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ENTROPIC FORMS

Concave  

Extensive 

Lesche-stable

Finite entropy production     
per unit time

Pesin-like identity (with  
largest entropy production)

Composable (unique trace 
form; Enciso-Tempesta)

Topsoe-factorizable (unique)

Amari-Ohara-Matsuzoe
conformally invariant  
geometry (unique)

Biro-Barnafoldi-Van 
thermostat universal 
independence (unique)

ENTROPIC FUNCTIONALS

nonadditive (if 1)q ¹

additive

Entropy Sq

(q real)

BG entropy

(q =1)

Possible generalization of                
Boltzmann-Gibbs statistical mechanics

C.T., J. Stat. Phys. 52, 479 (1988)
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Hence the entropies can be rewritten
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ADDITIVITY:
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EXTENSIVITY:

1 2

1 2   Consider a system made of  (not necessarily independent) 
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Foundations of Statistical Mechanics: A Deductive Treatment 
(Pergamon, Oxford, 1970), page 167

O. Penrose,

		
Sq(A+B)

k
=
Sq(A)
k

+
Sq(B)
k

+(1−q)	
Sq(A)
k

	
Sq(B)
k

Equivalently,				Sq(A+B)= Sq(A)+ Sq(B)+
1−q
k

	Sq(A)	Sq(B)



All happy families are alike; each unhappy family is unhappy in its own way.
Leo Tolstoy (Anna Karenina, 1875-1877) 

EXTENSIVITY	OF	THE	ENTROPY			(N→∞)
W ≡ total	number	of	possibilities	with	nonzero	probability,	
assumed	to	be	equally	probable
If	W(N)∼ µN 			(µ >1)				⇒ SBG(N)= k lnW(N)∝N 												OK !

If	W(N)∼N ρ 			(ρ >0)
															⇒ Sq(N)= k lnqW(N)∝[W(N)]

1−q ∝N ρ(1−q)

															⇒ Sq=1−1 ρ(N)∝N 																																																											OK !

If	W(N)∼ν Nγ

			(ν >1;	0<γ <1)
															⇒ Sδ (N)= k 	[lnW(N)]

δ ∝Nγ 	δ ⇒ Sδ=1 γ (N)∝N 		OK !

If	W(N)∼D	 lnN 			(D>0)
															⇒ Sλ

C(N)= k 	[eλW (N ) −eλ ]		⇒ Sλ
C(N)∼ kN λD

															⇒ Sλ=1 D
C (N)∝N 																																																														OK !

IMPORTANT: 	 µN >>ν Nγ

>>N ρ >> lnN 				if			N >>1





SLOW CHEMICAL REACTION
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q=1.23

q=1.15

q=1



Nature, 17 May 2023
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ELECTROENCEPHALOGRAMS



2303.03128 [q-bio.NC]









15 subjects recorded under a cognitive task (neutral or aversive)



ELECTROLYTES





G.A. Casas, F.D. Nobre and E.M.F. Curado (2019)
[see also P. Quarati and A. Scarfone, Astrophys. J. 666, 1303 (2007)]

Spherical capacitor (overdamped colloid)

		 (β !1/r1)

Debye-Hückel (Yukawa) (q=1)

		
∝1
r
eq
−β(r−r1 )



Curado and Nobre PRE 2003
Nobre, Curado and Rowlands PRE 2004
Schwammle, Nobre and Curado PRE 2007
Schwammle, Curado and Nobre EPJB 2007

Trace-form entropic functional:

Ansatz for nonlinear Fokker-Planck equation:

Free energy:



A sufficient condition:



C. T. and L.J.L. Cirto 2013 

C. T. 1988 

C. T. 2009 



(C. T. and L.J.L. Cirto 2013,
 H.S. Lima and C. T. 2020)

(C. T. 1988) (C. T. 2009)









Linear Fokker-Planck 
Equation

Plastino and Plastino 
Equation 1995





DARK MATTER NEUTRINOS



IceCube Neutrino Obervatory (South Pole)





Planck Observatory / ESA







HIGH ENERGY COLLISIONS



C.Y. Wong, G. Wilk, L.J.L. Cirto and C. T., 
EPJ Web of Conferences 90, 04002 (2015), and PRD 91, 114027 (2015) 

SIMPLE APPROACH: TWO-DIMENSIONAL SINGLE RELATIVISTIC FREE PARTICLE

dNdydpT
  = A eq

− ET / T

[A] = GeV−2c3

(A, q, T) = (38, 1, 0.13)
     Boltzmann−Gibbs

2π pT

A / 100

A / 101

A / 102

A / 104

A / 106

[T] = GeV

1 
η∼0

(A, q, T) = (38, 1.150, 0.13)
(A, q, T) = (43, 1.151, 0.13)
(A, q, T) = (30, 1.127, 0.13)
(A, q, T) = (32, 1.125, 0.13)
(A, q, T) = (27, 1.124, 0.13)

CMS  √s = 7  TeV
ATLAS  √s = 7  TeV

CMS √s = 0.9 TeV
ATLAS √s = 0.9 TeV
ALICE √s = 0.9 TeV10−14
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LHC/CERN
proton-proton
collisions

q=1.14±0.015
T =0.13	GeV
		pion	π +mass =0.1396	GeV
		pion	π 0mass =0.1350	GeV



q=1.11

q=1





First-principle	Yang-Mills/QCD	grounds	yields

																			
1
q−1

= 11
3
Nc −

2
3
Nf 				(Deppman,	Megias	and	Menezes	PRD	2020)

								where				Nc ≡ number	of	colors

																								Nf ≡ number	of	flavors

								hence		

																					(Nc ,Nf )= (3,6)	⇒ 	q= 8
7
!1.14		

																																																													(Deppman,	Megias	and	Menezes	PRD	2020)

																					(Nc ,Nf )= (3,3)	⇒ 	q= 10
9
!1.11	

																																																													(Walton	and	Rafelski	PRL	2000;	C.T.	2022)

SU(6)

SU(3)



arXiv 2303.03819 [hep-ph]



Wong et al
PRD (2015)

Walton and Rafelski
PRL (2000)







zero with Nc = Nf leads to  dark / visible = 11/2 = 5.5 ~ 27/5 = 5.4



THANq


