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Motivation

Top quarks are special

>

>

Pointlike particle with mass of gold atom, 35x
heavier than b-quark — Why?

Current mass estimate (pole mass, from
cross-section measurement):

> My = 173.14 0.9 GeV
Participates in all type of interactions and has a
strongest coupling with the Higgs boson.
Higgs vev: v/ﬁ ~ 175 GeV — A role in EW
symmetry breaking or coincidence?
Top = the only "free" quark — no bound states.

» Spin/polarization passed on decay products
without dilution — direct access to quark
properties

Events containing top quarks are backgrounds to
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new physics searches

Having precise
measurement of the top quark
properties is important!
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Motivation

PR}

+ - Zpole asymmatres (10)

500 [= - Mw(19) ]
— diectm, (1)

» The mass of the top is an important

input to the global electroweak fits, 3
which assess the self-consistancy within :
SM.
160 165 170 175 180
m, [GeV]
[PDG 2022]

%

» Top-quark mass is related together with H
the Higgs-boson mass to the vacuum 3
stability of the SM. £

g

Precise value of the Subilty
top quark mass might determine 168 = : s w :
120 122 124 126 13 130

i |
the fate of the universe! Higgs pole mass M in GeV

[Alekhin, Djouadi, Moch, B716 (2012) 214]
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Top quark mass measurement

The indirect top-quark mass measurement are becoming a clear competitor of the direct
methods.

ATLAS+CMS Preliminary Mmyep from cross-section measurements . .
Lictopwe " september 2021) P> |t has been shown that in case of tt+jet,
——— Myp * ot (stat £ syst + theo) Ref.

totalstaf " the observable ps = 2m;/, /53] shows
oftf) inclusive, NNLO+NNLL e
ATLAS, 748 TeV ——— 1729 % u very good sensitivity on the top quark
CMS, 748 Tev 1738 @ mass [hep-ph/1303.6415]
CMS, 13 TeV —— 169.9 57 (0.1£15 H¢) !
ATLAS, 13 TeV —— 1731 % [
o(tt+1j) differential, NLO
ATLAS, 7 TeV e 1737 2P (1514 39 5] . . . .
cMs, 8 Tev ——— 16093713 2) o | P Latest studies using tt+jet cross-section
ATLAS, 8 TeV [ 171.1 ¢ (0.4 £ 0.9 %) 7 .
S n-dferenial NG use NLO (NLO+PS) predictions for the
ATLAS, n=1, 8 TeV 4 1732+16(09+08%12) [g mass determination
CMS, n=3, 13 TeV e 1705+0.8 9
My, from top quark decay

CMS, 7+8 TeV comb. [10]
ATL/‘\S, 748 Tev‘comb [11] | A;LT“ ! ‘4 | )
155\ Ll ‘150‘ Ly ‘155‘ Ly \170\ 1 \175\ Ly ‘180‘ Ll ‘135‘ Ly \190\ Ll > Elevatlng the accuracy of the theory
G . .
Mp (521 predictions beyond NLO would improve

ATL-PHYS-PUB-2022-016 .
[ ] the current m; estimates
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Standard Model of Elementary Particles

Standard Model of Elementary Particles

three generations of matter three g ions of i ions / force carriers
(elementary fermions) (elementary antifermions) (elementary bosons)
I Il 1l | Il (]
mass | =22 MeWie? =128 GaW/ez =173 1 GeVie? =22 Me\ic2 =128 GeWie? =173 1 Geie? o =124 97 Gavle
% % -% - - =4 - 0 v U]
9|00 00| @ @
up charm L top antiup || anticharm || antitop gluon higgs
\ J\ J\ | g J
\ —
=4.7 MeVick =96 Mellic =4.18 Gelict =47 Mevic =06 Mallic? =4.18 GeWict

:’y ;"‘y y i a g @J
:}.antlboﬁom

oo

2]
=
< 0
o | down | strange | hottom antidown | jantistrange photon | )2
C — A \ — A — 06
_ e m®
=0.5LL MeVic? =105 66 MeVict =1.7768 GeWic* =0.511 Mevic? =105.66 MeVic* =1.7768 GeVic* [=sL19 Gew w E
-1 -1 -t 1 \ 1 = L = 0 2
‘ 3 Y a 0
. U8 s v o . \C x Qi s o
S BION IR NI I N A ¢
electron muon tau positron || antimuon antitau Z° boson w
0 7\ ) \ J J 05
Z [@2emw 1 v v <182 MevE <22 ek <0.17 Mevict <18.2Meict ossoeue | fE03s oo
[l 1] o . ul \“, 0 \", i \'? 1 4 -
= P N % i ® A % y 1 1
& elec.:n'on ml;f ia\\uJ elecﬁ mﬁf t;u} W+ boson | | W- boson
I |_neutrino | neutrino neutrino | | antineutrino | | antineutrino | | antineutrino )
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QCD

» Lagrangian of QCD:

N
A . L 1 nz
L:QCD :wa (”YNDI - mf) d)f - ZF:VFQI
f

- %(amz) (a”A;) + gf 570" (A;;X") 00

where
Fi, = 0,40 — 9, A, + gf " AL A,

and
D, = 0, — igA;t°
» Generators t? form SU(3) algebra:

a_ N

==, Tr{ta : tb} =Tro®,  [t°,t°] = ifeC
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Feynman rules of QCD

Vertex factors:

i

195V utG;

95 [(0 = Qv Gpu + (4 = 1) G + (7 = ) uGup]

—ig2 f* [ (9pv Yo — Gpo Guv)
_ingacefbde (gﬂugva - gl)ﬂ‘gu")
b c —ig2 f* [ (9pu Yo — Gpuov)

95 "pp

i5.__(K+m)
10i) o7

a b —is, 1 ey Ruky _ [1, Feynman gauge

Phiiisiiiiigaasai k2 +ie [gl“’ (1 5) k2 ¢ 0, Landau gauge
k —idab

a -------- b b k2+ie
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Singularities in QCD

In QCD one encounters two type of singularities:
» One is coming from the low energy limit and are called infrared (IR) divergences.

» The other source is the high energy limit, designated as ultraviolet (UV) divergences.

Solution for UV singularities — Regularization/Renormalization
» Dimensional regularization:

g — /L(‘FD)/zg7 where D =4 — 2¢

1. If € < 0 the expression diverges, then it has an UV divergence

2. If € > 0 the expression diverges, then it has an IR divergence

» Renormalization: All the UV divergences can be absorbed in the definitions of the
coupling constant, field strength and mass terms.
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IR divergences

Gluon emission

The corresponding propagator is given as:

1 1 1

(p+ k)2~ 2pk B 2E4Ez(1 — cos0)

» If gluon is soft: E; — 0 one gets soft singularity, manifested as 1/¢ pole
» cosf — 1 collinear singularity, manifested as another 1/¢ pole.

» Soft emission might be collinear as well, manifested as l/e2 pole.
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Case study: Drell-Yan production

Tree level
q(k1) 1= (k3)
4 Q%a?
op = ————
7*(q) B 3Ncs
a(k2) 1% (ka)
1= (k3)
7 (a)
q(k2) I (k) q(k2) (ks) 1 (ka)
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Case study: Drell-Yan production

1 €
do'g/) _ G s 10(0) <47T“2) r(l — 6)

dg? - ors q? (1 —2e¢) 8
2 3 272
L . 1_
{ 2 " am 8+ 3 + O(F):| o( z)

1 e
da"E?) _ C,:a—s 10(0) MN1-—e) 4y »
dq? 21 s M(1—2e) q?

>
(226(12) 2 147 +4(1+22> {In(lfz)} 211+zzlnz+0(€)>
;

€Ir er (1 — z)4 1—z

dag{}o _ da&,l) n dag)

dq? dq? dq?
as 1 2as1 4\ T(1—e)
_asl C2as1 (0)p0 / o
= on sl walz) =T le ""(Z)( e ) F1—20) " (€)

where wqq(z) is defined as:

_ 2, 1+ 2 2y [ In(1 — 2)
wqq(z)_cp{{3 8]6(1—2)—21_2'““4(1“){1—z]+}
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Challenges of the NNLO calculation

Fully accurate NNLO computation for 2 — 3 process with partons present in both initial
and final states imposes a serious technical challenge:

» 2-loop master integrals for 2 — 3 kinematics with massive partons are mostly
unknown.

» No easy way to deal with soft and collinear singularities at NNLO level. Multiple
approaches are under development:

Antenna subtraction [Gehrmann et al.]

ColLoRFul subtraction [Del Duca et al.]

Sector-improved residue subtraction [Czakon et al.]

Local analytic sector subtraction [Magnea et al.]

qT-slicing [Catani et al.]

VYVVYYVYY

» Automation of these procedures will take some time...
Meanwhile, it is possible to work in the threshold limit of the t-+jet production and by
summing the large logarithms to all orders of the perturbation theory, estimate the NNLO

correction.
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The problem of large logarithms

» The perturbative expansion of observable relies on the smallness of s and expansion
coefficients cx:

A A Qs s\ 2
O(as): O |:1—|—271_C1+ (5) C2+“.:|

» At higher orders the cross-section is given as sum of virtual and real contributions

» In dimensional regularization (D = 4 — ¢, e < 0) one finds cancellation of the form

\:6[/+ (Q2)e/o’”j2et (I:Z/)i e (mit /Q2>

virtual

real

» When mfet < @ these logs can become quite large

» Parametrized using the threshold variable z = % at the n-th order of the perturbation
theory there are terms proportional to:

n m o —1
B L e B
n! 11—z ’
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The problem of large logarithms

In(

» Action of —% {#} on a smooth function F:
+

n 1 n 1
,%/ dz]-'(Z) — F(1) |p2n—1 ((1 _ 2)71) _ %/ dz (1) In201 ((1 B 2)71) T
0 “Jo

n! 1—2z
n

~ X 2n 1)t
n!

» At n-th order these contributions grow faster than n! and spoil the convergence of the
perturbative series

» Solution = Resummation
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Threshold resummation

(Y
D
2

ES
0%, 4

» Sum up these logs order-by-order and rearrange them into exponentials:

N oo 2n oo n+1
o .
— =1+ g oy E Cnml™ = exp E oy E Cnml™ 3 C(as)
g - - - - —
n=1 m=0 n=1 m=1

constants

=exp[LL+ NLL+ NNLL +...]C (as)

LL NNLL
LO 1

NLO | asl?

NNLO | a2L* o2l
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Factorization & Resummation

» In the threshold limit the partonic cross-section can be factorized as [Collins, Soper,
Sterman, 1983]:
b= QY QHRS® J
;i - initial state jet functions, modeling the initial state collinear radiation
S - soft gluon exchange

H - hard amplitude matrix

vvyVvyy

J - final state jet function
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Factorization & Resummation

General strategy:
» Evaluate each of these integrals perturbatively at scales at which they are free of large
logs
» By means of the RGEs evolve everything back to the common scale
» Expand the result to the desired fixed order

» The strategy has been successfully applied on tt production processes with associated
bosons: tt 4+ W /Z/H [Kulesza et al.], [Broggio et al.].

In case of tt+jet complications come from the:
(i) Involved calculations because of richer color structure

(i) Appearance of the final state jet, which has highly nontrivial soft singularity structure

Currently we focus on calculation of the soft function.
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Factorization of soft gluons

» Soft emissions factorize:

k
LS

(p+ k)

+ K k<
i —I—a — P /1, —,—a NP
7" T?u(p) MT) ) Tulp) ~ M
p+k
Emission of multiple gluons:
» Define a Wilson line:
d>g) (A2, A1;x) = Pexp

A1

A2
—igp / dnﬁ~A‘”(n/3+x)]

~ M(0[®s(o0,0)[0)u(p)

. [ dPk pH -
®p(00,0) =1+ gu /W%Au(k)

N g2u26 g del de2 ﬁu }31/ A
2 @2m)P 2m)P ki - B ko - v
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Soft function

» For the process a(3.)b(8p) — 1(81)2(B2)3(83) define a eikonal nonlocal operator w;:

f f £ ; f
wf )(X){Ck} = Z¢§3(0070;X)C3,d3¢/§2(00a0?X)cz~dz¢§l(OO:O?X)C1,d1 (C/( ))

d3drdy,dpd,
dj

f, _ f _
X ¢'Ba(07 —00; X)da7ca¢§b(0, —0Q; X)dbﬁfb

» Eikonal cross-section is given as:

Ji, )seik (as, €) = Z6(W—W 0T 0

T [wﬁ”(O){b,.}}

» Define the soft function as the part of this cross-section which is free of collinear

divergences
(F),eikN GN NN NN N
g = 2JiJatb 1 )2 )3
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Evolution equation for the soft function

» Because the soft matrix is defined as a product of two operators it has to be
renormalized multiplicatively:

£)(B) ft f f
s = (27,59 (2)
LB Al

» Derive RGE:
d g 9 9 f n\ ' f f f
MCTMSEI) - (Maﬂ +6(a) 80@) SEI) - (r(s))us 5'(3’) B SéA) (r(s))A/’

» where at 1-loop level:

9
r“)) = —as=— Res. (z“’) :
( s ), (&) =—asg-Resco (Z57) (g€

» Zs are UV-divergent parts of the eikonal amplitudes. Solution of eq. (2):

!

() =Pe [ [ Loriantu )]s e | [ Lrsan(u)

Ho Ko
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Choosing the color basis

The strategy of choosing the color basis is explained in [Sjédahl 2008], here we quote the
result:

gg-channel qg-channel
Chpede = togOab Capede = toglab
cibcde = ifabelcd cibcde - teabécd
Copede = idabedcd Cobede = that v ifmne
cibcde = ifapnifment'ey cibcde = t'hat g lmne
czbcde - dabnifmen t,gd

6 . m
Cabcde = ’fabn dment cd

7 m

Cabede = dabndment cq
8 _ plotio,m

Cabede = 'Dabme cd

& _ plo-10,m ) ) . ) )
abede = Fabme Led P' are projectors: Ppgm,P'  p = 0iiPascp
10 27 m

Cabede = 7Pabmetcd

11
Cabede = Pabme
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Break down of the color structure for qg

Consider the process q.g, — tctage:

» Initial state singlet = final state is singlet = gluon octet must matched by tt octet
= (Sabtced

» Initial state octet = final state is octet =
> gluon matches the intial octet = t% is singlet = 2,04
» if tt is octet = 8 ® 8 contains 2 octets to match the inital octet:
> 8% )t ifmne

> 8%t t"  dmne
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Wilson webs
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Wilson webs
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Eikonal amplitudes

Connection (i — )

Kinematical part (k)
before integration

Color part (Zj)

v —vy Nuw(l)
_ 1 2 uv o
1 2 —vy-Itie vp-l+ie P+ije Tclc Tc 525C3Cé5C4C'5’y57é
N VN ()
. 1 3 Tpvit) fe%
1 3 V- /+le v3-l+ie 2+ie Tclc Tc c35C2C2’5r:4c/5/5 Ve
v
_ 1 —vg  Nuw() @
1-4 V- /+/e Va- I+:s 2+ie Tclc TC4c' 5626'5636'6"/57é
% —v& N ()
_ 1 5 nv a (- (:’75'\,5
1 5 vy-ltie vg-I+ie 24ie Tclc’( if )6C2C 5C3C
M v Now (1)
_ 2 3 puv o o
2-3 —Vy-l+ie —v3-I+ie 2+ie Tc o Tc C355151554C/5/5’Y
I v
-V, —v, Ny (1)
— 2 4 v ey o
2—4 —vy- I+ls —vy-l+ie P4ie Tc o TC4C’5C1C C3C/5"/5’y
2-5 i M) | Te (Lif09)5, 0, 0
—vy-l+ie —vg-l+ie 2+ie c’c2 aic;Yc3ciYccn
3-4 Y i M) TS Te o SercrSeres
—v3- /+1€ 7% H»IE 12+ie 33 C4C/ CIC{ CZC/ "/BW’é
vk —vY N (1) ’
_ # 5 Hr (e QY55
3 5 —v3-I+ie vg-I+ie 2+ie Tc/cg,( if )561C’5c2c'5C4c[1
e N () ,
o 4 5 ‘pv o __[FYY5 s
4 5 —vy-l+ie vs- /+/e 2+ie TC4C if )6"/1"//5’72'y£553c§
"
g M)
_ 3 3 puv a
3-3 v3-I+ie —v3-I+ie [24ie c?: 3 c/ ”6clc'6c2c’ 6C4c’ 675—7
i v
—V, —V, Ny (1)
— 4 4 134 «@
4-4 va-l+ie —vg-l+ie 2+ie ) / ”6616/6c25/553c/675—y
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1-Loop integrals

The gluon propagator in a general axial gauge is given as:

n"k” 4+ n” k" 2 k" k"
n-k (n-k)?

(5)

N (k) = g

To deal with the unphysical singularity introduced by the axial gauge we use the principal
value prescription [Leibbrandt 1987]:

P 1 1 3 1
(/.n)ﬁ_2<(l-n+ie)+(1)[(—l-n+ie)> (©)

As a result, each integral over the kinematical part can be reduced to the following form:

w,-j((s,-v,-,(ijvj,A,-,Aj) = A,-Aj(i,ﬂj <l1(6,-v,-,($jvj) — %IQ((S,'V,', n) — %12(5,'%'., *n)

1 1 2
= 550y, n) = S 1(8jv;, —n) + la(n )) (7)
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1-Loop integrals

The integrals h — I, are evaluated in [Kidonakis 1997].
For example, when both partons are massless:

27 | €2 €

e 2 g2 1 {’Y-‘r In (5@'%) - '”(477)}
UV pole _ & 2 1
JOV pole 5 {62 - [ry+ In(v;) — In(47r)]}

bole (&3 2 1
l3UV pole _ o { s [v—&- In(yy) — In(47r)}}

€2

T €

UV pole _ al
4

where

(8)

2pipj

and v = v; - v; = =
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Color decomposition example

C1 C3

Cy

Co V5

Before the gluon exchange:

C1 = 5C1C2 T

3¢y
C = 563 ca Tgéscl

€3 = Toe Th e if P
e = To Th,d*
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Color decomposition example

’7 . . .
The vertex correction F15 = TC‘:C,/fOW5 /555252/ 653%554%, modifies the Born basis in the
1

following way:

Clﬂls = *Cg, (9)
N,

C2y15 = —?CC,Z, (10)
1 N, N,

i3T5 = —Ecll — chg - chﬁ;, (11)
1 N, N,

. Fis = (’Vc - 46) Cl3 - TCCL- (12)

The linear transformation, which describes the modification of the Born-color structure
caused by the soft gluon exchange between two partons:

o o -1 0
Fe= |0 F 9 0 (13)
15 = Ne Ne
o 0 =7 -7
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Automation of the soft anomalous dimension calculation

Let us define the following tensor:

Gag = tr CAC:ngJr Z wijV)!g.’_j . (14)

i <j

The soft anomalous dimension matrix is then given as:

—1
My = (5(0)) Gky , (15)

IK
where S© is a Born-level soft matrix, defined as:
58/ = <CL|C/> . (16)

This procedure is fully automatized:

» Wilson diagrams and corresponding amplitudes are generated using a C-package
WilsonWebs.

» The color decomposition is done using a FORM routine FORMSoft.

Bakar Chargeishvili et al. | Automatic computation of Soft anomalous dimension matrices for the Heavy Quark Hadroproduction


https://git.bcharge.de/WilsonWebs
https://git.bcharge.de/FORMSoft

Example results

» Example components from qg — ttg-channel

1 s
r<11)1 “Sn |:2L/; + Nf —2log (vs) + 2log (v35) + 2 log (vas) + 2 log (mz) — log (16) + 2
< t
+ (Nf - 1) (7 log (1) — log (12) + 2i7r) + log (4):|
1
M=% [log (v13) — log (vis) — log (vas) + Iog(vm}

» Example components from gg — ttg-channel
r{) =o
2,9 —

N, +3
gl)m :4NCJ; 7 |:|°g(V13) — log (via) — log (v23) + log (V24):|

Ne(Ne +1) —2
MY :% {Iog (vi3) + log (v1s) — 210 (vis) — log (v23) — log (vas) + 2 log(st)]
c

Ne(Ne +1) —2
M _Me(le+1)-2 CZN ) |: log (v13) + log (v14) + log (va3) — |0€(V24)]
c

Bakar Chargeishvili et al. | Automatic computation of Soft anomalous dimension matrices for the Heavy Quark Hadroproduction



Consistency checks

The following checks are done:
(i) Correctness of the color decomposition procedure:

> Tr(H(O)S(O)) should evaluate back to the squared Born matrix element

(if) Correctness of the 1-loop pole structure:

» The analytic pole structure at NLO is known, e.g. by evaluating the Catani-Seymour
subtraction terms.
» The same structure can be generated using H(® and ) matrices.

VPolcs =2 <MO}I(1)’M0> ;

where

le —evld sin e i ‘
O oo = 577 B0 S (22

J#i

Both of these checks have been successfully passed.
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2 loop calculation

It is possible to perform the same calculation at 2 loop level using the general result from
[Becher, Neubert, 2009]:

r({p}, {m}, n) :Z Lk 2T Yeusp (ts) In (_5u> ZW as)

()

fZT' TJ%USP (Bu, as) +Z’Y (as)

(1,J)
myu
+ ; T[ . Tj"}/cusp ((Xs) In (g[])
)

D ATITITRE (B, Bk, i)

(1,4,K)
LFAPCTATETC £ | —OJkVJ * Pk
+%;l T | Pl —OIkViI * Pk

Currently we are examining the resulting IR structure at 2 loops level.
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Summary

» Analytical results of the soft anomalous dimension matrices at 1-loop for all partonic
channels of ttj production have been presented.

» This allows evaluation of 1-loop soft function, an essential tool in the threshold
resummation at NLL accuracy.

» Working on the calculation at 2-loop order.

» Numerous consistency checks have been successfully passed.

» The software tool for performing this calculation are openly available and they can be
applicable to other projects as well:

» WilsonWebs - automatic generation of n-loop Wilson diagrams.
» FORMSoft - Soft anomalous dimension matrices at 1-loop.
» FORMHard - Hard matrix generator (with or without the color decomposition).

» pyDipole - NLO pole structure generator using Catani-Seymour formalism and r() and
H© matrices.
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https://git.bcharge.de/WilsonWebs
https://git.bcharge.de/FORMSoft
https://git.bcharge.de/FORMHard
https://git.bcharge.de/pyDipole
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Thanks for your attention!
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Hard function

» The leading-order soft function:

5,(5)) = tr (c;r CJ)

» The lowest-order hard function:

0 0 *0
Hij,1p = hijihi

> h,(JO)J are color projected amplitudes (A):

—1 —1
h® = (5“”) tr(c,‘;A) , nO= tr<AT cK) (5“”)
IK IK

» Consistency check for the color decomposition procedure:

tr(Hggs,gog) = AA!
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