Long,Kostov,Serban], [Kostov]



Observations
Formula remains the same up to a “renormalisation” of the weights

Extrapolating, the corrected weights obey the relations

<latexit sha1_base64="PQUBwB7eMfPWSeUcujLGakjH8ME="></latexit>
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with            the Y functions solving the TBA equations and 
<latexit sha1_base64="nqUNZf9JUwO8xNrapA5GnRHhz1Y=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUkAS8eI5iHJEuYnXSSIbOz68ysEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JezOO0Q/pQPI+Z9RYqfXQTekZcSfdYsktuzOQZeJlpAQZat3iV6cXsSREaZigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkoaovbT2b0TcmKVHulHypY0ZKb+nkhpqPU4DGxnSM1QL3pT8T+vnZj+lZ9yGScGJZsv6ieCmIhMnyc9rpAZMbaEMsXtrYQNqaLM2IgKNgRv8eVl0jgvexflyl2lVL3O4sjDERzDKXhwCVW4hRrUgYGAZ3iFN+fReXHenY95a87JZg7hD5zPHxwAj1w=</latexit>

Ya,0
<latexit sha1_base64="jOIwtr9So8KgmIEQKWDGompBNew=">AAACA3icbVDLSgMxFM34rPU16k43wSJUlDIjRd0oBTcuXFSwD2mHIZOmbWgmGZKMUIYBN/6KGxeKuPUn3Pk3pu0stPXAhZNz7iX3niBiVGnH+bbm5hcWl5ZzK/nVtfWNTXtru65ELDGpYcGEbAZIEUY5qWmqGWlGkqAwYKQRDK5GfuOBSEUFv9PDiHgh6nHapRhpI/n27o2foBRewDYTvaToHt2b9zF00sPUtwtOyRkDzhI3IwWQoerbX+2OwHFIuMYMKdVynUh7CZKaYkbSfDtWJEJ4gHqkZShHIVFeMr4hhQdG6cCukKa4hmP190SCQqWGYWA6Q6T7atobif95rVh3z72E8ijWhOPJR92YQS3gKBDYoZJgzYaGICyp2RXiPpIIaxNb3oTgTp88S+onJfe0VL4tFyqXWRw5sAf2QRG44AxUwDWoghrA4BE8g1fwZj1ZL9a79TFpnbOymR3wB9bnD05tlgU=</latexit>

La = log (1 + Ya,0)

Bonus: very pleasant form in terms of the super-conformal transfer matrices
<latexit sha1_base64="qpiht+LTMnU/192b/8ifFNZLQ/M=">AAACPXicbZBLS8NAFIUn9VXrK+rSzWARhNqaSFE3SsGNywp9SRvCZDJph04ezEyEEvLH3Pgf3Llz40IRt26dplnU6oGBw3fv5c49TsSokIbxohWWlldW14rrpY3Nre0dfXevI8KYY9LGIQt5z0GCMBqQtqSSkV7ECfIdRrrO+GZa7z4QLmgYtOQkIpaPhgH1KEZSIVtv3dsJOoEihVdw4ITMTVrpjFTMdIFUFTmdZxUzm5wj1YzYetmoGZngX2PmpgxyNW39eeCGOPZJIDFDQvRNI5JWgrikmJG0NIgFiRAeoyHpKxsgnwgrya5P4ZEiLvRCrl4gYUbnJxLkCzHxHdXpIzkSi7Up/K/Wj6V3aSU0iGJJAjxb5MUMyhBOo4Qu5QRLNlEGYU7VXyEeIY6wVIGXVAjm4sl/TeesZp7X6nf1cuM6j6MIDsAhOAYmuAANcAuaoA0weASv4B18aE/am/apfc1aC1o+sw9+Sfv+AXocrGg=</latexit>

Ya,s = Ta,s+1Ta,s�1/Ta+1,sTa�1,s

giving <latexit sha1_base64="zaHf4uyMXZ9dFK0ZVIhyN9QRSqk="></latexit>
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<latexit sha1_base64="OhRqhrvzv38Zb8FWYVGALJmV+6s="></latexit>
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T+
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and with the T functions defined in the distinguished (GKLV) T-gauge [Gromov,Kazakov,Leurent,Volin]

[Gromov,Kazakov,Vieira]

<latexit sha1_base64="iBhT26VmnHdgSSNiVEI8nTyCGzg="></latexit>
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<latexit sha1_base64="hLMMRqO+GDSmGjWn8CGpDiyKS80=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkhNSlE3SsGNywq9QRPDZDJth04mYWYilJDncOOruHGhiDtx49s4bbPQ6g8DP985hzPn92NGpbKsL6OwtLyyulZcL21sbm3vmLt7HRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen64+tpvXtPhKQRb6lJTNwQDTkdUIyURp5pO37EgrSVeSk6gTK7S504zOAlXOCVRHNIT2vHnlm2qtZM8K+xc1MGuZqe+eEEEU5CwhVmSMq+bcXKTZFQFDOSlZxEkhjhMRqSvrYchUS66ey0DB5pEsBBJPTjCs7oz4kUhVJOQl93hkiN5GJtCv+r9RM1uHBTyuNEEY7niwYJgyqC05xgQAXBik20QVhQ/VeIR0ggrHSaJR2CvXjyX9OpVe2zav22Xm5c5XEUwQE4BBVgg3PQADegCdoAgwfwBF7Aq/FoPBtvxvu8tWDkM/vgl4zPb9HooA8=</latexit>

T±
a,s = Ta,s(u± i/2)with

<latexit sha1_base64="YeDGz+Wlj/RYECouS/xPyrU2Ut4=">AAACI3icbVDLSgNBEJyNrxhfqx69DAZBEMKuBBVBCXjxqGAekI1hdtJJhsw+mOkVw7L/4sVf8eJBES8e/BcnMWCMFgzUVHXT3eXHUmh0nA8rNze/sLiUXy6srK6tb9ibWzUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3Bxcjv34HSosovMFhDK2A9ULRFZyhkdr2qRcw7Pt+Ws/oGf353KYewj2qIGV6mGX0gHodkMimStp20Sk5Y9C/xJ2QIpngqm2/eZ2IJwGEyCXTuuk6MbZSplBwCVnBSzTEjA9YD5qGhiwA3UrHN2Z0zygd2o2UeSHSsTrdkbJA62Hgm8rRhnrWG4n/ec0EuyetVIRxghDy70HdRFKM6Cgw2hEKOMqhIYwrYXalvM8U42hiLZgQ3NmT/5LaYck9KpWvy8XK+SSOPNkhu2SfuOSYVMgluSJVwskDeSIv5NV6tJ6tN+v9uzRnTXq2yS9Yn19GwqVI</latexit>

W = Wasy + �W
(wrapping

  induced)



Emerging philosophy

Asymptotic transfer matrices (weights) rely on symmetries preserved by a long ferromagnetic 
chain and the associated S-matrix describing scattering of magnons on the chain

It appears natural somehow that wrapping corrections may be included in the formalism by 
means of transfer matrices associated to the full super-conformal algebra

Main (defining) property: T functions obey the Hirota equation

Description is accurate for long operators but not for short operators (wrapping corrections)

                              depends on the spectral parameter and integers


The latter label (infinite-dimensional) representations of the super-
conformal algebra (auxiliary spaces)                                          

<latexit sha1_base64="KaLe7t8MOUS9LcQfhpl6VsSSMJc=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICWRom6UghuXFfqCNoTJZNIOncyEmYlQQn/Ajb/ixoUibt2782+ctllo9cCFwzn3cu89QcKo0o7zZRWWlldW14rrpY3Nre0de3evrUQqMWlhwYTsBkgRRjlpaaoZ6SaSoDhgpBOMbqZ+555IRQVv6nFCvBgNOI0oRtpIvn3UDwQLs+bEz9ApVBN4BReUSnri22Wn6swA/xI3J2WQo+Hbn/1Q4DQmXGOGlOq5TqK9DElNMSOTUj9VJEF4hAakZyhHMVFeNvtmAo+NEsJISFNcw5n6cyJDsVLjODCdMdJDtehNxf+8XqqjSy+jPEk14Xi+KEoZ1AJOo4EhlQRrNjYEYUnNrRAPkURYmwBLJgR38eW/pH1Wdc+rtbtauX6dx1EEB+AQVIALLkAd3IIGaAEMHsATeAGv1qP1bL1Z7/PWgpXP7INfsD6+Afwsmts=</latexit>

Ta,s = Ta,s(u)

[Gromov,Kazakov,Vieira]

Philosophy at work for the spectrum : T functions             Y functions / TBA eqs

<latexit sha1_base64="ClEVIyGq+3F7S5EjyXiKXabjLFA=">AAACXHicbZHNS8MwGMbTOnUfTquCFy/BIQhzo5WhXpSBF48T9gVbHWmazrD0gyQVRuk/6W0X/xVNtx5m5wuBh9/zvvl44kSMCmmaK03fK+0fHJYr1dpR/fjEOD0bijDmmAxwyEI+dpAgjAZkIKlkZBxxgnyHkZGzeMn80SfhgoZBXy4jYvtoHlCPYiQVmhli6oTMTfrpLEG3UKTvSTOFO6yVwqdt2rQyvk1aG9IszDat4m4tK50ZDbNtrgvuCisXDZBXb2Z8Td0Qxz4JJGZIiIllRtJOEJcUM5JWp7EgEcILNCcTJQPkE2En63BSeK2IC72QqxVIuKbbEwnyhVj6jur0kfwQRS+D/3mTWHqPdkKDKJYkwJuDvJhBGcIsaehSTrBkSyUQ5lTdFeIPxBGW6j+qKgSr+ORdMbxrW/ftzlun0X3O4yiDS3AFboAFHkAXvIIeGAAMVuBHK2sV7Vsv6TW9vmnVtXzmHPwp/eIXyjizdA==</latexit>
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[Gromov,Kazakov,Leurent,Tsuboi]



Missing weight

A closer look reveals that they are transfer matrices but for a different family of  
representations

To see that, it helps thinking about these weights as diagonal form factors for the non-BPS 
operator and continue the argument of the weights to the physical kinematics 

The corrections to the B-channel weights appear more complicated at first sight and not 
simply related to the T functions

Namely, they are associated with finite-dimensional representations of the super-conformal 
algebra

<latexit sha1_base64="qvwAPUMM1vqgcSl0P9uapJEVy/Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqb9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AONnjP4=</latexit>u

<latexit sha1_base64="qvwAPUMM1vqgcSl0P9uapJEVy/Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqb9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AONnjP4=</latexit>u

<latexit sha1_base64="BFHVrm8qLRQxw7C9YgQfxHhnhQo=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyWRom6UohuXFewD2lgm00k7dPJgZiLUEPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHDfiTCrL+jYWFpeWV1YLa8X1jc2tbXNntynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7ug681sPVEgWBndqHFHHx4OAeYxgpaWeud/1sRq6btJK75OrtBwfowvUM0tWxZoAzRM7JyXIUe+ZX91+SGKfBopwLGXHtiLlJFgoRjhNi91Y0giTER7QjqYB9ql0kkn6FB1ppY+8UOgXKDRRf28k2Jdy7Lt6MssqZ71M/M/rxMo7dxIWRLGiAZke8mKOVIiyKlCfCUoUH2uCiWA6KyJDLDBRurCiLsGe/fI8aZ5U7NNK9bZaql3mdRTgAA6hDDacQQ1uoA4NIPAIz/AKb8aT8WK8Gx/T0QUj39mDPzA+fwA9vZRs</latexit>

WB(u) =



In this kinematics the weight is given by the sum (for the different ways of putting a magnon 
on the bottom and top chains)

Missing weight



Missing weight

Two processes go to zero after identifying state at bottom and top and summing over the 
flavours

In this kinematics the weight is given by the sum (for the different ways of putting a magnon 
on the bottom and top chains)



Only two terms remain

Missing weight

End result is of the type (for a=1) 
<latexit sha1_base64="X/zbDDXnUWAG7KzxEx6iH/Abmr4="></latexit>

WB(u) =
eipL/2T (u)

h(z, u)
+

e�ipL/2T̄ (u)

h(u, z)

which is a representation of the transfer matrix in the 4|4 of
<latexit sha1_base64="WuweheBUvdDzvmwZd742ZiZhWaM=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1UxIJ6koKblxWsA9oQ5lMJ+3QySTM3BRK7J+4caGIW//EnX/jpM1CWw8MHM65l3vmBIngGhzn21pb39jc2i7tlHf39g8O7aPjlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gfJf77QlTmsfyEaYJ8yMylDzklICR+rbdiwiMADKdzqrek3fRtytOzZkDrxK3IBVUoNG3v3qDmKYRk0AF0brrOgn4GVHAqWCzci/VLCF0TIasa6gkEdN+Nk8+w+dGGeAwVuZJwHP190ZGIq2nUWAm85x62cvF/7xuCuGNn3GZpMAkXRwKU4EhxnkNeMAVoyCmhhCquMmK6YgoQsGUVTYluMtfXiWty5p7VfMevEr9tqijhE7RGaoiF12jOrpHDdREFE3QM3pFb1ZmvVjv1sdidM0qdk7QH1ifPyK0k1M=</latexit>

su(4|4)

This identification may be seen to remain when finite-size corrections are taken into account 
(for the leading exponentially small corrections at least)

[Beisert]

Simplest solution to a little bootstrap of sort, since weight B should be regular and crossing 
symmetric



Uplifted weights 

<latexit sha1_base64="S14AJy4MQVrSYWQlFqDh1S/otFQ="></latexit>

WB
a (u) = e�

1
2LEa(u)ta,1(u)

They come with a prescription for integrating the double poles
<latexit sha1_base64="rZ4LccJ14ZOhz+b2UekDb+thbNE=">AAACFHicbVDLSgMxFM3UV62vUZdugkVoqZYZKepKCm5cVrAPaIchk6ZtaCYZkkylDP0IN/6KGxeKuHXhzr8xbUfQ6oELh3Pu5d57gohRpR3n08osLa+srmXXcxubW9s79u5eQ4lYYlLHggnZCpAijHJS11Qz0ookQWHASDMYXk395ohIRQW/1eOIeCHqc9qjGGkj+XYp8hMUTArxMRwVYUfS/kAjKcUd/DZK1DHeCXWKvp13ys4M8C9xU5IHKWq+/dHpChyHhGvMkFJt14m0lyCpKWZkkuvEikQID1GftA3lKCTKS2ZPTeCRUbqwJ6QpruFM/TmRoFCpcRiYzhDpgVr0puJ/XjvWvQsvoTyKNeF4vqgXM6gFnCYEu1QSrNnYEIQlNbdCPEASYW1yzJkQ3MWX/5LGadk9K1duKvnqZRpHFhyAQ1AALjgHVXANaqAOMLgHj+AZvFgP1pP1ar3NWzNWOrMPfsF6/wIcV5zx</latexit>

pab(u, v) ! pab(u+ i0, v � i0)

Remark: transfer matrices in general are only defined up to gauge transformations

<latexit sha1_base64="zaHf4uyMXZ9dFK0ZVIhyN9QRSqk="></latexit>

WL
a (u) = e

1
2LEa(u)Ta,1(u)

T�
a,0(u)

<latexit sha1_base64="OhRqhrvzv38Zb8FWYVGALJmV+6s="></latexit>

WR
a (u) = e

1
2LEa(u)Ta,1(u)

T+
a,0(u)

<latexit sha1_base64="TvHgOJQN8arhnFg2fZoDow2L1V8="></latexit>

Ta,s ! g[a+s]
1 g[a�s]

2 g[s�a]
3 g[�a�s]

4 Ta,s

In our case the gauge is fixed and the T-t’s are normalised as in GKLV [Gromov,Kazakov,Leurent,Volin]
[Kazakov,Leurent,Volin]

Conjecture summary

s

a

T3,1

t2,1

s

a

T-hook L-hook



Formula embodies a sort of analytic continuation trick for excited states

Akin to excited TBA trick and procedures for generalised Leclair-
Mussardo formula and for structure constants of determinant 
operators

Key observation : the weights have poles on the physical sheets at 
the locations of the Bethe roots 

mirror

roots

Bethe roots

Contour of integration 
goes along the real 
mirror line and around 
the Bethe roots on the 
physical sheet

[Dorey,Tateo]
[Bazhanov,Lukyanov,Zamolodchikov]

[Fioravanti,Mariottini,Quattrini,Ravanini]

[Jiang,Komatsu,Kostov,Serban]Not all weights have poles :

Bottom weight is regular (transfer matrices are regular according to GKLV)

Adjacent weights have simple poles but on different sheets - from zeros of 

[Pozsgay,Szecsenyi,Takacs]
[Jiang,Komatsu,Vescovi]

<latexit sha1_base64="MpvEyoUS+bxirOD+o/8hPjev0Q0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF1ISKepKCm5cVugLmhgmk0k7dDITZiZCCQF/xY0LRdz6He78G6ePhbYeuHA4517uvSdMGVXacb6t0srq2vpGebOytb2zu2fvH3SUyCQmbSyYkL0QKcIoJ21NNSO9VBKUhIx0w9HtxO8+Eqmo4C09TomfoAGnMcVIGymwj7xQsChvFUHunkOneMi9NCkCu+rUnCngMnHnpArmaAb2lxcJnCWEa8yQUn3XSbWfI6kpZqSoeJkiKcIjNCB9QzlKiPLz6fkFPDVKBGMhTXENp+rviRwlSo2T0HQmSA/VojcR//P6mY6v/ZzyNNOE49miOGNQCzjJAkZUEqzZ2BCEJTW3QjxEEmFtEquYENzFl5dJ56LmXtbq9/Vq42YeRxkcgxNwBlxwBRrgDjRBG2CQg2fwCt6sJ+vFerc+Zq0laz5zCP7A+vwBxomVXg==</latexit>

T±
1,0

We can go for poles of either sheet (the two choices are equivalent)



The contour integrals produce a finite sum over the subsets of the set of roots

The mechanism is well known and was first put to work in 
This is the sum over partitions popularised by the tailoring approach to 
structure constants at weak coupling


It describes the ways of distributing Bethe roots on the two hexagons

Contour integrals

[Jiang,Komatsu,Kostov,Serban]

It yields 

[Escobedo,Gromov,Sever,Vieira]

<latexit sha1_base64="yKx5X8fQ9wXNFO5OzCEh3wfPhzU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8pku2nXbjZhdyOU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Hbmt5+Y0jyWD2aSMD/CoeQhp2is1OqhSEbYL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m187JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjMXicDrhg1YmIJUsXtrYSOUCE1NqCSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoPAIz/AKb07svDjvzseiteDkM8fwB87nD407jx0=</latexit>↵

<latexit sha1_base64="nSeushwR4ABO2l4miWTBSFiYrHs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYD+gCWWy3bRLN5uwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yRVmLJiJR3RA1E1yyluFGsG6qGMahYJ1wfDfzO09MaZ7IRzNJWRDjUPKIUzRW8v0QVe6jSEc47Vdrbt2dg6wSryA1KNDsV7/8QUKzmElDBWrd89zUBDkqw6lg04qfaZYiHeOQ9SyVGDMd5PObp+TMKgMSJcqWNGSu/p7IMdZ6Eoe2M0Yz0sveTPzP62UmuglyLtPMMEkXi6JMEJOQWQBkwBWjRkwsQaq4vZXQESqkxsZUsSF4yy+vkvZF3buqXz5c1hq3RRxlOIFTOAcPrqEB99CEFlBI4Rle4c3JnBfn3flYtJacYuYY/sD5/AFXXJHi</latexit>

↵̄

<latexit sha1_base64="xExmMTWXEfOg6CYetXnVKNag17Y="></latexit>XI
=

X

↵⇢roots

S<(↵, ↵̄) e
ip(↵)`R⇥

<latexit sha1_base64="iRA9vyJnscxDBqlfY93mb6orSnc="></latexit> X

↵⇢roots

(�1)|↵|eip(↵)`R T (↵)

h(↵̄,↵)

with T the TBA-like dressing factor

Remarks:

1) Nice to see the hexagon form factor coming out of the transfer matrices

2) The dressing agrees with the Luscher formula worked out in [BB,Fleury,Komatsu]

<latexit sha1_base64="sYs0HVg5MdQ9EHh81fbXaPi/Ipc="></latexit>

T (↵) = e
i
2�↵� i

2

P
a

R
du
2⇡ log (1+Ya(u))@u log pa1(u,↵)



Normalisation
A proper normalisation         of the state is also needed 

Drawing inspiration from recent results for structure constants of determinant 
operators / g-functions, we are led to set 

[Jiang,Komatsu,Vescovi]

<latexit sha1_base64="JhNt7+gwxaVZAJwCNperrGB9YYg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdScONKKtgHTIeSSTNtaCYZkoxQhn6GGxeKuPVr3Pk3ZtpZaOuBwOGce8m5J0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKkLbRHKpeiHWlDNB24YZTnuJojgOOe2Gk9vc7z5RpZkUj2aa0CDGI8EiRrCxkt+PsRkTzLP72aBac+vuHGiVeAWpQYHWoPrVH0qSxlQYwrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LBY6pDrJ55Bk6s8oQRVLZJwyaq783MhxrPY1DO5lH1MteLv7n+amJroOMiSQ1VJDFR1HKkZEovx8NmaLE8KklmChmsyIyxgoTY1uq2BK85ZNXSeei7l3WGw+NWvOmqKMMJ3AK5+DBFTThDlrQBgISnuEV3hzjvDjvzsditOQUO8fwB87nD4XJkWk=</latexit>

N

<latexit sha1_base64="K9S4VcJaxrS27GZSsPb9HKGTRRE="></latexit>

N 2 = D�1e
� 1

2

P
a,b

R
dudv
(2⇡)2

La(u)Lb(v)@u@v log pab(u,v)

where
<latexit sha1_base64="2Xl/SoCf3ltw65Yt9lY6GxQgaPk=">AAACBnicbVDLSgMxFM34rPU16lKEYBFahDIjRd0oBTcuXFSwD2mHIZOmbWgmGZKMUIZZufFX3LhQxK3f4M6/MW1noa0HLhzOuZd77wkiRpV2nG9rYXFpeWU1t5Zf39jc2rZ3dhtKxBKTOhZMyFaAFGGUk7qmmpFWJAkKA0aawfBq7DcfiFRU8Ds9iogXoj6nPYqRNpJvH9z4CUqLcQlewA4T/aToHt9nUin17YJTdiaA88TNSAFkqPn2V6crcBwSrjFDSrVdJ9JegqSmmJE034kViRAeoj5pG8pRSJSXTN5I4ZFRurAnpCmu4UT9PZGgUKlRGJjOEOmBmvXG4n9eO9a9cy+hPIo14Xi6qBczqAUcZwK7VBKs2cgQhCU1t0I8QBJhbZLLmxDc2ZfnSeOk7J6WK7eVQvUyiyMH9sEhKAIXnIEquAY1UAcYPIJn8ArerCfrxXq3PqatC1Y2swf+wPr8AXNblzM=</latexit>

La(u) = log (1 + Ya(u)) and with the Fredholm-like determinant

<latexit sha1_base64="wmPUywbiXLoYPTz6UMGWmFODyEg="></latexit>

logD = �
1X

N=1

1

N

NY

i=1

1X

ai=1

Z
dui

2⇡

Yai,0(ui)

1 + Yai,0(ui)
Ke↵

ai,ai+1
(ui, ui+1)

The kernel K derives from the S-matrix and includes an average over the auxiliary Y functions

The contour of integration goes around the real line and around the zeros of
<latexit sha1_base64="y+HVQfLxS1z6izzbZ7Lh3/3lFLA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIISslKUS9KwYvHCvZD2rVk02wbms0uSVYpS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZ58eCa4Pxt7OwuLS8sppby69vbG5tF3Z26zpKFGU1GolINX2imeCS1Qw3gjVjxUjoC9bwB9djv/HIlOaRvDPDmHkh6UkecEqMlR7c4/tO6p4gPEKXCHcKRVzCE6B54makCBmqncJXuxvRJGTSUEG0brk4Nl5KlOFUsFG+nWgWEzogPdayVJKQaS+dXD1Ch1bpoiBStqRBE/X3REpCrYehbztDYvp61huL/3mtxAQXXsplnBgm6XRRkAhkIjSOAHW5YtSIoSWEKm5vRbRPFKHGBpW3IbizL8+T+mnJPSuVb8vFylUWRw724QCOwIVzqMANVKEGFBQ8wyu8OU/Oi/PufExbF5xsZg/+wPn8AVD7kHE=</latexit>

1 + Y1,0 = 0



Checks



Gauge theory check

Consider a ratio of structure constants

<latexit sha1_base64="+WkUjn/d1egqMRqUGRvi9qIFRlU="></latexit>

R(`B) = C��•/ lim
`B!1

C��•

Thanks to factorised form of the conjecture, it is given by a single sum of mirror excitations

Threshold at weak coupling

<latexit sha1_base64="8wrDnpdmmg1P/MFUlOm9R/5xIcE="></latexit>

R(`B) = 1 +
1X

a=1

Z
du

2⇡
µa(u)e

�`BEa(u)WB
a (u) + . . .

(N-magnons integrals)

<latexit sha1_base64="5sqLw3vA5A69xs4Q3ZX1FqVVwfY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0CKUpBR1oxTduKoV7APaGCbTaTt0MgkzE6GEbPwVNy4UcetnuPNvnLZZaOuBC4dz7uXee7yQUaks69vILC2vrK5l13Mbm1vbO+buXlMGkcCkgQMWiLaHJGGUk4aiipF2KAjyPUZa3uh64rceiZA04PdqHBLHRwNO+xQjpSXXPLiAt4XBQ1yuFWonXcKYG18lxaTomnmrZE0BF4mdkjxIUXfNr24vwJFPuMIMSdmxrVA5MRKKYkaSXDeSJER4hAakoylHPpFOPH0ggcda6cF+IHRxBafq74kY+VKOfU93+kgN5bw3Ef/zOpHqnzsx5WGkCMezRf2IQRXASRqwRwXBio01QVhQfSvEQyQQVjqznA7Bnn95kTTLJfu0VLmr5KuXaRxZcAiOQAHY4AxUwQ2ogwbAIAHP4BW8GU/Gi/FufMxaM0Y6sw/+wPj8AREwlMw=</latexit>

= O(g2N(N+`B))N-magnons integral

1st wrapping

Wrapping dominates for low enough L 

<latexit sha1_base64="b6bZGwQQa8bKDdLEBPg6ude8qgk=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCS6EkpagbpejGhWAF+4A2hsl02g6dTMLMRCghbvwVNy4UcetfuPNvnLZZaOuBC4dz7uXee7yQUaks69tYWFxaXlnNrGXXNza3ts2d3YYMIoFJHQcsEC0PScIoJ3VFFSOtUBDke4w0veHl2G8+ECFpwO/UKCSOj/qc9ihGSkuuuX8Gb/L9+7icvy52CGNufJEUy4Wk4Jo5q2RNAOeJnZIcSFFzza9ON8CRT7jCDEnZtq1QOTESimJGkmwnkiREeIj6pK0pRz6RTjz5IIFHWunCXiB0cQUn6u+JGPlSjnxPd/pIDeSsNxb/89qR6p06MeVhpAjH00W9iEEVwHEcsEsFwYqNNEFYUH0rxAMkEFY6tKwOwZ59eZ40yiX7uFS5reSq52kcGXAADkEe2OAEVMEVqIE6wOARPINX8GY8GS/Gu/ExbV0w0pk98AfG5w9Q4ZTj</latexit>

= O(g2(L+`B+2))

<latexit sha1_base64="BsGwOMwfqse+VuMWBicxVotr/Y0=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVJJS1JMUvHisYD+gjWWz3aRLN9mwu7GU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+QlnSjvOt7W2vrG5tV3YKe7u7R8c2qWjlhKpJLRJBBey42NFOYtpUzPNaSeRFEc+p21/dDPz249UKibiez1JqBfhMGYBI1gbqW+Xwocq6kkWDjWWUoyR07fLTsWZA60SNydlyNHo21+9gSBpRGNNOFaq6zqJ9jIsNSOcTou9VNEEkxEOadfQGEdUedn89Ck6M8oABUKaijWaq78nMhwpNYl80xlhPVTL3kz8z+umOrjyMhYnqaYxWSwKUo60QLMc0IBJSjSfGIKJZOZWRIZYYqJNWkUTgrv88ippVSvuRaV2VyvXr/M4CnACp3AOLlxCHW6hAU0gMIZneIU368l6sd6tj0XrmpXPHMMfWJ8/VGaTZg==</latexit>

g2 ! 0



Gauge theory check

2-magnon integral kick in at 6 loops

Particular case with
<latexit sha1_base64="30YudJ/9fhy+MlqLMRnDuV6zY14=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgquSlKJulKIbFy4q2gu0IUym03boZBJmJkIJBV/FjQtF3Poc7nwbp20W2vrDgY//nMOc+YOYM6Ud59vKLS2vrK7l1wsbm1vbO/buXkNFiSS0TiIeyVaAFeVM0LpmmtNWLCkOA06bwfB60m8+UqlYJB70KKZeiPuC9RjB2li+fXCLLtC9qXKHcu6nV2PDrm8XnZIzFVoEN4MiZKr59lenG5EkpEITjpVqu06svRRLzQin40InUTTGZIj7tG1Q4JAqL52eP0bHxumiXiRNCY2m7u+NFIdKjcLATIZYD9R8b2L+12snunfupUzEiaaCzB7qJRzpCE2yQF0mKdF8ZAATycytiAywxESbxAomBHf+y4vQKJfc01LlrlKsXmZx5OEQjuAEXDiDKtxADepAIIVneIU368l6sd6tj9lozsp29uGPrM8fW4uTLQ==</latexit>

L = S = 2`B = 1

Wrappings start at 5 loops

Field theory calculation reveals discrepancy with (naive) hexagon formula at 5 loops
[Chicherin,Georgoudis,Goncalves,Pereira]

<latexit sha1_base64="pBLqlG/CO5SA6wAywwluFvuPWEs="></latexit>

�R/g10 = 972⇣3 � 2700⇣5 + 5355⇣7 � 2376⇣3⇣5 � 1512⇣9

<latexit sha1_base64="AWrOkZUUos1gvE9qJATIh0M0wVg=">AAACPnicbZA9TwIxGMd7+I5vqKNLIzFxMOSOEHUyJjo4YgJC5ID0ygM29HqX9jkjufDJXPwMbo4uDhrj6mhBBhWepM0/v+elff5BLIVB1312MnPzC4tLyyvZ1bX1jc3c1va1iRLNocojGel6wAxIoaCKAiXUYw0sDCTUgv75KF+7A21EpCo4iKEZsp4SXcEZWtTOVX3JVE8C9RHuUYdpRQ/9Q3rTTr1hq+gfTuHiDHzRsvhmdPl6PK2dy7sFdxx0WngTkSeTKLdzT34n4kkICrlkxjQ8N8ZmyjQKLmGY9RMDMeN91oOGlYqFYJrpeP0h3bekQ7uRtkchHdPfHSkLjRmEga0MGd6a/7kRnJVrJNg9aaZCxQmC4j8PdRNJMaIjL2lHaOAoB1YwroX9K+W3TDOO1vGsNcH7v/K0uC4WvKNC6aqUPzud2LFMdskeOSAeOSZn5JKUSZVw8kBeyBt5dx6dV+fD+fwpzTiTnh3yJ5yvbwGFr5s=</latexit>

hTrZ2
1 TrZ

2
2 TrD

2Z2i

<latexit sha1_base64="LfFrkvQwxNMU7GRYg/JN3/TDCgE=">AAACD3icbVA9SwNBEN2L3/ErammzGBQbw52I2iiCjaWC+YBcPOY2e7pkb+/YnRPicf/Axr9iY6GIra2d/8ZNTKHGBwOP92aYmRemUhh03U+nNDE5NT0zO1eeX1hcWq6srDZMkmnG6yyRiW6FYLgUitdRoOStVHOIQ8mbYe904DdvuTYiUZfYT3knhmslIsEArRRUtvw7jhDkqqBH1DdZHORw5BVXuS9UhP2CwlW+o4qgUnVr7hB0nHgjUiUjnAeVD7+bsCzmCpkEY9qem2InB42CSV6U/czwFFgPrnnbUgUxN518+E9BN63SpVGibSmkQ/XnRA6xMf04tJ0x4I356w3E/7x2htFhJxcqzZAr9r0oyiTFhA7CoV2hOUPZtwSYFvZWym5AA0MbYdmG4P19eZw0dmvefm3vYq96cjyKY5askw2yTTxyQE7IGTkndcLIPXkkz+TFeXCenFfn7bu15Ixm1sgvOO9f/6ecow==</latexit>

⇣n =
1X

a=1

a�nWith                             the Riemann zeta function

To check agreement, plug expressions for transfer matrix
<latexit sha1_base64="5WZDZ4+xCCBcWfmfNjo9LWBLS3w="></latexit>

ta,1(u) = �
4X

j=1

Qj(u+ ia/2)Q̃
j
(u� ia/2)

Apply perturbative QSC solvers to generate expressions at weak coupling

[Kazakov,Leurent,Volin]

[Marboe,Volin] 
[Gromov,Levkovich-Maslyuk,Sizov]



String Theory in 

Boundary data

2 protected operators producing point-like strings boosted along big circles in
1 excited operator producing a classical string spinning in

Strong coupling : string tension

Holographic check

Different regimes depending on quantum numbers

<latexit sha1_base64="uyKop2kXVb4O+cZ4IDrVu02RFq4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKpj5VU3Lis1D6gjWEymbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT0wcO4593LvHC8RXIFlfRsLi0vLK6uFteL6xubWtrmz21RxKilr0FjEsu0RxQSPWAM4CNZOJCOhJ1jLG1yP/dYDk4rH0R0ME+aEpBfxgFMCWnLN/Su/7manI9wFHjKF6/e6cM2SVbYmwPPEzkkJ5ai55lfXj2kasgioIEp1bCsBJyMSOBVsVOymiiWEDkiPdTSNiF7lZJPrR/hIKz4OYqlfBHii/p7ISKjUMPR0Z0igr2a9sfif10khuHAyHiUpsIhOFwWpwBDjcRTY55JREENNCJVc34ppn0hCQQdW1CHYs1+eJ82Tsn1WrtxWStXLPI4COkCH6BjZ6BxV0Q2qoQai6BE9o1f0ZjwZL8a78TFtXTDymT30B8bnD3h0lJg=</latexit>

AdS5 ⇥ S5

1 2
3

bulk

<latexit sha1_base64="/lX75ImWmz+2uCP95WPyGblGdiQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr5MUvHisaNpCG8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHDR2niqHPYhGrVkg1Ci7RN9wIbCUKaRQKbIaj26nffEKleSwfzTjBIKIDyfucUWMl/6GbXUy65YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks2Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX96yDjMkkNSjZf1E8FMTGZfk56XCEzYmwJZYrbWwkbUkWZsfmUbAje4svLpHFW9S6r5/fnldpNHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD59sjpA=</latexit>

S5
<latexit sha1_base64="uyKop2kXVb4O+cZ4IDrVu02RFq4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKpj5VU3Lis1D6gjWEymbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT0wcO4593LvHC8RXIFlfRsLi0vLK6uFteL6xubWtrmz21RxKilr0FjEsu0RxQSPWAM4CNZOJCOhJ1jLG1yP/dYDk4rH0R0ME+aEpBfxgFMCWnLN/Su/7manI9wFHjKF6/e6cM2SVbYmwPPEzkkJ5ai55lfXj2kasgioIEp1bCsBJyMSOBVsVOymiiWEDkiPdTSNiF7lZJPrR/hIKz4OYqlfBHii/p7ISKjUMPR0Z0igr2a9sfif10khuHAyHiUpsIhOFwWpwBDjcRTY55JREENNCJVc34ppn0hCQQdW1CHYs1+eJ82Tsn1WrtxWStXLPI4COkCH6BjZ6BxV0Q2qoQai6BE9o1f0ZjwZL8a78TFtXTDymT30B8bnD3h0lJg=</latexit>

AdS5 ⇥ S5

<latexit sha1_base64="eqdhEBDLQPFeZsSj3SXPsxtpoEk=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqialqCspuHFZwT6gCWUymaRDJw9nboQSiht/xY0LRdz6Fe78G6dtFtp6YOBwzj3cucdLBVdgWd/G0vLK6tp6aaO8ubW9s2vu7bdVkknKWjQRiex6RDHBY9YCDoJ1U8lI5AnW8YbXE7/zwKTiSXwHo5S5EQljHnBKQEt989BR9xJyR+iIT8ZnNSfl2AlDbPfNilW1psCLxC5IBRVo9s0vx09oFrEYqCBK9WwrBTcnEjgVbFx2MsVSQockZD1NYxIx5ebTE8b4RCs+DhKpXwx4qv5O5CRSahR5ejIiMFDz3kT8z+tlEFy6OY/TDFhMZ4uCTGBI8KQP7HPJKIiRJoRKrv+K6YBIQkG3VtYl2PMnL5J2rWqfV+u39UrjqqijhI7QMTpFNrpADXSDmqiFKHpEz+gVvRlPxovxbnzMRpeMInOA/sD4/AFQnZa2</latexit>p
�/2⇡ � 1

Short string (flat-space limit) : 

“CFT limit of TBA” : full of wrappings, very hard

see Fernando’s talk

Classical string : 

<latexit sha1_base64="eI5yLfb4NKzTwhJ4tOFYDUooSKI="></latexit>

L, S = O(1) ) � = O(�1/4)

<latexit sha1_base64="Ps7CU/AVDjNshIz8KbdlotBP9rk=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYhQgi7EtRGCWhhIRjRPCAbwuxkkgyZfThzVwhLSht/xcZCEVs/wc6/cZJsoYkHLhzOuXfm3uOGgiuwrG8jNTe/sLiUXs6srK6tb5ibW1UVRJKyCg1EIOsuUUxwn1WAg2D1UDLiuYLV3P75yK89MKl44N/BIGRNj3R93uGUgJZa5u5VHt/msXPBBBB8ep1z1L2E2BH6iTYZHrTMrFWwxsCzxE5IFiUot8wvpx3QyGM+UEGUathWCM2YSOBUsGHGiRQLCe2TLmto6hOPqWY8PmSI97XSxp1A6vIBj9XfEzHxlBp4ru70CPTUtDcS//MaEXROmjH3wwiYTycfdSKBIcCjVHCbS0ZBDDQhVHK9K6Y9IgkFnV1Gh2BPnzxLqocF+6hQvClmS2dJHGm0g/ZQDtnoGJXQJSqjCqLoET2jV/RmPBkvxrvxMWlNGcnMNvoD4/MHN9qYOw==</latexit>

L, S,� = O(
p
�)

More tractable: use classical world-sheet theory and its integrability (finite-gap solutions)



String Theory in 

Boundary data

Classical limit

<latexit sha1_base64="uyKop2kXVb4O+cZ4IDrVu02RFq4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKpj5VU3Lis1D6gjWEymbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT0wcO4593LvHC8RXIFlfRsLi0vLK6uFteL6xubWtrmz21RxKilr0FjEsu0RxQSPWAM4CNZOJCOhJ1jLG1yP/dYDk4rH0R0ME+aEpBfxgFMCWnLN/Su/7manI9wFHjKF6/e6cM2SVbYmwPPEzkkJ5ai55lfXj2kasgioIEp1bCsBJyMSOBVsVOymiiWEDkiPdTSNiF7lZJPrR/hIKz4OYqlfBHii/p7ISKjUMPR0Z0igr2a9sfif10khuHAyHiUpsIhOFwWpwBDjcRTY55JREENNCJVc34ppn0hCQQdW1CHYs1+eJ82Tsn1WrtxWStXLPI4COkCH6BjZ6BxV0Q2qoQai6BE9o1f0ZjwZL8a78TFtXTDymT30B8bnD3h0lJg=</latexit>

AdS5 ⇥ S5

1 2
3

bulk

Area of minimal surface ending on 3 operators at boundary 

Integrability allows one to express the area in terms of the quasi-momenta of the classical 
curves for the punctures/states

<latexit sha1_base64="aAKofofkFKEX/t7pMplfBJlpaaU=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCQWqqRUwISKujAWiT6kpqoc122tOnFk36BWUX6AhV9hYQAhVnY2/gb3MUDLka50dM699r3HjwTX4Djf1tLyyuraemYju7m1vbNr7+3XtIwVZVUqhVQNn2gmeMiqwEGwRqQYCXzB6v6gPPbrD0xpLsN7GEWsFZBeyLucEjBS2z72hOwl5XbiFs7TFHskipQc4jMP2BBUkNyYx9K2nXPyzgR4kbgzkkMzVNr2l9eRNA5YCFQQrZuuE0ErIQo4FSzNerFmEaED0mNNQ0MSMN1KJtek+MQoHdyVylQIeKL+nkhIoPUo8E1nQKCv572x+J/XjKF71Up4GMXAQjr9qBsLDBKPo8EdrhgFMTKEUMXNrpj2iSIUTIBZE4I7f/IiqRXy7kW+eFfMla5ncWTQITpCp8hFl6iEblEFVRFFj+gZvaI368l6sd6tj2nrkjWbOUB/YH3+AEKxm7I=</latexit>

logC123 ⇡ �Area

Holographic check

2 protected operators producing point-like strings boosted along big circles in
1 excited operator producing a classical string spinning in

<latexit sha1_base64="/lX75ImWmz+2uCP95WPyGblGdiQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr5MUvHisaNpCG8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHDR2niqHPYhGrVkg1Ci7RN9wIbCUKaRQKbIaj26nffEKleSwfzTjBIKIDyfucUWMl/6GbXUy65YpbdWcgy8TLSQVy1Lvlr04vZmmE0jBBtW57bmKCjCrDmcBJqZNqTCgb0QG2LZU0Qh1ks2Mn5MQqPdKPlS1pyEz9PZHRSOtxFNrOiJqhXvSm4n9eOzX96yDjMkkNSjZf1E8FMTGZfk56XCEzYmwJZYrbWwkbUkWZsfmUbAje4svLpHFW9S6r5/fnldpNHkcRjuAYTsGDK6jBHdTBBwYcnuEV3hzpvDjvzse8teDkM4fwB87nD59sjpA=</latexit>

S5
<latexit sha1_base64="uyKop2kXVb4O+cZ4IDrVu02RFq4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKpj5VU3Lis1D6gjWEymbRDJw9mboQair/ixoUibv0Pd/6N0zYLbT0wcO4593LvHC8RXIFlfRsLi0vLK6uFteL6xubWtrmz21RxKilr0FjEsu0RxQSPWAM4CNZOJCOhJ1jLG1yP/dYDk4rH0R0ME+aEpBfxgFMCWnLN/Su/7manI9wFHjKF6/e6cM2SVbYmwPPEzkkJ5ai55lfXj2kasgioIEp1bCsBJyMSOBVsVOymiiWEDkiPdTSNiF7lZJPrR/hIKz4OYqlfBHii/p7ISKjUMPR0Z0igr2a9sfif10khuHAyHiUpsIhOFwWpwBDjcRTY55JREENNCJVc34ppn0hCQQdW1CHYs1+eJ82Tsn1WrtxWStXLPI4COkCH6BjZ6BxV0Q2qoQai6BE9o1f0ZjwZL8a78TFtXTDymT30B8bnD3h0lJg=</latexit>

AdS5 ⇥ S5

[Kazama,Komatsu,Nishimura]



String formula

Boundary data

Holographic check

With quasi-momenta depending on spectral parameter

<latexit sha1_base64="Mb0moxWOB0Qs19sYVolaSEfBwiI=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQCmVGirpRCt24EarYB3RqyaS3bWhmMiQZoQzzEW78FTcuFHHrwp1/Y/pYaOuBezmccy/JPX7EmdKO821llpZXVtey67mNza3tHXt3r65ELCnUqOBCNn2igLMQapppDs1IAgl8Dg1/WBn7jQeQionwTo8iaAekH7Ieo0QbqWMXPC76SeU+8SiTdNr8mHPQaYov8C0Qjgv4mkkpZMfOO0VnArxI3BnJoxmqHfvL6woaBxBqyolSLdeJdDshUjPKIc15sYKI0CHpQ8vQkASg2snkqBQfGaWLe0KaCjWeqL83EhIoNQp8MxkQPVDz3lj8z2vFunfeTlgYxRpCOn2oF3OsBR4nhLtMAtV8ZAihkpm/YjogklBtcsyZENz5kxdJ/aTonhZLN6V8+XIWRxYdoEN0jFx0hsroClVRDVH0iJ7RK3qznqwX6936mI5mrNnOPvoD6/MHTVyeUg==</latexit>

logC��• = Real +Mirror

Real part comes from sum over partitions and Gaudin determinant (no wrappings)

[Kazama,Komatsu,Nishimura]

Monodromy matrix

[Gromov,Sever,Vieira]

Mirror part contains wrapping corrections

[Kazakov,Marshakov,Minhan,Zarembo] 
[Beisert,Kazakov,Sakai,Zarembo]

<latexit sha1_base64="vUY99CRIkV/eDI8FVbajUx4rDUg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+fzjQE=</latexit>x

<latexit sha1_base64="+lwDfdOhFLWjW5se6RgANKc8DXM="></latexit>

⌦(x) ⇠= (eip̂1,2,3,4 |eip̃1,2,3,4) 2 SU(4|4)

Several components matching with the various mirror channels and norm

Focus on ratio

<latexit sha1_base64="LqAk579hJGHbOJJMPxFbe0ed7Hc="></latexit>

logRstring =

Z

U+

du(x)

2⇡

4X

j=1

⇥
Li2(⇠e

ip̃j )� Li2(⇠e
ip̂j )

⇤

NB: j=1,2 dominate at large L and j=3,4 represent wrappings

<latexit sha1_base64="x6bks6qwIHY4mvN2+iw2kW/lJx0=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpEWtSirpRCiK46KKCfUBTw2Q6aYdOHsxMpCXkD9z4K25cKOLWrTv/xuljoa0HLhzOuZd773FCRoU0jG8ttbC4tLySXs2srW9sbunbO3URRByTGg5YwJsOEoRRn9QklYw0Q06Q5zDScPpXI7/xQLiggX8nhyFpe6jrU5diJJVk64fWgMILSO7j41zFNo8qdlxM8paHZA8jFl8nuUH+pJjYetYoGGPAeWJOSRZMUbX1L6sT4MgjvsQMCdEyjVC2Y8QlxYwkGSsSJES4j7qkpaiPPCLa8fifBB4opQPdgKvyJRyrvydi5Akx9BzVOTpUzHoj8T+vFUn3vB1TP4wk8fFkkRsxKAM4Cgd2KCdYsqEiCHOqboW4hzjCUkWYUSGYsy/Pk3qxYJ4WSrelbPlyGkca7IF9kAMmOANlcAOqoAYweATP4BW8aU/ai/aufUxaU9p0Zhf8gfb5A7vampg=</latexit>

⇠ = e�(L1+L2)E(x)/2With
<latexit sha1_base64="uSl6RIxLtSDTRd27wEaRaK7EWas=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCghBnJKgXJeDFYwSzQDKEnk5P0qRnoRdJDPkSLx4U8eqnePNv7CRz0OiDgsd7VVTV8xPOpHKcLyuzsrq2vpHdzG1t7+zm7b39hoy1ILROYh6Llo8l5SyidcUUp61EUBz6nDb94c3Mbz5QIVkc3atxQr0Q9yMWMIKVkbp2XhdHJXSF+sXRiXs6KnXtglN25kB/iZuSAqSode3PTi8mOqSRIhxL2XadRHkTLBQjnE5zHS1pgskQ92nb0AiHVHqT+eFTdGyUHgpiYSpSaK7+nJjgUMpx6JvOEKuBXPZm4n9eW6vg0puwKNGKRmSxKNAcqRjNUkA9JihRfGwIJoKZWxEZYIGJMlnlTAju8st/SeOs7J6XK3eVQvU6jSMLh3AERXDhAqpwCzWoAwENT/ACr9aj9Wy9We+L1oyVzhzAL1gf38CKkTQ=</latexit>

u(x) = g(x+ 1/x),



Hexagon formula

Holographic check

[Jiang,Komatsu,Kostov,Serban]Use clustering method to re-sum the mirror series

<latexit sha1_base64="+Oq1quQdM1/zqOq3AtRzrj57cP0=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEIHqQkUtSLUvDisYL9gDaUzXbTLt1swu5ELDEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJnnx4JrcJxva2FxaXlltbBWXN/Y3Nq2d3YbOkoUZXUaiUi1fKKZ4JLVgYNgrVgxEvqCNf3h9dhv3jOleSTvYBQzLyR9yQNOCRipa+93gD2AH6SQdVNygp0MX2IXd+2SU3YmwPPEzUkJ5ah17a9OL6JJyCRQQbRuu04MXkoUcCpYVuwkmsWEDkmftQ2VJGTaSyf3Z/jIKD0cRMqUBDxRf0+kJNR6FPqmMyQw0LPeWPzPaycQXHgpl3ECTNLpoiARGCI8DgP3uGIUxMgQQhU3t2I6IIpQMJEVTQju7MvzpHFads/KldtKqXqVx1FAB+gQHSMXnaMqukE1VEcUPaJn9IrerCfrxXq3PqatC1Y+s4f+wPr8AS5OlOM=</latexit>

ta,0 = 1With

At strong coupling, the t’s become characters of the group element
<latexit sha1_base64="HynVijbroou/Bwuu10071YkIID8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJePFmBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN1O/9US1YUo+2HFCQ4EHksWMYOukZvdO0AHulSt+1Z8BLZMgJxXIUe+Vv7p9RVJBpSUcG9MJ/MSGGdaWEU4npW5qaILJCA9ox1GJBTVhNrt2gk6c0kex0q6kRTP190SGhTFjEblOge3QLHpT8T+vk9r4KsyYTFJLJZkvilOOrELT11GfaUosHzuCiWbuVkSGWGNiXUAlF0Kw+PIyaZ5Vg4vq+f15pXadx1GEIziGUwjgEmpwC3VoAIFHeIZXePOU9+K9ex/z1oKXzxzCH3ifP2DrjwA=</latexit>

⌦
[Gromov,Kazakov,Leurent,Tsuboi]

<latexit sha1_base64="Ph8KTz7vX5H5zWUwgylabr09mps="></latexit>

logRstrong =

Z

U+

du(x)

2⇡

Z ⇠

0

dq

q
log

" 1X

a=0

qata,1(x)

#

<latexit sha1_base64="urI8jYda5W2La/Ve4JJJwF8H3yw="></latexit>

1X

a=0

qata,1 = sdet (1� q⌦(x)) =
4Y

j=1

1� qeip̃j(x)

1� qeip̂j(x)

Hence <latexit sha1_base64="6HXTCYRg56HYQUZdsGI2zkmiYmo="></latexit>

logRstrong = �
Z

U+

du(x)

2⇡
str [Li2(⇠⌦)]

In perfect agreement with the string formula



Conclusion
Conjecture for structure constants of short operators

Hexagon representation + solution to spectral problem

Lots of evidence: IR checks, agreements with gauge and string theory

Proof?

Similar to Leclair-Mussardo formula for finite-volume matrix 
elements of local operators in integral QFTs

Further evidence? Complete analysis of the conjecture at strong coupling for the 
remaining components (sum over adjacent channels - Fedholm determinant)

Can one re-sum the mirror series such as to obtain more concise representation?

Explore new regimes? Short strings?

Conjecture extends naturally to higher-rank sectors, for LR symmetric states



Thank you!


