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Example: complex numbers
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Complex dynamics & chaos

Z Iterated rational polynomials: f : Ĉ→ Ĉ , f ◦n →?

Z One century of complex chaos:
1871 idea of iterated functions by Ernst Schröder

Ueber iterirte Functionen., Math. Ann.

1906 first weird example by P. Fatou: z 7→ z2/(z2 + 2)
1920ies G. Julia, S. Lattès, & . . .
1970ies Computers help visualize: B. Mandelbrot & . . .

Z A good book:
J.W. Milnor Dynamics in One Complex Variable
(Princeton University Press, 2006)
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Quest for the most general quantum evolution

Closed systems - unitary operators - linear evolution

Quantum channels - completely positive maps - linear evolution

Linear maps

I Rules of standard, non-relativistic quantum mechanics
I Ancilla systems
I Many identical copies: ensemble
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Quest for the most general quantum evolution

Ancilla from the same ensemble

I Operation on n identical systems
— larger Hilbert space

I Measurement + post-selection on n − 1 systems
I Nonlinear evolution for the remaining system

— same Hilbert space
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Quest for the most general quantum evolution

The resulting nonlinear map can be

I Deterministic
I Pure states→ pure states
I Complex, deterministic chaos may emerge

T. Kiss, I. Jex, G. Alber, S. Vymětal, Phys. Rev. A 74, 040301(R) (2006).
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Basic scheme for a nonlinear state transformation

Motivation: entanglement distillation

A
B

A′

|ψ〉

H

H

|ψ〉 |ψ′〉0
?

0
?
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Basic scheme for a nonlinear state transformation
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|ψ0〉

|ψ0〉
UCNOT

|ψ1〉

|0〉
0

H. Bechmann-Pasquinucci, B. Huttner, & N. Gisin Phys. Lett. A 242, 198 (1998).

|ψ0〉 = α |0〉 + β |1〉 |ψ1〉 = α2 |0〉 + β2 |1〉



Basic scheme for a nonlinear state transformation
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I Trick - parametrization:

|ψ〉 = α
(
|0〉 +

β

α
|1〉

)
=

1√
1 + |z|2

(|0〉 + z |1〉) where z ∈ C∞ = C ∪∞

up to a global phase

I Visualization - Bloch sphere
|0〉

|1〉

0 z1

∣∣∣ψz1

〉

∣∣∣ψz2

〉
z2

C
stereographic projection



Iterations of the nonlinear map
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Iteration of f (z) = z2 on the complex plane:
I |z| < 1→ 0 (fixed point)
I |z| > 1→ ∞ (fixed point)
I Julia set: |z| = 1 unit circle

I chaotic dynamics
I contains repelling cycles

J. Milnor, Dynamics in One Complex Variable
(Princeton University Press, 2006)



Iterations of the nonlinear map

6 / 23

−2 −1 0 1 2
Re(z)

−2

−1

0

1

2

Im
(z
)

Iteration of f (z) = z2 on the complex plane:
I |z| < 1→ 0 (fixed point)
I |z| > 1→ ∞ (fixed point)
I Julia set: |z| = 1 unit circle

I chaotic dynamics
I contains repelling cycles

J. Milnor, Dynamics in One Complex Variable
(Princeton University Press, 2006)

|1〉

|0〉 Iteration of f (z) = z2 on the Bloch sphere:
I if |z| < 1 states converge to |0〉
I if |z| > 1 states converge to |1〉
I Julia set: equator

I equally separates
regions of convergence



An application for quantum state discrimination
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I if instead of CNOT, we apply U =


1 0 0 1
0 −1 1 0
0 1 1 0
1 0 0 −1


I nonlinear transformation: f =

2z
1 + z2

−0.2 −0.1 0 0.1 0.2
Re(z)

−2

−1

0

1

2

Im
(z
)

I two superattractive
fixed points: 1 and −1

I Julia set: imaginary axis

J. M. Torres, J. Z. Bernád, G. Alber, O. Kálmán, and T. Kiss, Phys. Rev. A, 95, 023828 (2017)
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I if instead of CNOT, we apply U =


1 0 0 1
0 −1 1 0
0 1 1 0
1 0 0 −1


I nonlinear transformation: f =

2z
1 + z2

|0〉+|1〉√
2

|0〉−|1〉√
2

I Julia set: longitudinal
great circle through y axis

I equally separates
regions of convergence

J. M. Torres, J. Z. Bernád, G. Alber, O. Kálmán, and T. Kiss, Phys. Rev. A, 95, 023828 (2017)



An application for quantum state discrimination
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I if instead of CNOT, we apply U =


1 0 0 1
0 −1 1 0
0 1 1 0
1 0 0 −1


I nonlinear transformation: f =

2z
1 + z2

I From highly overlapping to almost orthogonal in only 3 steps

Re(z)

Im
(z
)

|Ψ0〉I =
|0〉 + 0.2 |1〉√

1 + (0.2)2

|Ψ0〉II =
|0〉 − 0.2 |1〉√

1 + (0.2)2

I〈Ψ0 | Ψ0〉II ≈ 0.92

I〈Ψ3 | Ψ3〉II ≈ 0.08

G. Zhu, O. Kálmán, K. Wang, L. Xiao, D. Qu, X. Zhan, Z. Bian, T. Kiss, P. Xue, PRA, 100, 052307 (2019)



Quantum state matching
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|ψref〉

|ψ⊥
ref〉

I define a reference state: |ψref〉

I define a neighborhood: ε = |〈ψ | ψref〉|

I find which f corresponds to it
I find implementation of f

I 2-qubit unitary+post-selection

O. Kálmán and T. Kiss, Phys. Rev. A 97, 032125 (2018)
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|ψref〉

|ψ⊥
ref〉

I define a reference state: |ψref〉

I define a neighborhood: ε = |〈ψ | ψref〉|

I find which f corresponds to it
I find implementation of f

I 2-qubit unitary+post-selection

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉 −2 −1 0 1 2
Re(z)

0

1

2

3

4

Im
(z
)

0

2

4
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10

12

J

iteration
N
o.

|ψref〉 =
|0〉+i |1〉
√

2
ε2 = 0.9

O. Kálmán and T. Kiss, Phys. Rev. A 97, 032125 (2018)



Iterative nonlinear quantum protocols

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016)
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I Ensemble of qubits in pure state |ψ0〉 ∼ |0〉 + z |1〉 (z ∈ C)

1. Take them pairwise: |Ψ0〉 = |ψ0〉A ⊗ |ψ0〉B
2. Apply an entangling two-qubit operation U
3. Measure the state of qubit B — keep A only for result 0

I Smaller ensemble in pure state |ψ1〉 ∼ |0〉 + f (z) |1〉

I Quantum magnification bound: exponential downscaling of the ensemble

U ↔ f (z) =
a0z2 + a1z + a2

b0z2 + b1z + b2



Iterative dynamics - Julia sets on the Bloch sphere

(a) θ = 0.4, ϕ = π
2 (b) θ = 0.55, ϕ = π

2 (c) θ = 0.633, ϕ= π
2

(d) θ = 1.05, ϕ = π
2 (e) θ=0.5, ϕ=0.5 (f) θ= 0.232, ϕ= 0

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).
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Scheme resulting in an ergodic (Lattès) map
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|ψ0〉

|ψ0〉
UCNOT

UL

|0〉
0

UL =
1
√

2

(
1 i
i 1

)

|ψ0〉 =
|0〉 + z |1〉√

1 + |z|2

|ψ1〉 = N (|0〉 + fL(z) |1〉)

fL(z) =
z2 + i

iz2 + 1
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|ψ0〉

|ψ0〉
UCNOT

UL

|0〉
0

UL =
1
√

2

(
1 i
i 1

)

|ψ0〉 =
|0〉 + z |1〉√

1 + |z|2

|ψ1〉 = N (|0〉 + fL(z) |1〉)

fL(z) =
z2 + i

iz2 + 1

Iterative dynamics of pure initial states

I no attractive fixed cycles
I all pure initial states ∈ Julia set
I every initial state is chaotic

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).
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|ψ0〉
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UCNOT
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√

2

(
1 i
i 1

)

|ψ0〉 =
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fL(z) =
z2 + i

iz2 + 1

Iterative dynamics of pure initial states

I no attractive fixed cycles
I all pure initial states ∈ Julia set
I every initial state is chaotic

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).

Does noise destroy this property?



Lattès map with noisy initial states

O. Kálmán, T. Kiss and I. Jex, J Russ Laser Res 39: 382 (2018)
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Dynamics represented by R3 → R3 functions:

u′ =
u2 − v2

1 + w2 , v′ =
2w

1 + w2 , w′ = −
2uv

1 + w2

No book by Milnor! :-(

Asymptotics: all mixed initial states→ completely mixed state



Is there an ergodic regime for noisy initial states?
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Evolution of slightly perturbed initial states

θ

ϕ

0 90 180 270 360

0

90

180

9 iterative steps
r0 = 0.99, ∆ (θ0, ϕ0) ∼ 10−3, rmin ∼ 0.5

D. Qu, O. Kálmán, G. Zhu, L. Xiao, K. Wang, T. Kiss, and P. Xue, New J Phys. 23 083008 (2021)



Optical realization of the ergodic protocol
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photon1

photon2

U

D

U

D

output

I 2 true steps of the scheme were realized
I down-converted photons from BBO crystal
I initial qubit states are encoded into:

I the polarization degree of freedom and
I the path degree of freedom of photons

D. Qu, O. Kálmán, G. Zhu, L. Xiao, K. Wang, T. Kiss, and P. Xue, New J Phys. 23 083008 (2021)



Optical realization of the ergodic protocol
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D. Qu, O. Kálmán, G. Zhu, L. Xiao, K. Wang, T. Kiss, and P. Xue, New J Phys. 23 083008 (2021)



Scheme with CNOT & Hadamard gate
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H =
1
√

2

(
1 1
1 −1

)

|ψ0〉

|ψ0〉
UCNOT

H

|0〉
0|ψ0〉 =

|0〉 + z |1〉√
1 + |z|2

|ψ1〉 = N (|0〉 + fH(z) |1〉)

fH(z) =
1 − z2

1 + z2
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H =
1
√

2

(
1 1
1 −1

)

|ψ0〉

|ψ0〉
UCNOT

H

|0〉
0|ψ0〉 =

|0〉 + z |1〉√
1 + |z|2

|ψ1〉 = N (|0〉 + fH(z) |1〉)

fH(z) =
1 − z2

1 + z2

Iterative dynamics (pure initial states)

(b)

xP

yP

0 1 2−1−2
−2

−1

0

1

2 I attractive length-2 cycle:∣∣∣ψ(1)
〉

= |0〉 (z = 0)

l

∣∣∣ψ(2)
〉

=
|0〉 + |1〉
√

2
(z = 1)

Re(z)

Im(z)

I border: Julia set



Fractal dimension Dbc as a function of purity P
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M. Malachov, I. Jex, O. Kálmán, T. Kiss, Chaos 29, 033107 (2019).



Nonlinear (Hadamard) protocols of order n > 2
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ρ

ρ

ρ

ρ

ρ

ρ′

0 ?

0 ?

0 ?

0 ?

I Map of the pure case: fn(z) =
1 − zn

1 + zn

I Map for noisy states:

u′ =
(1 + w)n − (1 − w)n

(1 + w)n + (1 − w)n , v′ = −
2Im

[
(u + iv)n]

(1 + w)n + (1 − w)n , w′ =
2Re

[
(u + iv)n]

(1 + w)n + (1 − w)n

A. Portik, O. Kálmán, I. Jex, T. Kiss, Phys. Lett. A 431, 127999 (2022).



Nonlinear (Hadamard) protocols of order n > 2
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A. Portik, O. Kálmán, I. Jex, T. Kiss, Phys. Lett. A 431, 127999 (2022).



Noisy evolution

19 / 23

|ψ0〉

|ψ0〉
UCNOT

H

|0〉
0

Detector errors: ρ′ = η0ρ
′
|0〉 + (1 − η1)ρ′

|1〉
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|ψ0〉

|ψ0〉
UCNOT

H

|0〉
0

Detector errors: ρ′ = η0ρ
′
|0〉 + (1 − η1)ρ′

|1〉

Fractal dimension as a function of η



LOCC scheme with 2 qubits

A
B

A′

|ψ〉

H

H

|ψ〉 |ψ′〉0
?

0
?

|ψ〉 = c1|00〉 + c2|01〉 + c3|10〉 + c4|11〉

|ψ′〉 = UH ⊗ UH
[
N(c2

1|00〉 + c2
2|01〉 + c2

3|10〉 + c2
4|11〉)

]
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2 qubits: chaotic entanglement

Asymptotic states

Green: Fully entangled:

|ψ(∞)〉 =
1
√

2
(|00〉 + |11〉)

Blue: Completely separable,
oscillatory:

|ψ(∞)〉 →

{
|00〉 ,

1
2

(|0〉 + |1〉) ⊗ (|0〉 + |1〉)
}

T. Kiss, S. Vymětal, L. D. Tóth, A. Gábris,

I. Jex, G. Alber, PRL 107, 100501 (2011)

3.6. DYNAMICS FOR TWO QUBITS, NON SEPARABLE, PURE STATES87

Figure 3.12: Figure represents sensitivity of the purification either to con-

verge to attracting maximally entangled Bell state |Φ00〉 - blue color, or to

supper attracting separable cycle C =
(
|00〉, 1

2
(|0〉 + |1〉) ⊗ (|0〉 + |1〉)

)
- green

color. Fine structure of the area of convergence to the Bell state |Φ00〉 is in

coincidence with the pattern of the Julia set (??).
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Outlook
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I Nonlinear protocols may be used for benchmarking QCs
I First implementation of a nonlinear protocol (Lattès) for benchmarking

by András Gilyén et al.
A. Cornelissen, J. Bausch, and A. Gilyén, arXiv:2104.10698 (2021)

I Matching an unknown qubit state to a reference qubit state
I original scheme: O. Kálmán and T. Kiss, Phys. Rev. A 97, 032125 (2018)

I Measurement-induced dynamics in quantum communication
I Two-step distillation of Bell pairs
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