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An ill-posed problem in hadron spectral function
Hadron spectral functions: Carry all information about hadrons
1. Quarkonia dissociation temperature
2. Heavy Quark diffusion coefficient

T. Matsui & H. Satz, PLB 178, 416 (1986)

P. Petreczky & D. Teaney, PRD 73,1649 (2006)

1. Maximum Entropy Method (MEM)  Asakawa, Hatsuda & Nakahara, (2001)


2. Backus Gilbert method G. Backus et al, Geophysical Journal International 16, 169(1968)  


3. New Bayesian Method (improved MEM)  Y. Burnier et al, PRL 111,182003 (2013)


4. Stochastic Approaches  H.-T. Ding et al., PRD 97, 094503 (2018)

……

Common methods:

(Discretized) (Continuous)ill-posed problem!

K(!, ⌧, T ) =
cosh(!(⌧ � 1

2T ))

sinh( !
2T )

<latexit sha1_base64="XJ/hNj/FNJZKxn4DMduUbufsT/Y="></latexit>

Correlator Spectral functionInverse problem!
Reconstruction



Variational AutoEncoder (VAE)

Natural tool to tackle the inverse problem.

3. Train the neural network using a general input

Our Goal:

C.Doersch, arXiv:1606.05908

2. Design a neural network that can learn to balance the  
    prior & likelihood.

1. Find certain constraints on latent space Z.

Q(z|x)
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Encoder Decoder

Generative process

sampling 𝑧

Normal 
distribution 
𝑃 (𝑧): P (z)

<latexit sha1_base64="G42e9+LaFhwd2isVPNoIRAdolmg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OKxgv2AdinZNNuGJtklyQp16V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rXL+3qlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPUGeNxQ==</latexit>

x
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x
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Input



                      =

                      

log𝑃 (𝜌 |𝐺) = log[∫ 𝑃 (𝜌 |𝑧, 𝐺)𝑃 (𝑧 |𝐺) 𝑑𝑧]

 log 𝐸𝑄(𝑧|𝜌𝑔𝑡,𝐺𝑔𝑡)(𝑃 (𝜌 |𝑧, 𝐺)
𝑃 (𝑧 |𝐺)

𝑄(𝑧 |𝜌𝑔𝑡, 𝐺𝑔𝑡) )
≥ 𝐸𝑄(𝑧|𝜌𝑔𝑡,𝐺𝑔𝑡)(log𝑃 (𝜌 |𝑧, 𝐺)

𝑃 (𝑧 |𝐺)
𝑄(𝑧 |𝜌𝑔𝑡, 𝐺𝑔𝑡) )

𝐸𝑄(𝑧|𝜌𝑔𝑡,𝐺𝑔𝑡)(𝑓(𝑧)) = ∫ 𝑑𝑧𝑓(𝑧)𝑄(𝑧 |𝜌𝑔𝑡, 𝐺𝑔𝑡)

Jensen’s inequality & the 
concave feature of the 
logarithm function 

(Conditional probability) 

• Define loss function = - Evidence lower bound 

    

         

  ℒ = − 𝐸𝑄(𝑧|𝜌𝑔𝑡,𝐺𝑔𝑡)(log𝑃(𝜌 |𝑧, 𝐺)
𝑃(𝑧 |𝐺)

𝑄(𝑧 |𝜌𝑔𝑡, 𝐺𝑔𝑡) )
= − 𝐸𝑄(𝑧|𝜌𝑔𝑡,𝐺𝑔𝑡)(𝑃(𝜌 |𝑧, 𝐺)) + 𝐾𝐿(𝑄(𝑧 |𝜌𝑔𝑡, 𝐺𝑔𝑡) | |𝑃(𝑧 |𝐺))

𝑃(𝜌 |𝑧, 𝐺) = 𝑃(𝜌 |𝐺) 𝑃(𝐺 |𝜌, 𝑧)/𝑃(𝐺 |𝑧)

∫ 𝑑𝑧𝑄(𝑧 |𝜌𝑔𝑡, 𝐺𝑔𝑡)log(
𝑄(𝑧 |𝜌𝑔𝑡, 𝐺𝑔𝑡)

𝑃 (𝑧 |𝐺) )
KL divergence

 gives the difference 
between 2 probabilities
   expected to denoise

Prior  
information

Likelihood Evidence

A newly structure of VAE

To reconstruct⇢
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P (⇢|G)
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from G
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ℒ = − 𝐸𝑄(𝑧|𝜌𝑔𝑡,𝐺𝑔𝑡)( 𝑃(𝜌 |𝐺)𝑃(𝐺 |𝜌, 𝑧)
𝑃(𝐺 |𝑍) ) + 𝐾𝐿(𝑄(𝑧 |𝜌𝑔𝑡, 𝐺𝑔𝑡) | |𝑃(𝑧 |𝐺))

𝑃 (𝜌 |𝐺) =
1

𝑍𝑠
𝑒𝑆,            𝑆 = ∫ 𝑑𝜔 𝜌𝑔𝑡 − 𝜌(𝑧) − 𝜌(𝑧)𝑙𝑜𝑔

𝜌(𝑧)
𝜌𝑔𝑡

.

𝑃(𝐺 |𝜌, 𝑧) =
1

𝑍𝐿
𝑒−𝐿,      𝐿 = 𝐿𝑗 = ∑

𝑗

(�̂�𝑗[𝜌(𝑧)] − 𝐺𝑗)
2

𝛼2(𝑧)𝐺2
𝑗

.        

 : ground truth value of the spectral function, best prior information of ρ!𝜌𝑔𝑡

G: correlator data  
: computed from ρ(z)�̂�

): controls the relative weight of the entropy (having  close to the prior) 
and the likelihood (having  close to the data G)

𝛼(𝑧 𝜌
𝜌(𝑧)

Prior  
information:

Likelihood:

  𝑃(𝐺 |𝑍) = ∫ 𝒟𝜌(𝑧)𝑃(𝜌 |𝐺)𝑃(𝐺 |𝜌, 𝑧) = ∫ 𝒟𝜌(𝑧) 
1

𝑍𝑠𝑍𝐿
𝑒−𝐿+𝑠Evidence:

SVAE 

Shannon-Jaynes entropy term: ground truth  

z

<latexit sha1_base64="L2VbqhyPl5Nn91VrLkm95YJwk48=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmbiZJLcgl48JmAWSIbQ06lJ2vQsdPcIMeQLvHhQxKuf5M2/sbMIKvqg4PFeFVX1/IQzqSzrw8isrW9sbmW3czu7e/sH+cOjloxTQaFJYx6Ljk8kcBZBUzHFoZMIIKHPoe2Pr+Z++w6EZHF0oyYJeCEZRixglCgtNe77+YJl2tVStepiy3Qdt1gpaeJclN1iGdumtUABrVDv5997g5imIUSKciJl17YS5U2JUIxymOV6qYSE0DEZQlfTiIQgveni0Bk+08oAB7HQFSm8UL9PTEko5ST0dWdI1Ej+9ubiX143VUHFm7IoSRVEdLkoSDlWMZ5/jQdMAFV8ogmhgulbMR0RQajS2eR0CF+f4v9Jq2jajllqOIXa5SqOLDpBp+gc2aiMauga1VETUQToAT2hZ+PWeDRejNdla8ZYzRyjHzDePgF7dI1p</latexit>

z
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From Maximum Entropy Method (MEM)



       ℒ = − 𝐸𝑄(𝑧|𝜌𝑔𝑡,𝐺𝑔𝑡)( 𝑃 (𝜌 |𝐺)𝑃 (𝐺 |𝜌, 𝑧)
𝑃 (𝐺 |𝑍) ) + 𝐾𝐿(𝑄(𝑧 |𝜌𝑔𝑡, 𝐺𝑔𝑡) | |𝑃 (𝑧 |𝐺))

Decoder Encoder1 Encoder2

4. For each repeat steps 1, 2 & 3.

Topology of SVAE

1. feed ground truth value  and  into Encoder 1𝐺𝑔𝑡 𝜌𝑔𝑡
2. feed  generated stochastically to Encoder2;𝐺

 and 𝜎 = 𝑏 × 𝐺𝑔𝑡 𝑏 = 𝜎𝑙𝑎𝑡𝑡 /𝐺𝑙𝑎𝑡𝑡

Training:

Reconstruction:

z
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Noisy  is sampled from a Gauss distribution with𝐺 𝑁(𝐺𝑔𝑡,  𝜎) 
3. Perform the feeding in steps 1 and 2 simultaneously 

Epoch = 5 million



𝜌𝑡𝑟𝑎𝑖𝑛

𝜔2
= �̂�(𝜔, 𝛿1,𝜁1)

�̂�𝑔

∑
𝑖=1

𝐶𝑖𝑒
−( 𝜔 − 𝑀𝑖

𝛾 )
2

(1 − �̂�(𝜔, 𝛿2,𝜁2))+𝐶0�̂�(𝜔, 𝛿2,𝜁2)

, number of Gauss peaks�̂�𝑔 = 50

A general spectral function used for the training

✓̂(!, �i, ⇣i) =
1

1 + exp(�!��i
⇣i

)
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Step functions：

The parameters are set according to the  
theoretically range of physics.

H. T. Ding et al, Phys. Rev. D 86, 014509 (2012) 

Gaussian peaks
: peak location with fixed interval𝑀𝑖 : fixed peak width𝛾

continuum part
C0 2 [0, 1]
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Training samples



Mock data test I: simplest cases  

Only a continuum part Only a resonance peak  

Both output spectral functions from the SVAE and MEM can more or less reproduce the input 
spectral functions  

Temporal extent N⌧ = 96
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MEM results depend on the chosen of default model (DM)



Reconstruction quantity  
depends more on   

rather than 
𝛤

𝑀𝑟𝑒𝑠

𝑁𝜏 = 96

Mock data test II: A resonance peak + continuum part  

Mres = 0.1, 0.15, 0.2, 0.25
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Peak location

Peak width
� = 0.03, 0.06, 0.09, 0.12

<latexit sha1_base64="eFsAEbUsn8Zip6B89tItz9WmTv4=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4kDJT62shFF3osoJ9QDuUTJppQ5PMkGSEMnTjxl9x40IRt/6DO//GTDsLbb2Qw+Gce7m5x48YVdpxvq25+YXFpeXcSn51bX1j097arqswlpjUcMhC2fSRIowKUtNUM9KMJEHcZ6ThD65Tv/FApKKhuNfDiHgc9QQNKEbaSB17r32DOEfwEjpF5/jIwGkKFwbcUscuGD4uOEvcjBRAVtWO/dXuhjjmRGjMkFIt14m0lyCpKWZklG/HikQID1CPtAwViBPlJeMrRvDAKF0YhNI8oeFY/T2RIK7UkPumkyPdV9NeKv7ntWIdnHsJFVGsicCTRUHMoA5hGgnsUkmwZkNDEJbU/BXiPpIIaxNc3oTgTp88S+qlolsuntyVC5WrLI4c2AX74BC44AxUwC2oghrA4BE8g1fwZj1ZL9a79TFpnbOymR3wp6zPH4D4lBg=</latexit>

Charm quark



Input  obtained from the Non-relativistic QCD (NRQCD)𝜌

Mock data test III: Non-relativistic QCD

Although the SVAE results are closer to the mock data, both the SVAE and MEM cannot 
reproduce the input NRQCD spectral function in a satisfactory way. 

Y. Burnier et al, JHEP 2017 (11), 206 



Application to Charmonium correlator in the pseudo-
scalar(     ) channel
Correlators computed on the finest lattices                                and                                with a 
fixed scale approach. H. T. Ding et al, Phys. Rev. D 86, 014509 (2012) 

⌘c

<latexit sha1_base64="GceD4PeIsq5znAi5B8denyDW7TY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVo8j7bN+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn82un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXL+1qlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c2LnxXl3PhatBSefOYY/cD5/AH7yjxY=</latexit>

1283 ⇥ 96(0.75Tc)

<latexit sha1_base64="FDnQ2TWocriIW6ChOs+HIqDXKns=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKkuUlJaWrYKFsUh9SW2IHNdprTpOZDtIVdSFX2FhACFWPoONv8F9DNBypCsdnXOv7r3HjxmVyra/jcza+sbmVnY7t7O7t39gHh61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2Pbqd++5EISSPeUOOYuCEacBpQjJSWPPPEKVYfLnuKhkTC66uCbVXKDQ9feGbetuwZ4CpxFiQPFqh75levH+EkJFxhhqTsOnas3BQJRTEjk1wvkSRGeIQGpKspR3qhm84emMBzrfRhEAldXMGZ+nsiRaGU49DXnSFSQ7nsTcX/vG6igqqbUh4ninA8XxQkDKoITtOAfSoIVmysCcKC6lshHiKBsNKZ5XQIzvLLq6RVtJySVb4v5Ws3iziy4BScgQJwQAXUwB2ogybAYAKewSt4M56MF+Pd+Ji3ZozFzDH4A+PzB9rVlAM=</latexit>

1283 ⇥ 48(1.5Tc)

<latexit sha1_base64="37BP26gSAsGv71PTTlecyVmIUe8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6iYktcUui25cVugL2hgm00k7dDIJMxOhxC78FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nv8mFGpbPvbyK2tb2xu5bcLO7t7+wfm4VFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv74ZuZ3HoiQNOJNNYmJG6IhpwHFSGnJM0+ccu3+sq9oSCSs1EqOVW16+MIzi7ZlzwFXiZORIsjQ8Myv/iDCSUi4wgxJ2XPsWLkpEopiRqaFfiJJjPAYDUlPU470Pjed3z+F51oZwCASuriCc/X3RIpCKSehrztDpEZy2ZuJ/3m9RAU1N6U8ThTheLEoSBhUEZyFAQdUEKzYRBOEBdW3QjxCAmGlIyvoEJzll1dJu2w5Fat6VynWr7M48uAUnIEScMAVqINb0AAtgMEjeAav4M14Ml6Md+Nj0Zozsplj8AfG5w9ZW5PA</latexit>

• Peak locations reconstructed from 
these two methods are more 
reliable compared to the peak height 

• Based on the results from both 
methods it seems that the 
resonance peak for ηc is 
substantially modified at 1.5Tc



S.-Y Chen, H.-T Ding, F.-Y Liu, G. Papp and C.-B. Yang, arXiv:2110.13521 

Application to Charmonium correlator in the pseudo-
scalar(     ) channel⌘c

<latexit sha1_base64="GceD4PeIsq5znAi5B8denyDW7TY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVo8j7bN+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn82un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXL+1qlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c2LnxXl3PhatBSefOYY/cD5/AH7yjxY=</latexit>

Correlators computed on the finest lattices                                and                                with a 
fixed scale approach. H. T. Ding et al, Phys. Rev. D 86, 014509 (2012) 

1283 ⇥ 96(0.75Tc)

<latexit sha1_base64="FDnQ2TWocriIW6ChOs+HIqDXKns=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKkuUlJaWrYKFsUh9SW2IHNdprTpOZDtIVdSFX2FhACFWPoONv8F9DNBypCsdnXOv7r3HjxmVyra/jcza+sbmVnY7t7O7t39gHh61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2Pbqd++5EISSPeUOOYuCEacBpQjJSWPPPEKVYfLnuKhkTC66uCbVXKDQ9feGbetuwZ4CpxFiQPFqh75levH+EkJFxhhqTsOnas3BQJRTEjk1wvkSRGeIQGpKspR3qhm84emMBzrfRhEAldXMGZ+nsiRaGU49DXnSFSQ7nsTcX/vG6igqqbUh4ninA8XxQkDKoITtOAfSoIVmysCcKC6lshHiKBsNKZ5XQIzvLLq6RVtJySVb4v5Ws3iziy4BScgQJwQAXUwB2ogybAYAKewSt4M56MF+Pd+Ji3ZozFzDH4A+PzB9rVlAM=</latexit>

1283 ⇥ 48(1.5Tc)

<latexit sha1_base64="37BP26gSAsGv71PTTlecyVmIUe8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6iYktcUui25cVugL2hgm00k7dDIJMxOhxC78FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nv8mFGpbPvbyK2tb2xu5bcLO7t7+wfm4VFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv74ZuZ3HoiQNOJNNYmJG6IhpwHFSGnJM0+ccu3+sq9oSCSs1EqOVW16+MIzi7ZlzwFXiZORIsjQ8Myv/iDCSUi4wgxJ2XPsWLkpEopiRqaFfiJJjPAYDUlPU470Pjed3z+F51oZwCASuriCc/X3RIpCKSehrztDpEZy2ZuJ/3m9RAU1N6U8ThTheLEoSBhUEZyFAQdUEKzYRBOEBdW3QjxCAmGlIyvoEJzll1dJu2w5Fat6VynWr7M48uAUnIEScMAVqINb0AAtgMEjeAav4M14Ml6Md+Nj0Zozsplj8AfG5w9ZW5PA</latexit>

𝐺𝑟𝑒𝑐(𝜏, 𝑇; 𝑇’) = ∫ 𝑑𝜔𝐾(𝜏, 𝑇; 𝑇’)𝜌(𝜔, 𝑇’)

=
𝑁’𝜏−𝑁𝜏+𝜏

∑
𝜏’=𝜏

𝐺(𝜏’, 𝑇’)

𝑇 = 1 . 5𝑇𝑐,  𝑇’ = 0 . 75𝑇𝑐,  𝑁𝜏 = 48,  𝑁’𝜏 = 96

Reconstruct correlator with = 96 to that 
with = 48 of  fixed at 0.75 Tc

𝑁𝜏
𝑁𝜏 ρ

● : SVAE is consistent with 
MEM at both 0.75 Tc and 1.5Tc. 

● Output  larger depends on .

𝑁𝜏 = 48

𝜌(𝜔) 𝑁𝜏



● We propose a novel neural network, SVAE, which can be trained 
to obtain the most probable image of the spectral function

Summary& Outlook

• Mock tests shows that SVAE is comparable to MEM and even outperforms  
MEM in certain cases

● For the application to lattice QCD data of charmonium correlator in the 
pseudo-scalar channel, SVAE is consistent with MEM results.

   Trial with a different kernel K =                       or!2(!2 + p2)

<latexit sha1_base64="e69r4hKGRmbbT4ZaPBw6IcItDdI=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYhIpQZkpFl0U3LivYC7TTkknTNjSXIckIZezCV3HjQhG3voY738a0HUGrPwQ+/nMO5+QPI0a18bxPJ7O0vLK6ll3PbWxube+4u3t1LWOFSQ1LJlUzRJowKkjNUMNIM1IE8ZCRRji6mtYbd0RpKsWtGUck4GggaJ9iZKzVdQ/akpMB6pQK33AadUonXTfvFb2Z4F/wU8iDVNWu+9HuSRxzIgxmSOuW70UmSJAyFDMyybVjTSKER2hAWhYF4kQHyez+CTy2Tg/2pbJPGDhzf04kiGs95qHt5MgM9WJtav5Xa8WmfxEkVESxIQLPF/VjBo2E0zBgjyqCDRtbQFhReyvEQ6QQNjaynA3BX/zyX6iXin65eHZTzlcu0ziy4BAcgQLwwTmogGtQBTWAwT14BM/gxXlwnpxX523emnHSmX3wS877Fz7BlPU=</latexit>

e�⌧!

<latexit sha1_base64="J2ciuDBCaj63xezQfpzk6VNEN8M=">AAAB+HicbVDLSgNBEJz1GeMjqx69LAbBi2FXInoMevEYwTwgu4bZSScZMjuzzEOIS77EiwdFvPop3vwbJ8keNLGgoajqprsrThlV2ve/nZXVtfWNzcJWcXtnd6/k7h80lTCSQIMIJmQ7xgoY5dDQVDNopxJwEjNoxaObqd96BKmo4Pd6nEKU4AGnfUqwtlLXLcFDdhZqbEKRwABPum7Zr/gzeMskyEkZ5ah33a+wJ4hJgGvCsFKdwE91lGGpKWEwKYZGQYrJCA+gYynHCagomx0+8U6s0vP6Qtri2pupvycynCg1TmLbmWA9VIveVPzP6xjdv4oyylOjgZP5or5hnhbeNAWvRyUQzcaWYCKpvdUjQywx0Tarog0hWHx5mTTPK0G1cnFXLdeu8zgK6Agdo1MUoEtUQ7eojhqIIIOe0St6c56cF+fd+Zi3rjj5zCH6A+fzB90Qkzw=</latexit>

● The loss function of SVAE includes an entropy and a likelihood term which 
are balanced by a weight 𝛼(𝑧)

● For training: A general  is used with corresponding correlator having the 
error of correlators mimic to LQCD

𝜌

G(⌧, T ) =

Z 1

0

d!

2⇡
K(!, ⌧, T )⇢(!, T )

<latexit sha1_base64="+u7pu5JX9Ghe5dqC/fmmVn3rmvo="></latexit>

● Output  larger depends on 𝜌(𝜔) 𝑁𝜏

K(!, ⌧, T ) =
cosh(!(⌧ � 1

2T ))

sinh( !
2T )

<latexit sha1_base64="XJ/hNj/FNJZKxn4DMduUbufsT/Y="></latexit>

Current:



Thank you!



Back up



Encoders and Decoder

Q and P(z|G):  parameterized based on the Gauss mixture model with  the Gauss 
function, outputs from Encoder 1 and 2

𝒩

: outputs of Decoder𝜌(𝑧), 𝛼(𝑧)

Networks



Topology of the sVAE for reconstruction

: Number of samples in  space
: Number of bootstrap samples in configurations space

𝑁𝑠 𝑍
𝑁𝑐

⇢̃⇥ =
1

Nc

NcX

m=1

Z
dz⇢(z)P (Gm|⇢, z)P (z|Gm)

! 1

Nc

NcX

m=1

NsX

n=1

⇢(zn)P (Gm|⇢, zn)
NsP
k=1

P (Gm|⇢, zk)
⌘ 1

Nc

NcX

m=1

⇢̃⇥,m .

<latexit sha1_base64="QXhnxmX2yJDOyvlYc+Gftjrl3VM="></latexit>

⇢ =
1

Nbtp

NbtpX

i=1

˜̃⇢i

<latexit sha1_base64="AtJZ4c4/WimYvIntk97jMFZcoaE="></latexit>

�⇢ =

vuut 1

Nbtp

NbtpX

i=1

(˜̃⇢i � ⇢)2

<latexit sha1_base64="k65G+gMTdEdXWR3H2mMyiC8ja/o="></latexit>

Final mean value and its uncertainty:

Bootstrap method:  1. Firstly randomly choose an epoch Θ (uniformly)
2. At this certain epoch we sample      times of            uniformly: Nc

<latexit sha1_base64="wwo0k9Q5hwRATfImmD//0DTms/0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7se65UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q3rn1Yv780rtOo+jCEdwDKfgwSXU4Bbq0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz8aFI2w</latexit>

⇢̃⇥,m

<latexit sha1_base64="ED15oo92r8zopm7E2RMgMqsqxSQ=">AAACAnicbVDJSgNBEO2JW4zbqCfxMhgEDxJmJKLHoBePEbJBJoSeTk2mSc9Cd40QhsGLv+LFgyJe/Qpv/o2d5aCJDwoe71VRVc9LBFdo299GYWV1bX2juFna2t7Z3TP3D1oqTiWDJotFLDseVSB4BE3kKKCTSKChJ6DtjW4nfvsBpOJx1MBxAr2QDiPuc0ZRS33zyEUuBpC5Mojzfpa5jQCQ5udh3jfLdsWewlomzpyUyRz1vvnlDmKWhhAhE1SprmMn2MuoRM4E5CU3VZBQNqJD6Goa0RBUL5u+kFunWhlYfix1RWhN1d8TGQ2VGoee7gwpBmrRm4j/ed0U/etexqMkRYjYbJGfCgtja5KHNeASGIqxJpRJrm+1WEAlZahTK+kQnMWXl0nrouJUK5f31XLtZh5HkRyTE3JGHHJFauSO1EmTMPJInskreTOejBfj3fiYtRaM+cwh+QPj8wcxZ5fy</latexit>

˜̃⇢i

<latexit sha1_base64="v5Buxd/X49YQ26xMOgiiAtRJU0s=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkosuiG5cV7AOaECaTSTt0MhNmJkIJATf+ihsXirj1J9z5N07bLLT1wOUezrmXmXvClFGlHefbqqysrq1vVDdrW9s7u3v2/kFXiUxi0sGCCdkPkSKMctLRVDPSTyVBSchILxzfTP3eA5GKCn6vJynxEzTkNKYYaSMF9pGnKYtIXrbckyNRFEWQ0yKw607DmQEuE7ckdVCiHdhfXiRwlhCuMUNKDVwn1X6OpKaYkaLmZYqkCI/RkAwM5Sghys9nNxTw1CgRjIU0xTWcqb83cpQoNUlCM5kgPVKL3lT8zxtkOr7yc8rTTBOO5w/FGYNawGkgMKKSYM0mhiAsqfkrxCMkEdYmtpoJwV08eZl0zxtus3Fx16y3rss4quAYnIAz4IJL0AK3oA06AINH8AxewZv1ZL1Y79bHfLRilTuH4A+szx+8Kpjg</latexit>

: Number of bootstrap samples in model parameter spaceNbtp

<latexit sha1_base64="q2C2P6DnlYYEoAy31c0inRFDab4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRiyepYD+gDWWz3bRLN5tldyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhUpwg5737RTW1jc2t4rbpZ3dvf2D8uFRyySppqxJE5HoTkgME1yyJnIUrKM0I3EoWDsc38789hPThifyESeKBTEZSh5xStBK7ft+FqKa9ssVr+rN4a4SPycVyNHol796g4SmMZNIBTGm63sKg4xo5FSwaamXGqYIHZMh61oqScxMkM3PnbpnVhm4UaJtSXTn6u+JjMTGTOLQdsYER2bZm4n/ed0Uo+sg41KlyCRdLIpS4WLizn53B1wzimJiCaGa21tdOiKaULQJlWwI/vLLq6R1UfVr1cuHWqV+k8dRhBM4hXPw4QrqcAcNaAKFMTzDK7w5ynlx3p2PRWvByWeO4Q+czx+E94+z</latexit>



𝐺𝑟𝑒𝑐(𝜏, 𝑇; 𝑇’) = ∫ 𝑑𝜔𝐾(𝜏, 𝑇; 𝑇’)𝜌(𝜔, 𝑇’)

=
𝑁’𝜏−𝑁𝜏+𝜏

∑
𝜏’=𝜏

𝐺(𝜏’, 𝑇’)

𝑇 = 1 . 5𝑇𝑐,  𝑇’ = 0 . 75𝑇𝑐,  𝑁𝜏 = 48,  𝑁’𝜏 = 96

Reconstruct correlator with =96 to that 
with = 48 with  fixed at 0.75 Tc

𝑁𝜏
𝑁𝜏 ρ

● Output  larger depends on .𝜌(𝜔) 𝑁𝜏

Application to Charmonium correlator in the pseudo-
scalar(     ) channel⌘c

<latexit sha1_base64="GceD4PeIsq5znAi5B8denyDW7TY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVo8j7bN+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn82un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXL+1qlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c2LnxXl3PhatBSefOYY/cD5/AH7yjxY=</latexit>

Correlators computed on the finest lattices                                and                                with a 
fixed scale approach. H. T. Ding et al, Phys. Rev. D 86, 014509 (2012) 

1283 ⇥ 96(0.75Tc)

<latexit sha1_base64="FDnQ2TWocriIW6ChOs+HIqDXKns=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKkuUlJaWrYKFsUh9SW2IHNdprTpOZDtIVdSFX2FhACFWPoONv8F9DNBypCsdnXOv7r3HjxmVyra/jcza+sbmVnY7t7O7t39gHh61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2Pbqd++5EISSPeUOOYuCEacBpQjJSWPPPEKVYfLnuKhkTC66uCbVXKDQ9feGbetuwZ4CpxFiQPFqh75levH+EkJFxhhqTsOnas3BQJRTEjk1wvkSRGeIQGpKspR3qhm84emMBzrfRhEAldXMGZ+nsiRaGU49DXnSFSQ7nsTcX/vG6igqqbUh4ninA8XxQkDKoITtOAfSoIVmysCcKC6lshHiKBsNKZ5XQIzvLLq6RVtJySVb4v5Ws3iziy4BScgQJwQAXUwB2ogybAYAKewSt4M56MF+Pd+Ji3ZozFzDH4A+PzB9rVlAM=</latexit>

1283 ⇥ 48(1.5Tc)

<latexit sha1_base64="37BP26gSAsGv71PTTlecyVmIUe8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6iYktcUui25cVugL2hgm00k7dDIJMxOhxC78FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nv8mFGpbPvbyK2tb2xu5bcLO7t7+wfm4VFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv74ZuZ3HoiQNOJNNYmJG6IhpwHFSGnJM0+ccu3+sq9oSCSs1EqOVW16+MIzi7ZlzwFXiZORIsjQ8Myv/iDCSUi4wgxJ2XPsWLkpEopiRqaFfiJJjPAYDUlPU470Pjed3z+F51oZwCASuriCc/X3RIpCKSehrztDpEZy2ZuJ/3m9RAU1N6U8ThTheLEoSBhUEZyFAQdUEKzYRBOEBdW3QjxCAmGlIyvoEJzll1dJu2w5Fat6VynWr7M48uAUnIEScMAVqINb0AAtgMEjeAav4M14Ml6Md+Nj0Zozsplj8AfG5w9ZW5PA</latexit>

• At higher temperatures, the information 
of the spectral function is compressed 
into the correlation function with a short 
temporal extent


