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Q Cornell potential & quarkonium masses
in standard /commutative quantum mechanics (QM)

o approximation methods: WKB & Pekeris-type

Q@ introduction to the 3D non-commutative (NC) QM
o Coulomb potential /hydrogen atom in NC QM
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Elementary particles

Standard Model of Elementary Particles

three generations of matter interactions / force carriers
(fermions) (bosons)
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Colour of quarks

@ hadron is a particle made of 2 or more quarks
o meson is a particle made of 2 quarks
o baryon is a particle made of 3 quarks
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Cornell potential

o Cornell potential

V(r)

—

o the Schrodinger equation in standard QM for Vg(r) cannot be solved analytically
712
[—2n+ Vo(n] w(n = Ew(r)
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WKB approximation

V(x)

ball in the well

https://www.damtp.cam.ac.uk/user/tong/agm/topics2.pdf
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Vx), V()

particle in the potential well
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WKB approximation in 1D

o Schrédinger equation in 1D for W(x)

W0+ VEU() = EV(x)

o ansatz for V(x)

W(x) = en W) where W(x) = Wo(x) + AW (x) + B2 Wa(x) + ...

o plugging into the Schrddinger equation
[_ (Wé)2 + Pz} + ﬁ[iWé’ — 2W6W1’} +...=0

where p(x) = \/2m[E — V/(x)] is the semiclassical momentum of the particle
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WKB approximation in 1D

o the wave function in this potential

—C e A for classical region
)= VI
#eiﬁf p(s)d57

for nonclassical region
Ip(x)]

o probability of finding the particle in region (x, x 4 dx) is |[¢(x)|?dx = %dx

V(x)

Turning points

Classical region
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WKB approximation in 1D

Linearized

o the potential is linearized in the potential
AV(%)

vicinity of the turning points x1 . \
Turning :
where E = V(x7) point k

V(x)=E+ V' (x7)(x—x7)+...

o the Schrédinger equation for this

potential is
d? Patching
diuzdfp(u) - ‘“pp(u) =0 region -
X
v Classical X, Nonclassical
where u = ¢ 2’"}172(”)()( —XT) region region

David J. Griffiths: Introduction to quantum mechanics
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WKB approximation in 1D
o Airy equation and Airy functions

2
L obo) —uip(0) =0 = p(u) € {Ai(u), Bi(u)}

du?
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o because of the normalizability ¢,(u) = Ai(u) = %fooo dv cos ("; + uv>
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WKB approximation in 1D

o asymptotic behavior of the Airy function

. NN l e 5w for u>0 < x> x7
wp(u) = AI(U) ~ fu 2 3/2 T
V(= u)1/4 sin [5( u)*s + z] , foru<0 <= x<x7
¥ - ) v
- Wp j >
Overlap 1 Tuming ™ Gyeriap 2 X
point
Patching
region
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WKB approximation in 1D

o WKB condition in 1D

1 [* 1
h/ dx p(x) = (n+2>7r , nEZS , p(x1) =p(x2) =0

1

o we have tested for the potential:

o 1D linear harmonic oscillator (E,)yug = (n+ 3) hw = E, , n€ N
o Schrodinger equation in 1D for W(x)
n? 1
—2—\11"(x) + V(x)V(x) = EV(x) = V"(x)+ 7 2m[E - V(x)|V¥(x) =0
m N———
p?(x)
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WKB approximation in 3D

o motivation for the WKB approximation in 3D for the radial wave function R(r)

m 2
0= R”(r)Jr%R’(r) 27@2 (E V(r) - 2hm “;”) R(r)

o in 1D we had x € R, in 3D we have r € R}
solution: mapping r = e~

o in 1D term W’(x) was not contained
solution: we are searching for R(r) — R(x) in the form R(x) = U(x)e/™), where
f(x) is chosen in the way that term U’(x) vanishes
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WKB approximation in 3D

o the Schrédinger equation obtains the form

2x | + 1 2h2
U"(x) + eh—2 2m (E — V() — (2rr126)2x) Ux)=0

p*(eX)

o WKB condition in 3D

e
h/ drp(r):<n+2>7r , n€Zs , p(n)=p(r)=0
n

o we have tested for the potential:

o Coulomb potential (En)yxs = —2mec’a’ > = Ey, N=(n+14+1) €N
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Pekeris-type approximation

o WKB condition for the Cornell potential

1 [P C (/+l)2ﬁ2 1
h/r dr 2M<E_(_r+8r>_2u2r2 <n+2>7r,n€Z§
Jr

my mp
my—+my

where p = is the reduced mass for the quarks

o Pekeris-type approximation — expand the integrand around the characteristic
distance of the problem rg

C
rQ = E
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Mass spectrum of the Cornell potential

o the energy levels of the Cornell potential

2
Enl - /J'

2C

R
n—l—;—l—\/2“C\/7—|— I+

o the mass of the bound states is M, = my + my + E

o the mass spectrum of the mesons

+3vBC

Mnl -

(m1+ my) —

21
n?

2

n+§+¢2"c\f+ /+1

+3vBC
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Mass of quarks

SdoWIEN  strange  bottom

https://fineartamerica.com/art/bottom+quark
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cC meson

[1] measurement
cC meson | mg = 1.27 GeV | B = 0.322 GeV* | C = 0.891
n | | | state | particle | [1] M, [GeV] | [2] [GeV] | [3] [GeV] | meas. [GeV]
00| 1S J/¥(1S) | used for B, C - - 3.097
10| 25 P (2S) used for B, C - - 3.686
210 35 1(4040) 3.889 - - 4.039
310 45 | (4230) 3.982 4.266 4.262 4223
0|1] 1P xc1(1P) 3.518 3.262 3.258 3.511
11| 2P | xc2(3930) 3.823 3.784 3.779 3.923
02| 1D | «(3770) 3.787 3515 3510 3.774
[2] (3]
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bb meson

[1] measurement
bb meson | mg = 4.18 GeV | B = 1.266 GeV? | C = 0.344
n | | | state | particle | [1] M, [GeV] | [2] [GeV] | [3] [GeV] | meas. [GeV]
00| 1S | Y(1S) | used for B, C - - 9.460
1|10] 25 | 7(2S) | used for B, C - - 10.023
2|10]| 3S 7(3S) 10.178 10.365 10.360 10.355
3/0| 4S 1 (4S) 10.242 10.588 10.580 10.579
0| 1] 1P | hp(1P) 9.942 9.608 9.609 9.899
11| 2P | hp(2P) 10.150 10.110 10.109 10.260
02| 1D | X»(1D) 10.140 0.841 9.846 10.164
[2] (3]
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cb meson

[1] measurement
cb meson | 11 =0.97 GeV | B =604 GeV? | C = 0.603
n| | | state | particle | [1] M, [GeV] | [2] [GeV] | [3] [GeV] | meas. [GeV]
00| 1S B used for B, C - — 6.274
1[0] 25 | BX(2S) | used for B, C 6.845 7.383 6.871
20| 35 - 7.054 7.125 7.206 none
310 4S - 7.132 7.283 - none
0|1] 1P - 6.749 6.519 7.042 none
111] 2P - 7.009 6.959 6.663 none
02| 1D - 6.989 6.813 - none
[2] (3]
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Length scale of the mesons

o the typical distance of the mesons is the characteristic distance of the potential

C
rQ = E

meson | u [GeV ¢ %] | B [GeV fm~1] | C [GeV fm] | rg [107 0 m]

cc 0.64 1.633 0.175 3.28
bb 2.09 6.425 0.068 1.03
cb 0.97 3.067 0.119 1.97

o for the typical distance of the mesons rg we got 107® m, which is in
correspondence with the measurement

Bukor Benedek What about quarkonia in the (non)commutative space? 22 /51



What about (non)commutative space?



Why are we interested in non-commutativity?

rGrand Unified Theory? 1
general
relativity
special
relativity

quantum classical

mechanics mechanics

S = =)
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What does " non-commutative” mean?

o commutative/standard quantum mechanics
[)A<,)A<J] =0 = AX,'AXJ' >0

o non-commutative (NC) quantum mechanics

[)?,',)?j] #0 = AX,'AXJ' 2@
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Planck length — the scale of non-commutativity

reduced Planck constant h = 1.055 x 1034 kgm?s~1

gravitational constant k = 6.674 x 10~ kg~ m3s—2

the speed of light in vacuum ¢ = 2.998 x 108 ms™!

Planck length \ = /™% — 1,616 x 103°m
C
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How we can(not) model the 3D non-commutative space...

@ an obvious choice is to take the o and layer these non-commutative
commutator planes

6 oa 1
[%,9] =i0?> = AxAy > 592

o this setup breaks the rotational
X invariance of the space!
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fuzzy sphere

o fuzzy sphere — rotationally invariant non-commutative geometric model:
[xi, x;] = 2iAejjuxk, where A~ 1073 m is the Planck length [Hoppe '87] [Madore 01

fuzzy sphere
[X,‘,Xj] = 2i)\€,'ijk

usual sphere
[Xi’ XJ] =0
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fuzzy sphere

29 /51
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...and how we can model the 3D non-commutative space

o the NC space can be modelled as a set of concentric fuzzy spheres with increasing
radius by \ [Hammou, Lagraa, Sheikh-Jabbari '02]
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The auxiliary Fock space

@ non-commuting x;s have lost their meaning of being coordinates and these
! non-commuting x;s become operators !!!

o we introduce the auxiliary operators

o creation a'
o annihilation a

[aa,a;} =008 , [aa,ag} = [a}l,a;} =0; o,pe{l,2}

o the bosonic operators create vector states spanning the auxiliary Fock space

(a])™ (ah)™

‘nl,n2> = W 0,0) s where ai ’0,0> = ap ‘0,0> =0

o !l these bosonic states have nothing common with the probed real system !!!

Bukor Benedek What about quarkonia in the (non)commutative space? 31/51



The position operator

o the position operator x;(a, a') in the form
= Ao’ ) salag . j€{1,2,3}

is obeying [x;, xj| = 2i\ejxxk, where o/ is the j*' Pauli matrix

o operator of the length of the radius vector r = )\(agaa + 1), where x;x; + \? =

o the wave functions ¥ become

V(x) <= W(a,a") =Y Crymamms(a])™ (a}) ™ (a1)™ (22)"™

Bukor Benedek What about quarkonia in the (non)commutative space?

r2

32/51



The states W in the Hilbert space

o integration over the space becomes Hilbert-Schmidt norm with the weight w(r)

/d3x~ — Trw(r)-]
o the weight w(r) = 47 )\?r is determined by the known volume of the ball

e 47 A
Vba”:Tr[47r)\2r]n1+,,2§,,:47r)\2 Z (nl,nz\r\nl,n2>: 3r3+0(r>

ny, ny

o the probability density of the wave function WV is

W[ = 4n\2Tr [ rWiw]
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Separation of variables

o we probe only spherically symmetric potentials, i.e. V(r) = V(r)

o separation of variables, where 7 = )\aLaa

Vim =AY (a)™ (@)™ K(7): LE2)% Ly = R Yin(0, )

m1!m2! n1!n2!
I,m
cRI(F): = K(A)F: = Ri(r) = Ki(r)r'
@ : : denotes the normal ordering, i.e. : aaajy: = agaa
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The essence of normal ordering

o we need the analogy of derivation

o linear
o obeying Leibniz rule
o resembles 9, x* = k xk—1

o normal ordering, where NV is the particle number operator N = al,a,,

Nk = (agla“gl) o (a};kagk) Nk = (ag1 - ‘;J_‘Lk)(aﬁ1 ... a3,)
o the analogy of the derivative
[aa,:Nk:}:k:Nk_l:au [a&,:Nk:}:—kaL:Nk_l:
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Construction of the Laplace operator

o 1. step: it is differential operator =—> we need {aa, } and {ag, }

o 2. step: it is operator of the 2" order => we have A\ W ~ [, [, V]]

putting them together AW ~ [5&, [éa, w” - [a [ﬁl, w”

o 3. step: insure the right dimension = we have A,\\U ~ % [éjy, EF W]}

©

4. step: test on elementary functions = we acquire AA\U = —% {éjy, EF \U]}
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Action of the operators

o operator of the length of the radius vector r = A (aLaa + 1)

a (—a2)™

T my T my
A Y (a1)™(ap) LT ]
Wim=A E —— < [r/C+)\(/+1)/C+/\r/C] R

mi ! m2!
I,m

o Laplace operator AW = —% |:am [4a W]}

~ I T my T mo n(¢_ n»
Ay, = irz(al) G A BV () WV o) B s

m1!mo! ni'ny!

@ Hamilton operator AW = [ hQA + V(¢ )} \
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Hydrogen atom in the noncommutative space



Exact solution for the NC Coulomb potential

o the Schrédinger equation for the NC Coulomb potential

h? 1 e

5t 14 w} — - Cy_Fv
al [a =
2mMeAr { ar (80, V] Ameg r
o switching to dimensionless quantities
E r A h
€E = —/——m— = — g = — aB =

—Zmec2a?’ P ag ag ’ mecar’

@2

o =
47r50hc

o the radial Schrédinger equation for the operators in the NC space...

: K" + [—eop+2(1 + V)]K' + [—ep —ea(l +1) + 2]K:

=0
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Exact solution for the NC Coulomb potential

o ...to which we assign the equivalent ordinary differential equation

pK" + [—eop+2(1 + 1)]K' + [—ep—ea(l +1) +2]K =0

o the radial Schrédinger equation of the NC Coulomb potential for the wave
function R(r) = K(r)r'

2 2 I(I+1
R" + (—ae) R+ <—6+ — ( J; )—06> R=0
p p P p

o the modified energy spectrum

h? m2c2a2 \2 1 1 A1 1
E,(\,: (1—\/1—1— £ > :—fmeczof——i—a—zfmeczazw—&—...:(E,i‘,)WKB

MeA2 N2 2 N2 a2 2
40/51
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Length scale of the mesons

o typical distance of the
mesons

meson | rg [10710 m]

cc 3.28
bb 1.03
cb 1.97
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Approximate solution for the NC Cornell potential

o the Schrodinger equation for the NC Cornell potential
h2
2uA\r

[53, [§m\U]} + (—f + BP) V=FEv

o switching to dimensionless quantities

r e 2,UEfé> 21Crq 2MBQ3;; A
= — e — g frd b e = —
¢ ro » Q B’ € B2 ¢ 2 B2 g ro

o the radial Schrodinger equation for the NC Cornell potential

0=R"+ ER/— l(/; 1)R+ <C — bC) R+ eR+o <6Rl+ C:‘-?—2b(l-?/—3bl?>

02( — bCR" —3bR — ?R)
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Approximate solution for the NC Cornell potential

o the modified mass spectrum of the mesons is M?, = M, + JZMr(i) + ...
2

2u 2C
n? 1 2 c 1)2
n+§+' %C\/;+(/+§)

,h? B ( b (10567 + 62bc + 9¢?) N b(c +3b)I(I +1)

+3VBC | +

Mg = | (m1+ ma) —

+o 27? > 2+
! 8[n+%+./b+(/+%)2} 2[n+%+./b+(/+%)2}
b(c + 3b)* b
8\ /b+(1+3)7 [n+ 1+ \/b+(1+1)]

(45b — ¢)(c + 3b)?

B 4
64 {n+%+,/b+(/+%)2}
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NC cC meson

[BB, Tekel 23]

NC cc meson | b=c=1.883, 02~ 0.93 x 10~%
state correction to the mass azMr(j) [GeV]

1S 0.522 02

2S —1.42207

3S —2.613 07

4S —3.301 02

1P —0.456 02

2P —1.936 07

1D —1.062 07
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NC bb meson

[BB, Tekel '23]

NC bb meson | b=¢c=0.750, ¢°~9.43 x 10~%
state correction to the mass 02M,(3) [GeV]

1S —0.261 07

2S —1.289 52

3S —~1.753 02

4S —~1.97307

1P —0.738 07

2P —1.48002

1D —1.042 57
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NC cb meson

[BB, Tekel 23]

NC cb meson | b=c=1.174, 0°~2.58 x 1073
state correction to the mass o2 I\/l,(i) [GeV]

1S —0.001 02

2S —1.4420°

3S —2.2100°

4S —2.609 o

1P —0.67207

2P —1.777 02

1D —1.147 02
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Upper limit for the length scale A

o the most precisely measured particle is the J/1(1S), a c€ meson
Moo = 3096.900 + 0.006 MeV

o with the help of this we can estimate the upper limit for the fundamental length
scale of the non-commutativity

A<1.11 x 1078 m
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Future prospect

o NC hydrogen atom

1
E,C‘ — 7m5c2<12 — + mECZ(‘«Zm
o NC quarkonium
2
2 2c
Mg = | (m 4+ m) - 2 +3VBC | +
s 14/ 2c £+(/+l)2
2 n2 B 2
2B b (1osb2 + 62bc + 9c2) b
g . (c + 3b)I(I + 1) N
+|o" | ——=
2 2 2
» 8{n+%+1/b+(l+%)2} 2[n+%+ b+(l+%)2}
b(c + 3b)* b 45b — + 3b)3
+ (e +3b) 5 =, (156 +40) ( <)e +3) ...
81/b+(/+%)2[n+%+ b+(/+§)2] 64{n+%+ b+(/+%)2}

o find a system or an effect for which the NC correction is the first order in o
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https://www.icr.org/article/subatomic-particles-part-3-mesons

o https://pixels.com /featured /1-universe-to-quark-harald-ritschscience-photo-

© 6 06 o

library.html

https://www.quora.com/What-are-quarks-made-of
https://cds.cern.ch/images/CERN-GRAPHICS-2022-027-6/file?size=large
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