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Outline.

 Introduction. Brief overview of the possible theoretical descriptions of
photon—electron (or other charged particle) interaction.

» Relativistic dynamics of a charged particle in a strong laser field in
vacuum. Analogies between the ,figure—8—motion” and the Kepler—
Coulomb problem.

» Relativistic motion of a charged particle interacting with a strong laser
field in a plasma. Comparison of the high-harmonic spectrum in vacuum
and in an underdense plasma.

e Dirac particle in external electromagnetic plane waves in vacuum or in
a plasma. Optically induced band structure and exceptional solutions.

* Dirac particle interacting with quantized radiation fields in vacuum.
Exact solutions, and considerations on squeezing and ‘aberration’ in
guantum phase space of the photon.

« Summary and outlook.



Possible description of (higher-order) processes taking place during the interaction of

electrons (or other charaoed narticles) and nhotons.The main nurnose of the talk is to illustr
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the interrelations and differences of some exact descriptions at various levels.
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Exact trajectories of arelativistic charged particle interacting
with a strong laser field in vacuum. Formal relations between
the ,figure—8—motion” in a plane wave electromagnetic
radiation and the Kepler—Coulomb central force problem.
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Classical considerations for a relativistic free electron. In vacuum, the
argument of the e.m. plane wave at the electron’s position is
proportional to the proper time of the electron. The , figure—8 motion”.

E(r.t)=eF (0)+e,F (0)||B(rt)=nxE() ,0=t—n-ric

mydu,/dz=(e/Cc)F, U" | ——> d t—ln-r(t) =const. =«

dr C

Along the polarization x-direction one receives formally a Newton equation in dipole approximation.
By solving for the x- and y-components, the z-component (the longitudinal component, driven by the
v x B force term) also satifies a Newton-like equation in dipole approcimation (mere 1-dependence).
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Illustration of the ,,figure-8 motion” for intensity parameter p,, = 2
[ Ao=1.24 p; I, =16 x 1018 W/ cm?].

‘The Eiguref8 mot‘ion‘ [p=2] The Fgure -8 motion  [x=2]
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Mathematical connection between the , figure-8—motion” in a plane wave

electromagnetic radiation and the Kepler—Coulomb central force problem. 1.
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In the laser plane-wave problem the
proper time playes the role of the

eccentric anomaly
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Intensity-dependent frequency down-shift,
Recurrence of the velocity.
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Recurrence of the velocity and acceleration.
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Relativistic motion of a charged particle interacting with a
strong laser field in a plasma. Comparison of the high-
harmonic spectrum in vacuum and in an underdense plasma.




For a relativistic free electron in a plasma, the argument of the e.m. plane wave at
the electron’s position is not any more proportional to the proper time of the
electron, but a complicated function.

In vacuum In plasma.
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W, In laboratory time:‘generalized Bessel function’ can be
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Temporal eyolution of the electron’s acceleration in plasma.
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. Comparison f the acceleration (‘HHG’) spectra in vacuum and in
el plasma. /)

Normalized acceleration spectra [ u=5, Lp fw=01]
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Varré S, Klein-Gordon radio and laser acceleration of particles. Part I-ll. ELI-ALPS Seminars ; 03,17 May 2019, Szeged



Dirac particle interacting with external electromagnetic plane
waves in vacuum or in a plasma. The Volkov states and
beyond. Optically induced band structure and exceptional

solutions.




Volkov states [ 1935 ]. One of the main tool for long...
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Wolkow D M, Uber eine Klasse von Losungen der Diracschen Gleichung. Zeitschrift fiir Physik

94, 250-260 (1935). [Application to strong-field and multiphoton processes:

from ~1960..]




The Gordon-Volkov states are modulated de Broglie plane
waves.

d :d)p(g‘)e‘ip'x =k, x*=w(t-z/c)
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In vacuum: First-order ordinary differential equation for ®p.

k=0

Immediately integrable, yielding the Gordon-Volkov solutions.

In a medium: Second-order ordinary differential

k2 :(Q)/C)Z(l—nr%])io equation for ®p




E.g. Mathieu-type solutions. FEL.£ =K ﬂXﬂ =w(t—n_y/cC)

W+ (1 —2h?cos2z2)w=0|Ack-p, h® ceA,p,

Stability diogram
for Mathieu's equation
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(Stable regions shoded)

[ Figure taken from Arscott F M, Periodic differential equations (Pergamon Press, Oxford, 1964) p.123. ] . Nikishov
& Ritus (1967), Nikishov (1970), Narozhny & Nikishov (1974), Becker (1977), Fedorov, Mclver ... FEL theories.
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Exceptional solutions in a plasma medium.
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[1] S. V., New exact solutions of the Dirac equation of a charged particle interacting with an electromagnetic plane wave in a
medium. Laser Physics Letters 10 (2013) 095301, E-print: arXiv:1305.4370 [quant-ph].

[2] S. V., A new class of exact solutions of the Klein-Gordon equation of a charged particle interacting with an electromagnetic
plane wave in a medium. Laser Physics Letters 11 (2014) 016001, E-print: arXiv:1306.0097 [quant-ph].




Very large contrast charge density modulation.
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‘Void regions’ in the centre of the cycle. [ This seems to be a
‘Quantum bubble’? ...]




(Longitudinal) plasmon absorption along the (transverse) polarization (electric
field) direction induces a high — contrast charge modulation along the propagation
direction. [Ince polynomials with an exponential envelope]

Plasmon-induced periodic charge modulation
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S. V., Laser Physics Letters 10 095301 (2013). S. V. ibid. 11 (2014). S. V,. Nucl. Instr. Meth. in Physics Res. A 740 (2014) 280-283.




Dirac particle interacting with the quantized radiation field in
vacuum. Exact solutions, and considerations on squeezing
and ‘aberration’ in quantum phase space of the photon.




Quantized description of nonlinear Compton scattering (HHG) beyond the

semiclassical description (1981). The generalization of the Klein—Nishina formula.

The effect of depletion of the laser field; e.g. altered kinematics (spectrum) !

The calculation of the nonlinear Compton process was based on the
Exact solutions for the ‘Dirac electron + quantized e.m. radiation mode’ system [1-3]:
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nNw : n
W 2 2 ,depletion factor’ [1-3]

The generalization of the Klein—Nishina formula (complete depletion of the photon mode):
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The matrix elements of the squeezing operator between photon number
eigenstates. Expression in terms of classical Gegenbauer polynomials.
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Remark: SU(1,1); SL(2,R) group. Lorentz group in 2 + 1 dimensions (osc. repr.).

K.,=1@")? K_=1(a)?, Ky=2i(aa"+a%a), [K, K,]=xK, [K_,K,]=2K,

General transformation:
U(g) =exp(-itK,)S(5),  U(g)u(g9,)=U(g9), 9=09;°09,

Varrg S, Coherent and incoherent superposition of transition matrix elements of the squeezing operator. New Journal of Physics
24,053035 (2021). E-print: arXiv: 2112.08430 [quant-ph] . 29th Int. Las. Phys. (LPHYS’21). J. Phys. Conf. Ser. 2249 012013 (2022).



Exact solutions for the ‘Dirac electron + quantized e.m. radiation mode’ system in
case of two co-propagating circularly polarized quantized modes.
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Remark: SU(1,1); SL(2,R) group. Lorentz group in 2 + 1 dimensions (osc. repr.).
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The expansion coefficients of the Dirac stationary states, i.e. The photon statistics is, at the same time, are the
transition probabilities in the parametric down-conversion; generation of entangled photon pairs.
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pairs. Connection with the Zernike polynomials.
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Here Pn(a’ﬂ) (X) are Jacobi polinomials. The case V =| n2 — nl |= 0 gives the

Zernike polynomials: Rt (0) = (=1)" p""PIM O (1- 2 p%)

[1] Varrd S : Regular phase operator and SU(1,1) coherent states of the harmonic oscillator.
Physica Scripta 90 (7) (2015) 074053. [2] Varré S, Coherent and incoherent superposition of transition matrix elements of the
squeezing operator. New Journal of Physics 24, 053035 (2022).




Transition probabilities in the parametric down-conversion; generation of
entangled photon pairs. Connection with the Zernike polynomials.

[We used the same normal ordering as in Ref. [2], but now with the SU(1,1) generators related to the quantum
phase operator problem found in Ref. [1], and received similar hypergeometric functions as in Ref. [2]. These
hypergeometric functions are in fact Jacobi polynomials.]
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Here Pn(a’ﬂ) (X) are Jacobi polinomials. The case V =| n2 — nl |= 0 gives the

Zernike polynomials: Rt (0) = (=1)" p""PIM O (1- 2 p%)

[1] Varrd S : Regular phase operator and SU(1,1) coherent states of the harmonic oscillator.
Physica Scripta 90 (7) (2015) 074053. [2] Varré S, Coherent and incoherent superposition of transition matrix elements of the

squeezing operator. New Journal of Physics 24, 053035 (2022).




lllustrations of the photon number distributions in parametric down-conversion.

Special case v=0, i.e. n, =n; = n (~'Zernike polynomial distributions’). n =0, 1.
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The left figure refers to the spontaneous process. The right figure refers to the initial n = 1.




lllustrations of the photon number distributions in parametric down-conversion.

Special case v=0, i.e. n, =n; = n (~'Zernike polynomial distributions’). n =0, 1.
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The left figure refers to the initial n = 2. The right figure refers to the initial n = 3.




Born M and Wolf E, Principles of Optics (Cambridge University Press, Cambridge, 2002).

Let R denote the radius CPJ, of the Gaussian reference sphere a

nd let s be the
distance between Q and an arbitrary point P in the region of the image. The
disturbance at Q is represented by Ae'P=® /R where 4/R is the amplitude at O.

= -

According to the Huygens— Fresnel principle the disturbance at P is given by

= R Py
0 Q/V&f

- e—(r—rp)zla2

w"'-.rz

Wave-front -

[ Gaussian

reference sphere
Fig. 9.1 Choice of reference system and notation.

* N. G. van Kampen, Physica, 14 (1949), 575: ibid.. 16 (1950), 817: ibid. 25 (1958), 437
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Born M and Wolf E, Principles of Optics (Cambridge University Press, Cambridge, 2002).

530 [X The diffraction theory of aberrations

Table 9.2. Representation of the primary aberrations.

Type of aberration ! n m Representation Representation in form (6)

in form (4)
. . I 1
Spherical aberration 0 4 0 ;‘1[’;4;];*4 — Ap Hof;ll = — Apanl(6 1~ 6p? + 1)
ﬁ Y | \'.r’{z P f
Coma 0 3 1 ‘41";3 | p“?' cos @ !:“.{;_1 | R% cosf = Aoz {3{)3 == E{J}CGS )
Astigmatism 0 2 2 Afpp®cos’ @ Ay Ricos20 = Aprp*(2cos? 0 — 1)
Curvature of field 1 2 0 Alxp? Lm:uffg(ﬂ] = i A120(2p" — 1)
/10 =15
Distortion 1 1 1 A} pcost A Ri(pycos O = Ay peos @

Born M and Wolf E, Principles of Optics (Cambridge University Press, Cambridge, 2002).




Some graphical illustrations of the Zernike polynomials. [Niu K and Tian C (2022)]

J. Opt. 24 (2022) 122001 Topical Review
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Figure 7 Pyramid of the non-normalized Zernike circle polynomials up to the sixth degree under the Noll indexing scheme.

Figure copied from [3] Niu K and Tian C 2022 Zernike polynomials and their applications. Journal of Optics
24, 123001 (2022).




Aberration of down-conversion probability in the generation of 3 photon pairs.

Special case v=0, i.e. n, =n; = n (~'Zernike polynomial distributions’). n =0, 1.
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The left figure refers to the spontaneous process. The right figure refers to the initial n = 1.




Aberration of down-conversion probability in the generation of 3 photon pairs.
Special case v=0, i.e. n, = n; = n (~’Zernike distributions’). Superposition:n =0, 1,

Density plot of (1/2)[<3|U(r)(|0> — |1>)|*2 for n2=n1
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The left figure refers to the spontaneous process. The right figure refers to the initial n = 1.




Aberration of down-conversion probability in the generation of 3 photon pairs.
Special case v=0, i.e. n, = n; = n (~'Zernike distributions’). Superposition:n =1, 2,

3. Density plot of (1/2)|<3|U(r)(|1> + |2>)|*2 for n2=n1

1.0 -
Density plot of (1/2)|<4|U(r)(|1> - |3>)|*2 for n2=n1
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The left figure refers to the spontaneous process. The right figure refers to the initial n = 1.




Summary

» Relativistic dynamics of a charged particle in a strong laser field in
vacuum. Analogies between the ,figure—8—motion” and the Kepler—
Coulomb problem.

* Relativistic motion of a charged particle interacting with a strong laser
field in a plasma. Comparison of the high-harmonic spectrum in vacuum
and in an underdense plasma.

» Dirac particle in external electromagnetic plane waves in vacuum or in
a plasma. Optically induced band structure and exceptional solutions.

» Dirac particle interacting with quantized radiation fields in vacuum.
Exact solutions, and considerations on squeezing and ‘aberration’ in
guantum phase space of the photon.

« Summary and outlook.



Appendix.




Interaction of relativistic charged particles with strong laser fields in vacuum or in a plasma environment.

oL NI L
odluor varro

Wigner FK, ELKH, Budapest; ELI-ALPS, Szeged

We present a comparative study of the exact solutions of both the classical and the quantum mechanical equations of motion
of charged particles interacting with a laser field of arbitrary intensity. The well-known exact solutions in vacuum are
represented by the figure-8 motion and the Volkov states. Here we point out the surprising mathematical connection between
the figure-8 motion and the classical Coulomb-Kepler trajectories [1]. In an underdense plasma the particle motion depends on
the stability charts of Mathieu or Hill equations. There are also exceptional solutions labelled by two integer numbers, which
correspond to discrete particle momentum and energy spectra [2], even in the considered external field approximation for the
laser field. These solutions correspond to very high contrast, propagating charge density modulations, which may perhaps be
relevant for laser acceleration of particles. By going beyond the external field approximation, the Dirac (Klein-Gordon or
Schrddinger) equation of the joint system of a charged patrticle interacting with quantized radiation modes in vacuum can also
be solved exactly in various cases. The photon part of the single-mode stationary states are squeezed (coherent) number
states [3], whose photon statistics has been determined quite recently in terms of Gegenbauer polynomials [4]. On the basis of
the recently found exact solutions of the equation of motion, finally we discuss the interaction of a charged Dirac particle
interacting with two co-propagating circularly polarized quantized modes. In this analysis entangled photon pairs naturally
appear, and we will show that in a special case the derived probability amplitudes of the distribution of these pairs reduce to
the Zernike functions, which are well-kown in the classical theory of aberration in optical imaging [5]. Thus, it is justified to
introduce the concepts of aberration and Zernike moments on quantum phase space, which may give a new aspect in the non-
perturbative theoretical study of high-order and parametric processes in laser-matter interactions.
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Classical considerations for a relativistic free electron. In vacuum, the
argument of the e.m. plane wave at the electron’s position is
proportional to the proper time of the electron. The , figure—8 motion”.

E(r.t)=e,F, (0)+e,F, (0)

mydu,/dz=(e/c)F, u"

ﬁ

B(r,t):an(Wﬁzt—n-r/C

i[t —ln : r(t)} =const. =«

dT C a=1

By solving for the x- and y-components, the z-component (the longitudinal component, driven by the

Along the polarization x-direction one receives formally a Newton equation in dipole approximation. l

v x B force term) also satifies a Newton-like equation in dipole approcimation (mere t-dependence).

d?x

m,— = eF, (z), == m,

dr

a0

————— e o ™
d?z :E{dx(r) |

F () + D 0|
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Mathematical connection between the , figure-8—motion” in a plane wave

electromagnetic radiation and the Kepler—Coulomb central force problem. 1.

2@t
1+ (ul2)°

= 20,7

0

(u/2)°
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t y=u-—gsinu

M=E—-esInhE

SIN2w,7)

Kepler — Coulomb problem

g

In the laser plane-wave problem the
proper time playes the role of the
eccentric anomaly

‘Eccentric anomaly’

E. Henceforth we
>4 denote it by u.

l.".:——?)l" \ .
r /n_rsmgp
" >
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Laser field in a homogeneous underdense plasma:
Lanczos-Proca vector boson. ,Massive photon”

k®=(w,/c)*(L-n2)=0 |n’=¢. =1—a)§/a)2

2
2 _ 47ze ne > 2 Effective mass
Dy = U= ho lcC [, Higgs-
me P mechanism”]

L(X) = —%FWF“V +%y2AVAV

Fu =0 A

Proca equation: aluFﬂv +IL12AV _ O (82 +,L12)Av — O

( 3 polarization! )

Lanczos C, Die tensoranalytischen Beziehungen der Diracschen Gleichung. Zeitschrift fiir Physik 57, 447 (1929).
Proca A, Sur la théorie ondulatoire desélectrons positifs et négatifs. J. Phys. Radium 7, 347 (1936).




Gordon’s solutions [ 1927 |

Der Comptoneffekt nach der Schrodingerschen Theorie.
Von W, Gordon in Berlin.
(Eingegangen am 29. September 1926.)

Die beim Comptonelfekt ausgestrahlten Frequenzem und Intensititen werden nach

-der Schrodingerschen Theorie berechnet. Die quantentheoretischen Griflen er-

geben sich als geometrische Mitiel aus den klassischen Groflen des Anfangs- und
Endzustandes des Prozesses,

1. Aufstellung der Differentialgleichung fiir . Heisen-
berg und Schrédinger haben Methoden angegeben zur Bestimmung

der Quantenfrequenzen und Intensititen. -Der Comptoneffekt ist bereits
von Dirac?!) nach der Heisenbergschen Methode gerechnet weorden.
Hier soll dasselbe Problem mnach Schrédinger behandelt werden. Das
Verfahren von Schrodinger hat den Vorzeg, sich der gebriuchlichen
mathematischen Hilfsmittel zu bedienen. Es berubt auf der Ermittlung
einer Grifle ¢, die fiir ein einzelnes Elektron eine Funktion der karte-
sischen Raumkoordinaten #,, #,, 2, und der Zeit # ist. Schrédinger
hat zwei Regeln aufgestelll zur Gewinnung der linearem partiellen
Differentialgleichung zweiter Ordnung, der # zu geniigen hat. Beide

Gordon W, Der Comptoneffekt nach der Schrodingerschen Theorie. Zeitschrift fiir Physik
40, 117-133 (1927). [ Application to strong-field: From ~1960..]




Volkov’s solutions [ 1935 |

Uber eine Klasse von Losungen
der Diracschen Gleichung.

Von D. M. Wolkow in Leningrad.
(Eingegangen am 12. Februar 1935.)

1. Der Fall eines sinusoidalen Feldes. — 2. Losung fiir den Fall, daB das duBere
Feld aus polarisierten, in einer bestimmten Richtung fortschreifenden Wellen
besteht, die ein abziklbares Spektrum nach Frequenz und Anfangsphasen haben.

1. Der Fall des sinusoidalen Feldes.

Es sei das skalare Potential des auf das relativistische Quanten-
elektron wirkenden #uBeren Feldes gleich Null, das Vektorpotential sei

A= acosﬂnr[t—n—f—%woc] = gecos ¢ mit ¢ = 2nr[tﬁn—f -|—a}

v ist hier eine konstante Zahl (die Frequenz), ¢ die Zeit, ¢ die Lichtgeschwindig-
keit, n ein Emheitsvektor (der die Richtung der Ausbreitung einer dem
gegebenen 4 zugeordneten elektromagnetischen Welle anzeigt); z bedeutet
den Vektor, der vom Anfangspunkt des fest gewshliten rechtwinkligen
Cartesischen Koordinatensystems nach dem verdnderlichen Punkt geht,

Wolkow D M, Uber eine Klasse von Losungen der Diracschen Gleichung. Zeitschrift fiir
Physik 94, 250-260 (1935). [Application to strong-field: From ~1960..]




Gordon-Volkov states (1927, 1935): Exact solutions of the Klein—Gordon and Dirac equations of an
electron in an arbitrary intense ‘laser field’ propagating in vacuum. After ~ 80 years; the only new
exact, closed form solutions for the ‘monochromatic problem’ in a medium [S. V. (2013, 2014)].

Der Comptoneffekt nach der Schrédingerschen Theorie.

Von W. Gordon in Berlin. Uber eine Klasse von Losungen
(Eingegangen am 29. September 1926.) der Diracschen Gleichung.
IOP PUBLISHING Von D. M. Wolkow in Leningrad.
Laser Phys. Lett. 10 (2013) 095301 (13pp) d (Eingegangen &t 12 Februa.r 1935-)
LETTER

—izsin gt _ —inagt
New exact solutions of the Dirac equation E Zn Jn(2)e

of a charged particle interacting with an e%(Ef _E;)t-inwgt iL(E ¢ —E;—nhap)t

electromagnetic plane wave in a medium =€
10P Publishing | Astro Ltd Laser Physics Letters
Sz’mdor \"arré Laser Phys. Lett. 11 (2014) 016001 (14pp) doi:10.1088/1612-2011/11/1/016001
a0 | Letter
Nuclear l'}f;;r;;;“;';t;‘a';l‘;“;;,,’;‘thods . A new class of exact solutions of the
PSS Rpgtarch. Klein—Gordon equation of a charged

journal homepage: www.elsevier.com/locate/nima

particle interacting with an electromagnetic
New exact solutions of the Dirac and Klein-Gordon equatior plane wave |n a medium

of a charged particle propagating in a strong laser field
in an underdense plasma

Sandor Varré Sandor Varré

Varro S, Klein-Gordon radi6... ATOMKISzeminarium 03 Oct 2019.




Diagonalization: elimination of the p.A and A% terms. The appearance of

the ,

mmnn7pd space- translated nm‘pn’rlal”

R B R e N W N -

W(t))=SD|®Pgp ()| |S=T1,5,(6)| |D=I,Dy(cy)

ék (6,) = exp[% 0, (A7 —4a;%)] O = %|09(1+ 2B¢)|  (squeezing transformation)

B (o) = exploy (B¢ —a)]| |0y =B Imhiage % (p-g,)| @splacementop)

»quantized space-translated potential”

/

I\2 R A |
§—+V(r+a)+ H. 4 +D"S™MSD |(Dso (t)> — ihat|cpSD (t)> <€ New equation:
m
where — o 4
~ A 1, = — D AaF—4) = ~ _ a2y p12 .2
a=) o G = \/ﬂk/mhwkgk(ak ak)_mCZ Zy a)k—\/c | k| +oy
Hertz vector plasmon dispersion,
Hpag = Zha)k (8 s@ys + ) »blue-shift”,
»attochirp”...

Varrd S, Quantum optical aspects of high-harmonic generation. Photonics 2021, 8 (7), 269

(2021). [https://doi.org/10.3390/photonics8070269]. Special Issue “Quantum Optics in Strong Laser Fields”. The
elimination technique is the same as in Bergou J and Varré S, J. Phys. A 14, 1469 (1981), ibid. 14, 2281 (1981)
used for free Schrodinger and Dirac electrons, resp.
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Irreducible representation of the Lorentz group.

UNITARY REPRESENTATIONS OF THE LORENTZ GROUP

By I. GELFAND and M. NEUMARK
Steklov Mathematical Institute, Academy of Sciences of the USSR
(Received October 6, 1945)

N JlPhe 1!sual‘(f}mLc—di;nn_ansional) representations of the Lorentz group do not leave inva-
riani any positive definite form, i. e., are not unitary. In this note there are Ind‘icate(c,l

all unitary nee  infinite-di ionall i : . . N :
Avitaor Mt aasisnce ary (hence inlinite-dimensional) irreducible representations of the Lorentz group.

Vol. 48, No. 3, July, 1047

IRREDUCIBLE UNITARY REPRESENTATIONS
OF THE LO'RENTZ GRO'UP Added in proof. In the meantime the interesting note by L. Gelfand and M.

Neumark (Journal of Physics (USSR), Vol. X, pp. 93-94, 1946) on the irreducible

unitary representations of the Lorentz group (&, in our notation) has arrived in

By V. BARGMANN this country. The results on the classification of the representations which the

authors announce are stronger than ours (cf. the introduction to the present

paper) since no assumptions about the infinitesimal representations are intro-

PukAnszxy, L. ;l];wed. There i}s 11:;0 discussion, however, of the matrix elements as functions on

e group manifold.

Math. Annalen 156, 96—143 (1964) TEE representations obtained by the authors are the same as those mentioned

in our introduction, and even the realization of the representing linear operators

by functional operators is the same—if the space of light rays (or the unit sphere)
is used, as described at the end of their note.

-n

The Plancherel Formula for the Universal Covering Group
of SL(R,2)*
By
L. PUKANSZKY in Los Angeles (USA)

Herrn Professor GABOR SzEG0 zu seinem 70. Geburtstage mit tiefster Verehrung zugeeignet



Similar SU(1,1) structure of the degenerate and non-degenerate interaction.

SU(1,1) generators K, = %(aﬁ)2 K = %(a)2 Ko =%(aa" +a"a)
in the degenerate
case. [Ko K. ]=2K,  [K_,K,]=2K,

SU(1,1) generators in ot _ _A(a+t +
the non-degenerate K,=a'b K_=ab Ke=2(aa+b'b+1)

case: a=a, and b=a.

. . i L 2 2
Parametric interaction: H, = y(a*b'e'” +abe™”) C=%1(a'a-b'b)°-1 n,—n, =const.

SU(1.1) phase ab|n),[n+v), =vVnVn+vin-1) [n+v-1), <> AYN +v|n) v=n—n,]

operator formalism:

K_=AJN+v =F(N+v) K,=vN+vA"=(N+v)F" Ko=N+2(v+1) =N+«
Evolution operator: U(g):e‘iKOHexp(fK —EK), E=yrlh

y=2n5(e, x? rese)(w,@) 2 Ingn,  T=(1) j dtdVf, (r) ; (r)E,, (1)

[1] Varrd S : Regular phase operator and SU(1,1) coherent states of the harmonic oscillator.
Physica Scripta 90 (7) (2015) 074053 [2] Varr6é S, Coherent and incoherent superposition of transition matrix elements of the
squeezing operator. New Journal of Physics 24, 053035 (2022).




Zernike polynomials from Gram-Schmidt orthogonalization. [ [1] Lakshminarayanan and Fleck (2011) ]

552 V. Lakshminarayanan and A. Fleck

Table 4. Functions generated from Gram-Schmidt orthogonalization of a power series [2].

Functions Series Interval Weight Norm
Legendre ,r,rRr,..J) ~1<r<l 1 2/(2n+1)
Shifted Legendre J 0=<r=<l 1 1/(2n+1)
Chebyshev 1 e —l<r<l (1 —x } ¥ rc/(” — &)
Shifted Chebyshev 1 " 0=r=<l [x(1 —x° }] n/(2 8“
Chebyshev 11 J —1=r=<l f e s /2
Associated Laguerre e 0<r<= o0 rre” (n+Kk)/n!
Hermite H —00 < r < 00 i 2112 p)
Zernike radial P A D<r<l r 1/(2n42)

|m n| (_1)k(n+m_k)! n+m-2k
Rt () = Zk,( S TTRSY

We have seen that the Zernike polynomials came out from the down-conversion matrix elements through the

special cases of the Jacobi polynomials:

Rt () = (=1)" p" RO (1-2p%)

The table has been copied from [1] Lakshminarayanan V and Fleck A 2011 Zernike polynomials: a guide.

Journal of Modern Optics, 58 (7), 545-561 (2011).




Correlations of photons stemming from parametric down-conversion.

SIMULTANEOUS NEAR-FIELD AND FAR-FIELD . .. PHYSICAL REVIEW A 69, 023802 (2004)

TYPE I

FIG. 1. Scheme for the observation of down-conversion in the far-field zone (a). The lens (not shown in the figure) is located at 2=/,
+f. (b) and (c) display the phase-matching curves (25) in the spatial frequency plane for a type-II (b) and a type-I (c) crystal. respectively.
The symmetrical black squares R; and R, indicate the locations of the detectors from which maximal signal-idler correlation can be
measured.

Figure copied from: E. Brambilla, A. Gatti, M. Bache, and L. A. Lugiato(2004) Simultaneous near-field and far-field spatial quantum
correlations in the high-gain regime of parametric down-conversion. PHYSICAL REVIEW A 69, 023802 ~2004!



Some graphical illustrations of the Zernike polynomials. [Niu K and Tian C (2022)]

J. Opt. 24 (2022) 122001 Topical Review
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Figure 7 Pyramid of the non-normalized Zernike circle polynomials up to the sixth degree under the Noll indexing scheme.

Figure copied from [3] Niu K and Tian C 2022 Zernike polynomials and their applications. Journal of Optics
24, 123001 (2022).




Born M and Wolf E, Principles of Optics (Cambridge University Press, Cambridge, 2002).

(a) ik

Fig. 9.5 Images in the Gaussian focal plane (a), and in the plane of the geometrical
circle of least confusion (b), in the presence of primary spherical aberration
D = 17.54p%, 8.40p%, 3.72p%, and 1.44p". (Scale of (b) is three times that of (a).)
(After K. Nienhuis, Thesis (University of Groningen, 1948), p. 56.)



Born & Wolf; . Intensity distribution and images in the presence of coma.

9.4 Diffraction pattern associated with a single aberration 541

} 25 (ﬁ) y

L

(a) @ = 3.21 picosh (b) P = 6.44 p’cos6

Fig. 9.7 Isophotes in the plane z = 0 in the presence of primary coma. The intensity
is normalized to 100 at the centre of the aberration-free image. (After R. Kingslake,
Prac. Phys. Soc., 61 (1948), 147.)

Fig. 9.8 Images in the Gaussian focal plane in the presence of coma @ —
0.31p° cos B, Ap* cos B, 2.40p% cos B, 5ip° cos @, 104p° cos 0. (After K. Nienhuis,
Thesis {University of Groningen, 1948), p. 40.)



Aberration of down-conversion probability in the generation of 3 photon pairs.

Special case v=0, i.e. n, =n; = n (~'Zernike polynomial distributions’). n = 2, 3.
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Density plot of |<3|U(r)|2>|*2 for n2=n1
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The left figure refers to the initial n = 2. The righ figure refers to the initial n = 3.




Aberration of down-conversion probability in the generation of 3 photon pairs.
Special case v=0, i.e. n, = n; = n (~'Zernike distributions’). Superposition:n =1, 2,

3. Density plot of (1/2)|<3|U(r)(|1> + |2>)|*2 for n2=n1

1.0 -
Density plot of (1/2)|<4|U(r)(|1> - |3>)|*2 for n2=n1
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The left figure refers to the spontaneous process. The right figure refers to the initial n = 1.




