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ENTROPIC FUNCTIONALS
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DEFINITIONS : g —logarithm :
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ADDITIVITY: O. Penrose, Foundations of Statistical Mechanics: A Deductive Treatment
(Pergamon, Oxford, 1970), page 167

An entropy 1s additive 1f, for any two probabilistically independent
systems 4 and B,

S(A+B)=85(A)+S(B)
Therefore, since S (A+B) S (A) S (B) S (A) S (B)
q __4 44 n (1_ CI) q q
k k k k k

S,; and § f “(Vq) are additive, and S , (Vg #1) 1s nonadditive .
1—
Equivalently, S, (A+B)= S, (A)+ S, (B) +Sq (A) S, (B)

EXTENSIVITY:

Consider a system 2 = 4, + A, +...+ 4,, made of N (not necessarily independent)
identical elements or subsystems 4, and 4,, ..., 4 .
An entropy is extensive if

0< lim S(N)
N—o0 N

<o, ie, S(N)xc N (N —> o)



EXTENSIVITY OF THE ENTROPY (N — <o)
W = total number of possibilities with nonzero probability,
assumed to be equally probable
IfW(N)~u" (u>1) =S5, (N)=kInW(N)e<N OK!
IfW(N)~N" (p>0)

=S, (N)= klnq W(N)oc[W(N)]"? oc NP4

=S5 _ ,(N)e<N OK!

q=1-1/p
IfW(N)~-v" (v>1;0<y<1)

=S (N)=k [InW(N)]"<N"° =S5
IfW(N)~D InN (D>0)

=S (N)=k [e"™M-e"] =S (N)~kN™

=S, ,(N)e<N OK!

(N)<N OK!

5=1/y

IMPORTANT: 1" >>v" >>N?>>InN if N>>1

All happy families are alike; each unhappy family is unhappy in its own way.
Leo Tolstoy (Anna Karenina, 1875-1877)



SYSTEMS ENTROPYS,. | ENTROPYS | ENTROPYS;| ENTROPY S¢
W(N) (q#1) (6#1) (1>0)

(equiprobable) (ADDITIVE) | (NONADDITIVE) | (NONADDITIVE) | (NONADDITIVE)

~Au" (A>0,u>1) EXTENSIVE | NONEXTENSIVE | NONEXTENSIVE | NONEXTENSIVE

~BN” (B>0,p>0)

NONEXTENSIVE
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(q=1-1/p)
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SLOW CHEMICAL REACTION
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Rate of quantum-tunnelling
reactionrevealed

A physical phenomenon called quantum tunnelling is rare in chemical reactions,
making it difficult to study theoretically and experimentally. The measurement of the
tunnelling rate in a hydrogen reaction has enabled the verification of quantum-
tunnelling calculations, providing a benchmark for testing future quantum

calculations.

D +H,>H +HD
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Constantino Tsallis — eee
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Equation (3) [for further details, see for instance C. Tsallis, Introduction to Nonextensive Statistical
Mechanics — Approaching a Complex World — Second Edition (Springer, 2023)] is illustrated in Fig. 3
(c). Prof. Roland Webster kindly shared with me the index q corresponding to the values of the
hydrogen density n indicated in Fig. 3 (¢). With this information, it is possible to construct the
attached figure. The ideal gas limit (n=0) corresponds, as expected, to q=1, i.e., to Boltzmann-Gibbs

statistical mechanics. Further experimental validation and/or theoretical approaches of the new 'i'
connection (g-1) proportional n”{1/4} are naturally very welcome. ~
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ELECTROENCEPHALOGRAMS
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15 subjects recorded under a cognitive task (neutral or aversive)
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ELECTROLYTES



A LETTERS JOURNAL EXPLORING
THE FRONTIERS OF PHYSICS .
April 2019

EPL, 126 (2019) 10005 www.epljournal.org
doi: 10.1209/0295-5075/126/10005

New type of equilibrium distribution for a system of charges
in a spherically symmetric electric field
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Spherical capacitor (overdamped colloid)

Peg(1)/ Py (17)

Debye-Huckel (Yukawa) (q=1)
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Curado and Nobre PRE 2003

Nobre, Curado and Rowlands PRE 2004
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Trace-form entropic functional:

d?
S[P]=k/dx g(P(x,t)) with g(0) =g(1) =0; —gZSO
dP
Ansatz for nonlinear Fokker-Planck equation:
OP(x,t d (dp(x 0P(x,t
(nh) [ i )Y’[P(x,t)]+.(2[P(x,t)] ( )]
0t dx | dx 0x

with >0, 2>0, and ¢( x) = conf ining potential

Free energy: F[P]= U[P]- TeffS[P]=/a’x ¢(x)P(x,t) - kTeff/dx g(P(x,1))



A sufficient condition:

d*[P] I Q[P] . L . .
= - (connection between entropic f unctional and nonlinear FP equation)
Py KT, ¥IP]

-~ dF(r) / (x)  Q[P] 0P(x,1)
= (i) o dx Y’[P][ p Y’[P] " <0 (H-Theorem)

(ii) one and the same P(x)
simultaneously optimizes the entropy S|P| with linear constraints

and yields the stationary state P(x, 00 ) of the associated nonlinear FP equation



%4 )
1
Sq,5 = E pi | Ing — C. T.and L.J.L. Cirto 2013
i=1 P

-3, 0! & 1
S.1 =k =17k In, —  C.T 1988
q, B q—l B;pz qpi
0
515255—kZW1P1[ pl] C. T. 2009



(C.T. 1988) \ /
3 g = kzpiln—
l pi

(C. T.and L.J.L. Cirto 2013,
H.S. Lima and C. T. 2020)

(C. T. 2009)
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Probability distributions extremizing the nonadditive entropy S; and stationary states of the
corresponding nonlinear Fokker-Planck equation

Mauricio S. Ribeiro,* Constantino Tsallis,'"**' and Fernando D. Nobre!->*
!Centro Brasileiro de Pesquisas Fisicas
2National Institute of Science and Technology for Complex Systems
Rua Xavier Sigaud 150-Urca, Rio de Janeiro, Rio de Janeiro 22290-180, Brazil
3Santa Fe Institute, 1399 Hyde Park Road, Santa Fe, New Mexico 87501, USA
(Received 10 July 2013; published 6 November 2013)

Under the assumption that the physically appropriate entropy of generic complex systems satisfies thermody-
namic extensivity, we investigate the recently introduced entropy Ss (which recovers the usual Boltzmann-Gibbs
form for § = 1) and establish the microcanonical and canonical extremizing distributions. Using a generalized
version of the H theorem, we find the nonlinear Fokker-Planck equation associated with that entropic functional
and calculate the stationary-state probability distributions. We demonstrate that both approaches yield one and
the same equation, which in turn uniquely determines the probability distribution. We show that the equilibrium
distributions asymptotically behave like stretched exponentials, and that, in appropriate probability-energy
variables, an interesting return occurs at § = 4/3. As a mathematically simple illustration, we consider the
one-dimensional harmonic oscillator and calculate the generalized chemical potential for different values of &.

5—1
dP(x,t) _ {A(x)P(x,t)} 7 DSi In 1
ot 0x 0x P(x,t)

G- m ) PG (14)
P(x,t) 0x ’




PHYSICAL REVIEW E 89, 052135 (2014)

Probability distributions and associated nonlinear Fokker-Planck equation
for the two-index entropic form S, ;

Mauricio S. Ribeiro,!" Fernando D. Nobre, 2T and Constantino Tsallis’-%3}
YCentro Brasileiro de Pesquisas Fisicas, Rua Xavier Sigaud 150 22290-180, Rio de Janeiro, RJ, Brazil
2National Institute of Science and Technology for Complex Systems, Rua Xavier Sigaud 150 22290-180, Rio de Janeiro, RJ, Brazil
3Santa Fe Institute, 1399 Hyde Park Road, Santa Fe, New Mexico 87501, USA
(Received 18 February 2014; published 23 May 2014)

The probability distributions and associated Fokker-Planck equation of the recently postulated entropic form,
Sq,5, are investigated. This entropy was proposed as an unification of the well-known S, of nonextensive-statistical
mechanics and S5, which appeared lately as a possibly appropriate candidate for the black-hole entropy. The
connection between S, ;s and a nonlinear Fokker-Planck equation, such as to satisfy an H-theorem, is explored.
The stationary-state probability distribution follows a transcendental equation, which is solved numerically for
typical values of g and 8. The same transcendental equation is obtained through the maximum-entropy principle,
showing that the two procedures are equivalent.

dP(x,t) AP (x,1)
a dx
1

)
DS — In,s | — ) P9}
+ ax q nq,cS 1 P
22 dP(x,t)

1
—b0—1DIng 52 —
( )nq,82 P 9y



dep(x)

A(x) =- - (¢ (x) is a conf ining potential)
X
1
g(z) =zln—
Z
= (i) S,.[P]
G oP(x,1) _ 0 | do(x) P(x.1) _I_Dap(x,t) Linear Fokker-Planck
ot 0x dx 0x Equation
(i) P(x, 00 ) =e-[a+Bd(x)]
1
g(z) =z lnq;
= (i) Sq[P]
7 _
(ii) P xt) _ 9 [d¢(x) P(x,t) +D olP(xn ] q]
ot 0x dx 1 0x

_ e, +B,0(0] Plastino and Plastino
(iit) P(x, 00) ¢, 7 Equation 1995



d¢(x)

dx

&
g(2)=z|ln—

> (i) §JP]

L O0P(x,t) 0 (do(x) | |e-1 I 19-2)0P(x,1)
(if) =—[ P(x,t) +D65[([ln ] —(5-1)[ln ] ) ]]
0t ox | dx P(x,t) P(x,t) 0x

(iii) P(x, 00 ) =transcendental f unction of la sHPs0(0) ]

A(x) =

(¢(x) is a conf ining potential)

> (i) Sq‘é[P]

(”) ()P(,\,T) _i[dd)(/\) P(\ T)'l‘D 6[ |: (P(\ t))q'lln L]—(é—l)[(P(\ t))zq‘zln | ] ()P(\,T) ]]
o ol a0 est(T 271 p(x,1) h P07l p(x) ]) dx

(iii) P(x, 00 ) =transcendental f unction of [aq, 5t ﬂq, s9(x) ]




DARK MATTER NEUTRINOS



IceCube Neutrino Obervatory (South Pole)



Eur. Phys. J. C (2022) 82:1123 THE EU ROPEAN ")
https://doi.org/10.1140/epjc/s10052-022-11113-2 PHYSICAL JOU RNAL C %%edczhégr

Regular Article - Theoretical Physics

Tsallis cosmology and its applications in dark matter physics with
focus on IceCube high-energy neutrino data
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Table 1 Observational constraints at 68% on main and derived parameters of the IDE+ ) _m,, scenario

Model A Hy Qm > my Nery h

+.17 +0.14 +0.029 +0.17 +0.0014
Pantheon 1.827° 5, 69.627,7, 02887505 <0.183 3.027517 0.69627 55514
: +.18 +0.26 +0.041 +0.2 +0.0026
Union2 1.837,3  69.68°,%5 0.289°,0,5 <0.161 2.83755  0.6968 05

CC 18ite Ge7ity 028sbpll =02l 295057 06670
E +.25 +0.17 +0.1 +0.12 +0.0017
Pantheon+cc+Union2 |1.74775 | 69.86°,,; 0.280° <0.134 292755 0.6986° 5017

The parameter Hy is in the units of km/sec/Mpc, whereas ) _ m, reported in the 95% CL, is in the units

of eV
Planck Collaboration (2018) + Approach A=>A=1.7T4=>6=1+ % =1.87> %
Table 2 Observational constraints at 68% on main and derived parameters of the IDE+ ) m,, scenario
Model A Hy Qm >.my  Nesy B h
Pantheon 2512 69.51102 02987001, <0.153 3.01101] -2 0.69517000
Union2 3218 69.981013 0.2967001% <0.165 2.98102 -.19 0.699810-0012
cC ghle erort; 0205700 =075 28702 =14 DRl
Pantheon+cc+Union2 | 521 1o | 69.46704  0.2767099¢ < 0.152 3.057013 —.15 0.694610:90%

The parameter Hjy is in the units of km /sec/Mpc, whereas )  m,, reported in the 95% CL, is in the units

of eV

A 3
Planck Collaboration (2018) + Approach B=A4=0.52=>6=1+ —=1.26<—
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HIGH ENERGY COLLISIONS



SIMPLE APPROACH: TWO-DIMENSIONAL SINGLE RELATIVISTIC FREE PARTICLE

C.Y. Wong, G. Wilk, L.J.L. Cirto and C. T.,
EPJ Web of Conferences 90, 04002 (2015), and PRD 91, 114027 (2015)
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Equilibrium Distribution of Heavy Quarks in Fokker-Planck Dynamics

D. Brian Walton"* and Johann Rafelski®’

lProgram in Applied Mathematics, University of Arizona, Tucson, Arizona 85721

2Physics Department, University of Arizona, Tucson, Arizona 85721
(Received 8 July 1999)

We obtain an explicit generalization, within Fokker-Planck dynamics, of Einstein’s relation between
drag, diffusion, and the equilibrium distribution for a spatially homogeneous system, considering both the
transverse and longitudinal diffusion for dimension n > 1. We provide a complete characterization of the
equilibrium distribution in terms of the drag and diffusion transport coefficients. We apply this analysis
to charm gquark dynamics in a thermal quark-gluon plasma for the case of collisional equilibration.
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FIG. 1. Calculated data (diamonds) and linear fit for the ratio
in Eq. (25) for a charmed quark m. = 1.5 GeV thermalizing
in gluon background at 7, = 500 MeV. Dashed line: result
expected for a Boltzmann-Jiittner distribution, 77 = T},.
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Fractals, nonextensive statistics, and QCD
Airton Deppman*&:_::,l’z'* Eugenio Megl’asii?,2 and Debora P. Menezes®’
'Instituto de Fisica, Rua do Matdo 1371-Butanta, Sao Paulo-SP, CEP 05508-090 Brazil
2Departamento de Fisica Atomica, Molecular y Nuclear and Instituto Carlos I de Fisica
Teorica y Computacional, Universidad de Granada, E-18071 Granada, Spain
’Depto de Fisica, CFM—Universidade Federal de Santa Catarina Floriandpolis,
SC-CP. 476-CEP 88.040-900, Brazil

® (Received 15 January 2020; accepted 24 January 2020; published 19 February 2020)

In this work, we analyze how scaling properties of Yang-Mills field theory manifest as self-similarity of
truncated n-point functions by scale evolution. The presence of such structures, which actually behave as
fractals, allows for recurrent nonperturbative calculation of any vertex. Some general properties are indeed
independent of the perturbative order, what simplifies the nonperturbative calculations. We show that for
sufficiently high perturbative orders a statistical approach can be used, the nonextensive statistics is
obtained, and the Tsallis index, g, is deduced in terms of the field theory parameters. The results are applied
to QCD in the one-loop approximation, where ¢ can be calculated, resulting in a good agreement with the
value obtained experimentally. We discuss how this approach allows us to understand some intriguing
experimental findings in high energy collisions, as the behavior of multiplicity against collision energy,
long-tail distributions, and the fractal dimension observed in intermittency analysis.




First-principle Yang-Mills/QCD grounds yields
1 11 2
" = - N —ng (Deppman, Megias and Menezes PRD 2020)
q —_—

where NC = number of colors

N =number of flavors

f
hence
(NC,Nf):(3,6) = q=%:1.14 SU(6)
(Deppman, Megias and Menezes PRD 2020)
(NC,Nf)=(3,3) = q:1—90:1.11 SU(3)

(Walton and Rafelski PRL 2000; C.T. 2022)



Comparative study of the heavy-quark dynamics with the Fokker-Planck Equation and the
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The current Standard Model of Cosmology (SMC), also called the
“Concordance Cosmological Model” or the “ACDM Model,”
assumes that the universe was created in the “Big Bang” from
pure energy, and is now composed of about 5% ordinary matter,
27% dark matter, and 68% dark energy [1]. Apr 18, 2019
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zero with N. = N; leads to dark/ visible =11/2=5.5~27/5=5.4
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