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“A completely satisfactory treatment of the reactive effects of radiation
does not exist. The difficulties presented by this problem touch on one of
the most fundamental aspects of physics, the nature of an elementary
particle. Although partial solutions, workable within limited area, can be
given, the basic problem remains unsolved.”

- J.D. Jackson, “Classical Electrodynamics,” 3rd Edition, page 579
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Radiation Reaction
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𝜏0 =
2

3

𝑒2

4𝜋𝜖0𝑚𝑐
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RR force is the dominant term in 
strong fields with strong 
acceleration

Acceleration = Radiation
radiation reaction timescale

= 6.27 ⋅ 10−24 seconds for 

electrons

Larmor-Abraham formula for 
instantaneous power radiated:

𝑃𝑟𝑎𝑑 = −
2

3

𝑒2

4𝜋𝜖0𝑐
3
𝑎𝜇𝑎

𝜇 ≡ −𝑚𝜏0𝑎𝜇𝑎
𝜇

𝑚𝑎𝜇 = 𝑒𝐹𝑒𝑥𝑡
𝜇𝜈
𝑢𝜈 + ℱ𝑅𝑅

𝜇

Lorentz force on a charge needs to be supplemented 
with the backreaction force of the radiation field: the 
radiation reaction (RR) force 

accelerated 
charge 

radiation 

Figure from: 
T. G. Blackburn, “Radiation 
reaction in electron-beams with 
high intensity lasers,” Reviews of 
Modern Plasma Physics (2020).



Lorentz-Abraham-Dirac (LAD) Equation
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Dirac clarified earlier work by Lorentz and 
Abraham, deriving a covariant equation of 
motion from energy conservation + Maxwell’s 
equations

P. A. M. Dirac, “Classical theory of radiating electrons,” Proc. R. Soc. A 
167, 148 (1938).

𝑚𝑎𝜇 = 𝑒𝐹𝜇𝜈𝑢𝜈 +𝑚𝜏0
𝑑𝑎𝜇

𝑑𝜏
+
𝑎𝜈𝑎

𝜈

𝑐2
𝑢𝜇

• Derived by computing the action of the 
self-field on a point particle

• Produces unphysical runaway solutions: 
charge accelerates exponentially even 
in absence of external EM field

• Classical EM theory inconsistent, 
quantum EM theory (built upon the 
classical theory)…also inconsistent?

Renormalized mass: 
𝑚 = mbare +mEM



Landau-Lifshitz Approximation

RR is a perturbative effect for small acceleration,

Approximate: 𝑎𝜇 →
𝑒

𝑚
𝐹𝜇𝜈𝑢𝜈 +⋯ on the RHS of LAD, 
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𝑚𝑎𝜇 = 𝑒𝐹𝜇𝜈𝑢𝜈 + 𝑒𝜏0 𝑢𝛼𝜕𝛼𝐹
𝜇𝜈𝑢𝜈 +

𝑒

𝑚
𝑃𝜇𝜈𝐹𝜈𝛼𝐹

𝛼𝛽𝑢𝛽
Landau-Lifshitz (LL)
Equation: 
L. D. Landau and E. M. Lifshitz, The Classical 

Theory of Fields, Second Edition, London, England: 

Pergamon(1962).

𝑃𝜇𝜈 ≡ 𝑔𝜇𝜈 −
𝑢𝜇𝑢𝜈

𝑐2

S. E. Gralla, A. I. Harte, R. M. Wald, “A rigorous derivation of electromagnetic self-force” 
Phys. Rev. D 80, 024031 (2009).

LL equation can be 
derived rigorously 
from Maxwell’s 
equations as a first 
order perturbation 
to Lorentz force 
motion



Current state of EM theory

• Classical theory = LAD equation is inconsistent and predicts 
unphysical particle motion

• For weak enough external fields, the LL equation gives reliable results, 
as long as radiation reaction is a small perturbation to Lorentz force 
motion

• How do we treat particle motion in strong fields?
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Limiting Acceleration

Radiation reaction has a natural timescale of 𝜏0 which gives us a 
natural acceleration scale: 
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𝑎𝑅𝑅 ≡
𝑐

𝜏0
=

3

2

4𝜋𝜖0𝑚𝑐4

𝑒2
= 4.8 ⋅ 1031 𝑚/𝑠2 (value for electrons)

Limiting rate of radiation emission corresponding to 𝑎𝑅𝑅:

𝑃𝑅𝑅 =
𝑚𝑐2

𝜏0

Quantum particles emit a limited 
amount of energy in a single photon:  

ℏ𝜔 ≤ 𝛾𝑚𝑐2 limited radiation rate



Eliezer-Ford-O’Connell (EFO) Equation
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𝑚𝑎𝜇 = 𝑒𝐹𝜇𝜈𝑢𝜈 + 𝜏0𝑃𝜈
𝜇 𝑑

𝑑𝜏
(𝑒𝐹𝜈𝛼𝑢𝛼) 

• Eliezer (1948) invented the equation by considering a charge of 
radius 𝑐𝜏0

• Ford, O’Connell (1991) re-invented it later by treating the radiation 
field as a thermodynamic system

• We (2021) independently re-re-invented it by looking for a RR force 
mixing acceleration and field dependence

𝑃𝜇𝜈 ≡ 𝑔𝜇𝜈 −
𝑢𝜇𝑢𝜈

𝑐2

RR force is 
derivative of 
external force



Eliezer: particles with structure

8

𝑚Ԧ𝑎 = 1 +
𝑟0
𝑐

𝑑

𝑑𝑡
Ԧ𝐹𝑒𝑥𝑡 𝑟0 ≡ 𝑐𝜏0 = charge radius

Derived by expanding RR 
force in power series of 
acceleration derivatives 
and charge radius

(C. J. Eliezer, “On the classical theory of particles,” 

Proc.R. Soc. Lond. A194: 543-555 (1948))



Ford and O’Connell – RR from thermodynamics 

9

1

Ω
− 𝜏0

𝑑 Ԧ𝑎

𝑑𝑡
+ 𝑚 Ԧ𝑎 = 1 +

1

Ω

𝑑

𝑑𝑡
Ԧ𝐹𝑒𝑥𝑡

Derived equation from 
considering the  classical limit 
of a quantum particle 
interacting with a quantized 
blackbody radiation field

Ω is the inverse size of the 
charge. Choosing Ω → ∞
corresponds to a point charge 
and the nonrelativistic LAD 

equation, choosing Ω =
1

𝜏0

corresponds to a structured 
charge and the nonrelativistic 
EFO equation:

G. W. Ford and R. F. O’Connell, Radiation reaction in 

electrodynamics and the elimination of runaway solutions, Phys. 

Lett. A157, 217 (1991).



EFO - limiting acceleration

W. Price, M. Formanek and J. Rafelski, “Radiation reaction and limiting acceleration,” Phys. Rev. D 105 (2022) no.1, 
016024 doi:10.1103/PhysRevD.105.016024 [arXiv:2112.04444 [hep-ph]].
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• Acceleration is limited by 

𝑎𝑅𝑅 =
c

𝜏0
for certain field 

configurations

• LL equation = EFO equation 
expanded to first order in 𝜏0



Limiting Acceleration from EFO

11

𝛿𝜈
𝜇
−
𝑒𝜏0
𝑚

𝑃𝜇𝛼𝐹𝛼𝜈 𝑎𝜈 =
𝑒

𝑚
𝐹𝜇𝜈 + 𝜏0

𝑑

𝑑𝜏
𝐹𝜇𝜈 𝑢𝜈

𝑎 =
𝑒

𝑚

𝐹 + 𝜏0 ሶ𝐹

1 −
𝑒𝜏0
𝑚

𝑃𝐹
𝑢

If  𝐹 → ∞ and 𝑢 → 𝑐,  

then 𝑎 →
𝑐

𝜏0

Re-arranged 
EFO equation:

Schematic form of 
solution for 𝑎𝜇:



EFO equation for constant fields
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𝑎𝜇𝑎
𝜇 = 𝑎𝐿𝐹

2

1 +
𝑐𝜏0𝑒

2

𝑚2

2
𝒫

|𝑎𝐿𝐹
2 |

1 + 𝜏0
2 𝑒2

𝑚2 2𝒮 +
𝑎𝐿𝐹
2

𝑐2

𝑎𝐿𝐹
𝜇
=

𝑒

𝑚
𝐹𝜇𝜈𝑢𝜈 (LF = Lorentz Force)

𝒮 =
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 =

1

2
𝐵2 −

𝐸2

𝑐2

𝒫 =
1

4
𝐹𝜇𝜈 ෨𝐹𝜇𝜈 = E ⋅ 𝐵/𝑐

For 𝑎𝐿𝐹 ≫ 𝒮,𝒫, the 
acceleration is limited: 

𝑎𝜇𝑎
𝜇 ≤

𝑐2

𝜏0
2

෨𝐹𝜇𝜈 =
1

2
𝜖𝜇𝜈𝛼𝛽𝐹

𝛼𝛽

𝛿𝜈
𝜇
−
𝑒𝜏0
𝑚

𝑃𝜇𝛼𝐹𝛼𝜈 𝑎𝜈 =
𝑒

𝑚
𝐹𝜇𝜈𝑢𝜈

Solve for 𝑎𝜇𝑎
𝜇:

Limiting acceleration will still hold in 
time-dependent fields will still hold if 

𝜔 ≪ 1/𝛾𝜏0
𝜔 = frequency of external field



Example: Constant Magnetic Field
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𝑎𝜇𝑎
𝜇 = −

Ω𝐵
2𝑐2(𝛾2 − 1)

1 + Ω𝐵𝜏0𝛾
2

In the limit of 𝐵 → ∞, 𝛾 → ∞: 𝑎𝜇𝑎
𝜇 → −

𝑐

𝜏0

2

Ω𝐵 ≡
𝑒𝐵

𝑚

EFO:

LL: 𝑎𝜇𝑎
𝜇 = −Ω𝐵

2𝑐2 𝛾2 − 1 1 − Ω𝐵𝜏0𝛾
2

𝑎𝜇𝑎
𝜇 → −∞In the limit of 𝐵 → ∞, 𝛾 → ∞:

Numerical 
solutions of 
EFO and LL 
equations for 
𝐵 = 4.41 ⋅ 109

Tesla



Born-Infeld (BI): limiting field theory
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• Nonlinear EM theory with a 
limiting field strength 𝐸0 to solve 
the divergence problems of EM 
interactions

• 𝐸0 determined by assuming all 
mass of an electron is 
electromagnetic:

𝑚𝑒𝑐
2 =

𝜖0
2
∫ 𝑑3𝑥 𝐸2 𝐸0

→ 𝐸0 = 1.2 ⋅ 1020
𝑉

𝑚



Born-Infeld equations

ℒ = ϵ0𝐸0
2 1 − 𝑑𝑒𝑡 𝑔𝜇𝜈 +

𝐹𝜇𝜈
𝑐

= 𝜖0𝐸0
2 1 − 1 +

2𝒮𝑐2

𝐸0
2 −

𝒫4𝑐4

𝐸0
4

𝜕𝜇

𝐹𝜇𝜈 −
𝒫𝑐2

𝐸0
2
෨𝐹𝜇𝜈

1 +
2𝒮𝑐2

𝐸0
2 −

𝒫4𝑐4

𝐸0
4

= 𝜇0𝑗
𝜈

𝜕𝜇 ෨𝐹
𝜇𝜈 = 0
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Coulomb 
solution: 

𝐸𝐵𝐼 =
𝐸0 Ƹ𝑟

1 +
𝑟4

𝑅4

𝑅2 ≡
𝑒

4𝜋𝜖0𝐸0

Field Equations



Born-Infeld as a limiting field theory

BI Lagrangian can be rewritten in terms of 
field tensor eigenvalues 𝜆𝑎, 𝜆𝑏:

ℒ = ϵ0𝐸0
2 1 − 1 −

𝑐2𝜆𝑎
2

𝐸0
2 1 +

𝑐2𝜆𝑏
2

𝐸0
2

𝜆𝑎 <
𝐸0
𝑐

Limiting field 
strength implies 
limiting 
acceleration:

𝜆𝑎 = −𝑆 + 𝑆2 + 𝑃2

𝜆𝑏 = 𝑆 + 𝑆2 + 𝑃2
16

*paper under embargo until June 14

𝑎𝐵𝐼 =
𝑒𝐸0
𝑚

= 2.1 ⋅ 1031
𝑚

𝑠2

(value for 
electrons)

Invariant 
eigenvalue 
𝜆𝑎 must be 
limited:



Limiting field effects in heavy ion collisions
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Impact 
parameter

Scattering 
angle

• Scattering of two identical heavy ions 
calculated numerically using the 
Lorentz force with BI fields of each ion

• BI limiting field strength decreases 
the force on the particles at distance 
of closest approach, causing less 
scattering

𝐸 =
𝑍𝑒𝛾

4𝜋𝜖0 𝑥⊥
2 + 𝛾2𝑥∥

2 3/2

Ԧ𝑥

1 +

𝑍𝑒

4𝜋𝜖0 𝑥⊥
2 + 𝛾2𝑥∥

2

2

𝐸0
2

𝐵 = Ԧ𝑣 × 𝐸 𝑚𝑎𝜇 = 𝑍𝑒𝐹𝜇𝜈𝑢𝜈



Conclusions

• Radiation = acceleration; limiting acceleration limits the rate a particle 
emits radiation

• Acceleration can be limited through balance between radiation reaction 
force and external force (EFO)

• Acceleration can also be limited by a limiting field strength through of 
nonlinear EM theory (BI)

• A solution to the problem of radiation reaction may be found by using 
limiting acceleration as a guiding principle and building from foundations of 
EFO and BI as models

18


	Slide 1: Limiting acceleration, radiation reaction, and nonlinear electromagnetism  Will Price, Martin Formanek, and Johann Rafelski June 7, 2023
	Slide 2: Radiation Reaction
	Slide 3: Lorentz-Abraham-Dirac (LAD) Equation
	Slide 4: Landau-Lifshitz Approximation
	Slide 5: Current state of EM theory
	Slide 6: Limiting Acceleration
	Slide 7: Eliezer-Ford-O’Connell (EFO) Equation
	Slide 8: Eliezer: particles with structure
	Slide 9: Ford and O’Connell – RR from thermodynamics 
	Slide 10: EFO - limiting acceleration
	Slide 11: Limiting Acceleration from EFO
	Slide 12: EFO equation for constant fields
	Slide 13: Example: Constant Magnetic Field
	Slide 14: Born-Infeld (BI): limiting field theory
	Slide 15: Born-Infeld equations
	Slide 16: Born-Infeld as a limiting field theory
	Slide 17: Limiting field effects in heavy ion collisions
	Slide 18: Conclusions

