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QCD Phase Diagram with Clustering Aspects

Lattice QCD

nuclear neutron stars deconfinement UB
saturation

From: N.-U. Bastian, D.B., et al., Universe 4 (2018) 67; arxiv:1804.10178
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Quantum statistical approach to clustering

Q=—PV=—TlInTr e H-1N/T

1 (0) 1 / dX
P = —Trin[— _
Vlr n[ G1 SV 5y [r3 ) Gy,

,gz @
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Alternative approach via density (normalization condltlon)

N (T, o, pin) = VZ/ 7f1 )S1(1,w),

or

2Tm ¥1(1,w — i0)

L) = (w = EO(1) = ReXyi(1,w))? + (Im Xy (1, w — i0))?
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Cluster Green's function - Ladder approximation
Bethe-Salpeter equation (BSE) for A-particle Green's function

GRdder(1 AT . A za) = GS(L. .. A za)dex(L. . AT LAY
30 4 GY(1. A zA)Va(L. . AT LA GRAe (1 AT LA 2a)

BSE is equivalent to the A-particle wave equation.
Neglecting all medium effects, we get the A-particle Schrodinger equation

[EO@Q) + -+ EO(A)]par(l. .. A)
o Va(l AL LAWY A) = EQ(P)Wap(l... A)

T
ladd _ _ 1 ladd
a5 - >< e
$

Figure: BSE in ladder approximation. Iteration gives the infinite sum of ladder
diagrams for G}dder where A = 2.
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Cluster virial expansion for nuclear matter
From cluster decomposition of the nucleon self-energy follows?

1
nz?;(TaMmMp) = V Z Nn,pfA,Z[EA,V(P; Ta ,U/na/'l/P)L Nn = N7 Np =7
Av,P

1
expl(w = Npn = Zpp)/ T] = (=1)4
Non-degenerate case (Boltzmann distributions)

1 d*P _
v Z faz[Ean(P)] = Z e(N#"+Zﬂp)/T/(27T)3 ZgA,uce Eave(PYT
v,P Ve

fA,Z(W; T7 an /’[’P) =

d*pP
= Y [ =52a.(P)
- /(271')3
Gneralized Beth-Uhlenbeck EoS

> dE
ZA,c(PQ T, ,una,up) _ / 5 e(*E*PZ/(2MA)+N[Ln+Z}Lp)/T2 sin2 5c(E)

doc(E)
dE

—0o0

2G. Ropke, Phys. Rev. C 92 (2015) 054001
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Cluster virial expansion for nuclear matter
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Figure: Integrand of the intrinsic partition function as function of the intrinsic
energy in the deuteron channel. Mott dissociation and Levinson’s theorem!
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Application: Deuteron yields at LHC - ALICE

0.14, .
> Production of deuterons at the
-~
Lo chemical freeze-out temperature
i T = 156 MeV in the LHC-ALICE
0.1— .
i — — | experiment for /syny = 2.76 TeV.
s — "snowballs in hell”
0.0 [Oliinychenko et al., PRC 99(2019)]
004 . ALIGE data, Pb-Pb 5 = 2.76 TV, 0-10% central Important contributions from
————— Primordial yield, according to quantum state properties . . - h
ool revammeman s sy eseaes|  SCattering state continuum in the
i ineuing the contiuum conbten deuteron channel! Cluster virial
Final yield after "" from phase shift

Deuterons Antideuterons approach — Beth-Uhlenbeck EoS

B. Donigus, G. Ropke, D.B., PRC 106, 044908 (2022)
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®—Derivable Approach to the Cluster Virial Expansion

A A

Q=>"Q=) Sq[Trin(=G ) +Tr (L, G)] + Y 9[G, G, Gyl p
=1 =1 :+’JJ:I

GA_l = GE\O)_I—ZA s ZA(]....A,]./...A,,ZA)_ 00

C0GA(L. . AL LA Z)
Stationarity of the thermodynamical potential is implied
0Q
0Ga(1... A1 .. A zp)

Cluster virial expansion follows for this ®— functional

Figure: The ® functional for A—particle correlations with bipartitions A =i + j.

=0.
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Green's function and T-matrix: separable approximation

! ! i+

Ti =
J J J J
The T4 matrix fulfills the Bethe-Salpeter equation in ladder approximation

Tiy(1,2 JAL2 A ) = Vigj + Viyj G( )TIH )
which in the separable approximation for the interaction potential,
Vigj=Tig(L2, i+ L i4+2, i+ )Ty (1,2, G+ 1), (0 +2) .., (T +5))
leads to the closed expression for the T4 matrix
T (1,2, i 41,2 (i) 2) = Vi {1 =Ny} !
with the generalized polarization function
M = Tr {r,»HG,.(O)r,-HGj(O)}

The one-frequency free i—particle Green's function is defined by the (i — 1)-fold Matsubara sum

(0) . _
P20 Q) = Euq Wi 1u.)1—1E(1) wz—lE(Q)"‘Qi—(w1+4.}w[,1)—E(i)

A=A)1—). (0= )—() et
Q—E()-EQ@)—E() :
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Useful relationships for many-particle functions

0 0 . . 0 . 0),. . . .
Gl-(+3-:Gi(+}(1,2,...,I+J;Q,'+j) = ZGi()(1,2,..,,I;Qi)Gj()(I+1,/+2,...,I+J;Qj).
Q;

Another set of useful relationships follows from the fact that in the ladder approximation both,
the full two-cluster (i + j particle) T matrix and the corresponding Greens' function

0 —1
Gij = G {1 - iy} @)
have similar analytic properties determined by the i + j cluster polarization loop integral and are
related by the identity

0
Ti G} = VigjGisy - )

which is straightforwardly proven by multiplying Equation for the T;,;— matrix with Gl.(i} and
using Equation (1). Since these two equivalent expressions in Equation (2) are at the same time
equivalent to the two-cluster irreducible ® functional these functional relations follow

0
Tiyj = 60/5G)

Vigj = 6®/6Giy; .

Next we prove the relationship to the Generalized Beth-Uhlenbeck approach!
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GBU EoS from the ®—derivable approach

Consider the partial density of the A—particle state defined as

o0, o d3q dw 1
na(T, :—7:——41/ /—In —G ) +Tr (T4 Ga)| + ®[G;, G;, Giyj] - 3
A(T, 1) on on) onp ) 2m [ ( A ) (Za A)] Z [Gi, G}, Giyj] (3)
Using spectral representation for F(w) and Matsubara summation i+lij
i o0 dw ImF(w) ca 1
Fliz) = [~ 20 = ) = .
—o0 2T w — izp Zn W — izn exp[(w — pn)/T] — (—1)
with the relation 8fy(w)/Op = —fa(w)/Ow we get for Equation (3) now
. _ 99[G;,G;,Gy)
na(T, ) = —da | (f’ g2 faw) g [min (=671 ) +Im(Fa G| + X, =gl
i+j=A

where a partial integration over w has been performed For two-loop diagrams of the sunset type holds a cancellation® which we
generalize here for cluster states

- dq dw e] 80[G;, Gj, Gal
d/ / f, ReX ImGy) — — -
A A()aw(eAmA) Z o

(27)3 27

15J
i+j=A
Using generalized optical theorems we can show that (G4 = |Ga| exp(id4))
A4

2 [Imln (—c;l) +Im¥, ReGA] = 2Im [GA Im¥4 i(;; ImzA] — _2sin25, A
dw Ow Ow

The density in the form of a generalized Beth-Uhlenbeck EoS follows

A

n(T,p) = n(T,p) Z

i=1

f(w)

3B. Vanderheyden & G. Baym, J. Stat. Phys. (1998), J.-P. Blaizot et al., PRD (2001)
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Example: Deuterons in Nuclear Matter

The ®—derivable thermodynamical potential for the nucleon-deuteron system reads

Q= —Tr{ln(—Gl)} — Tr{Zl Gl} + Tr {|n(—G2)} + TI‘{ZQGQ} + ¢’[Gl, G2] s
where the full propagators obey the Dyson-Schwinger equations
G Y(1,2) =z — Ei(p) — T1(L,2); G; }(12,1'2',2) = z — Ea(p1) — Ea(p2) — T2(12,1'2', 2),
with selfenergies and ® functional @

P 5P
n(L1) = s D(12,12,7) = ————— o= ;
0G1(1,17) 0G2(12,1'2/, z)

fulfilling stationarity of the thermodynamic potential 9Q2/0G; = 9Q2/90G, =0 .
For the density we obtain the cluster virial expansion

1 0Q

n= 7V(‘}7M = nqu(lu7 T) + 2ﬂcorr(l/4: T) s

with the correlation density in the generalized Beth-Uhlenbeck form

ds(E)

dE
corr — -~ E 2 E
neorr = [ 5-e(E)25in? 8(8) 7 2
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Cluster Virial Expansion for Quark-Hadron Matter within the GBU Approach
The cluster decomposition of the thermodynamic potential is given as

Qtotal( T: 22 ¢7 (]_3) = QPNJL( Ta 1 ¢a ¢Z) + Qpert( Ta 1 ¢>, Q_S) + QMHRG( Ta 22 ¢7 (;2_3)7 (4)

where the first two terms describe the quark and gluon degrees of freedom via the
mean—field thermodynamic potential for quark matter in a gluon background field U

QPNJL(T7M3¢3$) = QQ(Ta 122 (b? $)+M(T7¢a$) (5)

with a perturbative correction Qperi( T, 1, &, }).
The Mott-Hadron-Resonance-Gas (MHRG) part for the multi-quark clusters is

Qurre(T, 11,6, 8) = Y, (T, 1,0, 9), (6)

i=M,B,...

where the multi—quark states, described by the GBU formula for color—singlet species:

- > dp p dM M 2
UTwod) = +a [ G [THE [0 @7} s T 0)
0 T
color—triplet species (color antitriplet is analogous):
: - dp p AM M ¢ @) 01" 5
UTo.) = xa [ LL [T L0 [107) Y170 (0

where d; is the degeneracy factor, a is the net number of valence.quarks in the cluster
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Polyakov-loop modified distribution functions

For multiquark clusters with net number a of valence quarks holds

- 3
fla)+ (aeven) (¢ — 20y )ys +yi (9)
p = - 3
1-3(¢p—dys )ys —yi
- 3
f(zga),i (a gd) (QZS + 2¢y‘;t)y;t + ya:t (10)

—_ 3’
143(¢+ oy )ys +yi

where y+ = e~ (BFa)/T and E, = \/p? + M2,

It is instructive to consider the two limits ¢ = ¢ = 1 (deconfinement)

f(a:032>47"')7i _ ya:t f(a:1,3,5,...)7i _ ya:t (11)
-t yE T yE
and ¢ = ¢ = 0 (confinement),
3 3
f(a:0,2,4,...),:|: B yai (a=1,3,5,...), & yai (12)
=0 - ) =0 - .
’ 1y 14y
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Cluster Virial Expansion for Quark-Hadron Matter in ® Derivable Approach

Q = > G[Tth (=G +Tr(5 G)] +®[Gg, Gu, Gp, Gs]
i=Q,M,D,B

d d? a), a),—1* , 0da(w,
L N R N E R O

Analogous for the entropy density s = —9Q/0T.
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The selfenergies ¥, = 0 ¢ [Gg, Gum, Gp, Gg]/d G;

Figure: Selfenergies for Greens functions of Q-M-D-B system in 2-loop approx.
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Lattice QCD based effective model: Multiquark-continuum and bound states

1.0 =0
0.8
;: 0.6 Borsanyi et al. (2010)
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Figure: Left: Lattice result of the 2 flavor QCD chiral condensate from Borsanyi

et al. (2010) and the fit to A/(T, p1); Right: Schematic model for the mass

spectrum of multiquark states and their continuum thresholds at finite
temperatures.
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Models for multiquark phase shifts with Mott transition and Levinson theorem

Left: Simple step-up-step-down model without continuum states;
Right: Phase shift model with continuum states.
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Results for the baryon density at constant pg = 200 MeV

ng/T3
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Results for multiquark cluster fractions at ug = 200 MeV
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Results for the entropy density at constant s/n
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Results for the QCD phase diagram, lines of constant
entropy per baryon s/n = const
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QCD Phase Diagram: Astrophysics vs. Heavy-lon Coll.

AT
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®. Yoni
s G, Matler ¢
\
S \
é\e,a\e \
o
My

From: NuPECC Long Range Plan 2017
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QCD Phase Diagram: Astrophysics vs. Heavy-lon Coll.

Prominent contributions to deconfinement

in modern multimessenger Astrophysics:
AT

@ Quark deconfinement transition
q\\,o“"’ o triggers the supernova explosion of a
3 A4 Soss .
e i = 2w P very massive (M = 50Mg) blue
supergiant progenitor star

o
5 Quarkg &g fuon
S

o hadrons T. Fischer et al., Nature Astron. 2
S
o g (2018) 960

< Matigy @ Unambiguous signal of a strong phase

\ transition in the postmerger GW from
28° N | . .
& . e a binary NS merger predicted
m,

A. Bauswein et al., Phys. Rev. Lett.
122 (2019) 061102

@ Strong deconfinement phase
transition in NS can be detected by
observing the mass twin star

. phenomenon
From: NuPECC Long Range Plan 2017 D. B. et al., Universe 6 (2020) 81
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Confining relativistic density functional w. color supercond.

L=q(id—m)qg+Ly+Lp—U

@ Vector repulsion
Ly = —Gv(qy.q)*

Mass (M.)

- needed to reach 2My
- motivated by non-perturbative gluon exchange
S. Yong et al., Phys. Rev. D 100, 034018 (2019)

@ Diquark pairing . . Radus Gk

Lp = Gp Z (Givsm2Aaq°) (G isT2AAq) v
A=2,5,7

- motivated by Cooper theorem

- color superconductivity

@ Density functional (Gy — coupling, « > 0, {(gq)o — x-condensate in vacuum)
1
U = Go [(1+0)(ga)} - (qa)” — (d7759)’]

3
- motivated by String Flip Model
- x-symmetric interaction

O. Ivanytskyi and D.B., Phys. Rev. D 105 (2022) 114042
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Expansion around (gq) and (qiTys5q)=0

U= Uyr + (99— () Zmr — Gs (Gq — (Gq))* — Gps (GiT5q)> + - ..

0th order 1st order 2nd order

o Mean-field self-energy

5 oUmF
MF = 5=
9(qq)
o Effective medium dependent
couplings
__10%Unr __!
*T 202 7T 60(qitisa)
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Mass radius diagram
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=M O. Ilvanytskyi and D. Blaschke, Phys. Rev. D 105, 114042 (2022)

David Blaschke (IFT, Wroctaw) ng QGP and HRG in a Beth-Uhlenbeck



Reconstructing the QCD Phase Diagram with the TZIS*

T [MeV]
T [MeV]

n*=0.15fm” 7
-------- 0 Y
- nh
F‘“Iw
0 02 04 06 08 06 0.8
3;
ng [fm?] ng [fm?]

Left: Phase transition construction in the T — u plane;
Right: The same in the temperature-density plane. Note: Two CEP’'s !!

O. Ivanytskyi and D. Blaschke, EPJA (2022); arXiv:2205.03455 [nucl-th]

4TZIS = two-zone interpolation scheme
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Summary

@ cluster virial expansion developed for sunset-type ® functionals made of
cluster Green's functions and a cluster T-matrix

@ cluster ® functional approach to quark-meson-diquark-baryon system
developed and example for meson dissociation outlined

@ quark Pauli blocking in hadronic matter is contained in the approach

@ selfconsistent density-functional approach to quark matter with confinement
and chiral symmetry breaking obtained as limiting case

@ applications to nuclear clustering and quark deconfinement in the
astrophysics of supernovae and compact stars as well as in heavy-ion
collisions

Outlook

@ cluster virial expansion for quark-hadron matter as a relativistic density
functional with bound state formation and dissociation

@ Ginzburg-Landau-type density functional for the QCD phase diagram besides
the one for the liquid-gas phase transition in nuclear matter.

v
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