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• direct access to the actual transitions difficult both in theory and experiment

• universality and analytic structure near 2nd-order transitions can yield powerful constraints 

can this be leveraged for our understanding of the phase diagram?



OUTLINE

• Yang-Lee edge singularities and 2nd order phase transitions

• medium-induced mixing and critical modes in QCD

• the Columbia plot and YLEs



YANG-LEE EDGE SINGULARITIES & 
2ND ORDER PHASE TRANSITIONS



LEE-YANG THEORY

phase structure analytic structure in the complex plane

[Yang, Lee (1952)]

Consider a system of  atoms withN

• a finite size and a hard core (short-range repulsion)

• finite interaction range (required for well-defined thermodynamic limit)

• the interaction is nowhere  (potential is bounded from below)−∞

The grand canonical partition function is a polynomial of degree  in a finite volume ,N V

ZV =
N

∑
i=1

𝒵i(T ) zi =
N

∏
i=1

(z − zi)

canonical partition function 
with  particlesi

fugacity ,
: chemical potential, magnetic field, source,...

z ∼ eμ/T

μ

Yang-Lee zeros



LEE-YANG THEOREMS
Given these assumptions, Lee and Yang have proven two theorems:

• For all  the free energy density,z > 0

f(T, z) = − T lim
V→∞

1
V

ln ZV(T, z)

is a continuous, monotonically increasing function of . The limit is independent of 
the shape of .

z
V

• If in a region  in the complex -plane  is free of zeros, then all thermodynamic 
quantities are analytic functions of  in  for 

R z ZV
z R V → ∞

[Yang, Lee (1952)]

• Lee-Yang zeros are poles of the free energy

• For  they coalesce into branch cuts in the complex -plane

• The branch points (ends of the cuts) are called Yang-Lee edge singularities (YLE) 

V → ∞ z

At a phase transition thermodynamic functions can't be analytic

Lee-Yang zeros/cuts & YLEs encode phase structure



YANG-LEE EDGE SINGULARITY
Example: analytic structure of the free energy density of the 1d Ising model,  z = e2h/T

Lee-Yang zeros (N=50)

branch cut ( )N → ∞
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• no thermal phase transition in 1d Ising:  YLE never touches the real, positive axis

• zeros/cut on the unit circle/at purely imaginary : Lee-Yang circle theoremh

All zeros/cuts/YLEs are at imaginary magnetic fields

• rigorously proven for ferromagnetic spin-1/2 systems and 

• systematic results suggest that it holds for all 
O(N = 1,2,3,∞)

N
[Lee, Yang (1952); Simon, Griffith (1972); Dunlop, Newman (1975); Lieb, Sokal (1981); Kurtze, Fisher (1978); Johnson, FR, Skokov (2020 & 2023)]



Re z

Im z

YLE & PHASE TRANSITIONS
Phase transition can be understood from the location of the YLE:

no phase transition
YLE in the complex plane

2nd order transition
YLE pinches real axis

1st order transition
cut cuts real axis

Re z

Im z

Re z

Im z

• YLE is a critical point itself: -universality with independent critical exponents in the 
complex plane [Fisher (1987)]

• "close enough" to the real axis, the location of the YLE is also universal

iϕ3

[Johnson, FR, Skokov (2020-2023)]



YLE & THE CRITICAL ENDPOINT

•  :  

•  :  

T = TCEP μYLE = μCEP ∈ ℝ

T > TCEP μYLE ∈ ℂ
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Consider system with a CEP at  in the complex  plane(TCEP, μCEP) μ

[Mukherjee, FR, Skokov (2021)]

At  the YLE is the nearest singularityμ = 0

determines radius of convergence 
for expansions around μ = 0

T=170
full
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CEP inaccessible by Taylor expansions at !μ = 0



ANALYTIC STRUCTUREOFTHEQMMODEL
The cut discontinuity in Reto Icf

electrostaticanalogy

IDENTIFYING THE YLE
YLE is a branch point of the free energy as a function of a complex thermodynamic variable , e.g., 

. It is obtained from the effective effective action as
z

z = μ, h, …

f(z) =
T
V

Γ[ϕ̄(z)]

Γ[ϕ] = sup
J {∫x

J⋅ϕ − ln Z[J]} , ln Z[J] = ∫ 𝒟ϕ e−S[ϕ]+ ∫x J⋅ϕ ,

where

The effective action is a functional of . The dependence on  enters in particular through the EoM, 
which determines the "magnetization" ,

ϕ z
ϕ̄(z)

δΓ[ϕ]
δϕ ϕ=ϕ̄(z)

= 0

the magnetization carries the edge singularity

 is implicitly defined: use the implicit function 
theorem to identify the singularity  from the Hessian:
ϕ̄(z)

zYLE

det H = ∏
i

Hi = det (δ2Γ[ϕ]
δϕiδϕj ϕ=ϕ̄(zYLE) ) = 0

Re ϕ̄(Re z, Im z)

eigenvalues



THE CHIRAL PHASE TRANSITION
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THE CHIRAL PHASE TRANSITION

1st order transition

CEP

crossover

T

Re μB

Im μB

branch cut surface

Yang-Lee edge singularity

in the  plane(T, Re μB, Im μB)

(???)



THE CHIRAL PHASE TRANSITION
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THE CHIRAL PHASE TRANSITION

T

ms

mu,d

2nd order transitions

TCP

in the  plane(T, ms , mu,d)

???



THE CHIRAL PHASE TRANSITION

Im mu,d

ms

Re mu,d

T = Tc |ms,phys

ms,phys

YLE

branch cut surface

in the  plane(Im mu,d, ms , Re mu,d)



MANY FACES OF THE PHASE TRANSITION

use this to learn something about the physical directions (and vice versa)!

THE CHIRAL PHASE TRANSITION

1st order transition

CEP

crossover

T

Re μB

Im μB

branch cut surface

Yang-Lee edge singularity

in the  plane(T, Re μB, Im μB)

THE CHIRAL PHASE TRANSITION
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THE CHIRAL PHASE TRANSITION
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THE CHIRAL PHASE TRANSITION

Im mu,d

ms

Re mu,d

T = Tc |ms,phys

ms,phys

YLE

branch cut surface

in the  plane(Im mu,d, ms , Re mu,d)

a lot of additional information from different directions, including the complex plane 



MEDIUM-INDUCED MIXING 
& CRITICAL MODES IN QCD

[Haensch, FR, von Smekal, arXiv:2308.16244]
THE CHIRAL PHASE TRANSITION

1st order transition
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QCD PARTITION FUNCTION
Consider QCD in Euclidean spacetime,

Since quarks enter quadratically, they can be integrated in the partition function of QCD,

ℒ = ψ̄(γμDμ + M + γ0μ)ψ +
1
4

Fa
μνFa

μν

Dμ = ∂μ − igAa
μ Ta

Fa
μν Ta = [Dμ, Dν]

{γμ, γν} = 2δμν

Z = ∫ 𝒟Φ e−S[Φ] = ∫ 𝒟A e− ∫x
1
4 F2 det ℳ(A)

The Dirac operator is

ℳ = γμDμ + M + γ0μ

It enters the effective action,

ln det ℳ = T ∑
n∈ℤ

∫
d3p

(2π)3
ln det [iγ0(νn − gA0 − iμ) + iγ j(pj − gAj) + M]

fermionic Matsubara frequencies 
νn = (2n + 1) πT

Γ[Φ] = sup
J {∫x

J ⋅ Φ − ln Z[J]} ,

at finite  as:T

Φ = (A, ψ, ψ̄)



THE QUARK DETERMINANT
The quark determinant  is modified through interactions. This gives rise to 
three crucial contributions regarding the phase structure:

det (γμDμ + M + γ0μ)

(1) quark-scattering in the scalar-pseudoscalar channel

∼ α2
s ∼ (ψ̄Tα ψ)2

with Tα = (1, iγ5 ⃗τ)α

[Braun, Leonhardt, Pospiech (2019)]

At not too large density this channel becomes 
resonant and gives rise to a nonzero chiral 
condensate: chiral symmetry breaking

σ̄ ∼ ⟨ψ̄ ψ⟩

current mass

constituent quark mass  M = mq + hσσ̄

spontaneously 
generated mass



THE QUARK DETERMINANT

(2) quark-scattering in the vector channel

∼ α2
s ∼ (ψ̄Tα ψ)2

with Tα = γα

[Fukushima, Horak, Pawlowski, Wink, Zelle (2023)]
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λ V
(

⃗p2 )

λV(r = 0) = ∫ d3p λV(p2) < 0

short-distance repulsion:
Finite density is equivalent to a condensate in this 
channel,

−iω̄0 ∼ ⟨ψ̄γ0ψ⟩ = nq

quark density

shifted chemical potential  μ → μ + ihωω̄0

short-distance repulsion implies imaginary quark-
omega coupling  and imaginary omega 
condensate 

ihω
ω̄0

The quark determinant  is modified through interactions. This gives rise to 
three crucial contributions regarding the phase structure:

det (γμDμ + M + γ0μ)
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FIG. 1: The renormalized Polyakov loop calculated with the HISQ and stout action. The HISQ results for Nτ = 6, 8 and 12 are
from Ref. [8]. The continuum stout data are from Ref. [14]. The filled diamonds correspond to the continuum extrapolation
for the HISQ action. The right panel shows the closeup of the Polyakov loop in the low temperature region.

β ms T [MeV] #TU

Nτ = 10

6.285 0.0790 117 2423

6.341 0.0740 123 7679

6.390 0.0694 129 4990

6.423 0.0670 133 3640

6.460 0.0642 138 4200

6.488 0.0620 142 3370

6.515 0.0604 146 4988

6.550 0.0582 151 4990

6.575 0.0564 155 4990

6.608 0.0542 160 4990

6.664 0.0514 168 5000

6.700 0.0496 174 4990

6.740 0.0476 181 4990

6.770 0.0460 186 4990

6.800 0.0448 192 5310

6.840 0.0430 199 4990

6.880 0.0412 207 4990

Nτ = 8

6.050 0.1064 116 3977

6.125 0.0966 125 3180

6.175 0.0906 131 3732

TABLE I: Simulation parameters for 403 × 10 and 323 × 8
lattices. The last column shows the accumulated statistics in
terms of molecular dynamics trajectories.

Polyakov loop changes very smoothly in the temperature
interval where the chiral condensates drops rapidly and it
is difficult to tell whether the transition in the renormal-
ized Polyakov loop and chiral condensates are connected.
Comparison with the hadron gas model described in the

-0.2
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FIG. 2: The temperature dependence of the renormalized
Polyakov loop compared to the temperature dependence of
the renormalized chiral condensates ∆R

l and ∆ls as well as
the strange quark condensate ∆R

s . The values of ∆R
l and ∆R

s

have been normalized by the corresponding zero temperature
values. ∆ls goes to one in the zero temperature limit by con-
struction. All results are continuum extrapolated.

next section, however, can provide further insight into
this issue. Finally, the strange quark condensate shows
a smooth behavior similar to that of Lren.

III. THE HADRON GAS MODEL

As discussed in section I, at very low temperature the
free energy of a static quark is largely determined by the
binding energy of the lowest static-light meson. In addi-
tion, there are contributions from static-strange mesons
and baryons with one static quark. Thus, following Ref.

THE QUARK DETERMINANT

(3) the Polyakov loop

The quark determinant  is modified through interactions. This gives rise to 
three crucial contributions regarding the phase structure:

det (γμDμ + M + γ0μ)

[Bazavov, Petreczky (2013)]
 center symmetry of  Yang-Mills theory is 

explicitly broken by dynamical quarks and spontaneously 
by deconfinement. "Order parameter": 

Z(3) SU(3)

L =
1
Nc

⟨tr P⟩

with the temporal Wilson line

P( ⃗x) = 𝒫 exp[ig∫
β

0
dx0 A0(x0, ⃗x)]

L(T )

 can be described by a static temporal gluon condensate  L < 1 Ā0 = ⟨A0⟩ ≠ 0

L ≤
1
Nc

trc eigĀ0/T covariant derivative in  background:  A0 Dμ → Dμ − igĀ0

[Braun, Gies, Pawlowski (2007)]



SADDLE POINT EXPANSION
All these background fields are obtained by solving quantum equations of motion,

δΓ[Φ]
δ(σ, ω0, A0)

= 0

do a saddle-point expansion around the ground state  Φ̄ = (σ̄, ω̄0, Ā0)

The ground state quark determinant is

T
V

ln det ℳ̄ = T ∑
n∈ℤ

∫
d3p

(2π)3
tr ln[iγ0(νn − gĀ0 + hω ω̄0 − iμ) + i ⃗γ⋅ ⃗p + mq + hσ σ̄]

= − 2TNf ∫
d3p

(2π)3 {ln[1 + Nc L e−(Ep(σ̄)−μ̄)/T + Nc L̄ e−2(Ep(σ̄)−μ̄)/T + e−3(Ep(σ̄)−μ̄)/T]
+ln[1 + Nc L̄ e−(Ep(σ̄)+μ̄)/T + Nc L e−2(Ep(σ̄)+μ̄)/T + e−3(Ep(σ̄)+μ̄)/T]}

consider fluctuations  

σ = σ̄ + δσ
ω0 = ω̄0 + δω0

A0 = Ā0 + δA0

quark energy

Ep(σ̄) = ⃗p2 + m2
q + h2

σ σ̄2

effective chemical potential
μ̄ = μ + ihω ω̄0

L̄ =
1
Nc

⟨tr P†⟩

Polyakov anti-loop



MEDIUM-INDUCED MIXING
The saddle point expansion of the QCD quark determinant reveals linear couplings (= mixing) 
between effective degrees of freedom. Focus on zero-momentum contributions,

nontrivial Hessian/mass matrix

• couplings linear in  vanish in the chiral limit (chiral symmetry)

•  is imaginary because of repulsive vector interaction, but  must be real because 
this is the steepest descent path/Lefshetz thimble!

•  at 

σ
ω̄0 δω0

L ≠ L̄ ∈ ℝ μ ≠ 0

p = 0 p = 0

off-diagonal couplings involving  are imaginary and ω0 Γ(2)
(σ,ω0,L) L ≠ Γ(2)

(σ,ω0,L̄) L̄

Off-diagonal terms are in general nonzero at finite  and !T μ

QCD has a non-Hermitian mass matrix at finite density!

mixing of chiral condensate , density  and Polyakov loops/σ̄ ω0 Ā0

L̄ =
1
Nc

⟨tr P†⟩

Polyakov anti-loop

H =

Γ(2)
σσ Γ(2)

σω0
Γ(2)

σL̄ Γ(2)
σL

Γ(2)
σω0

Γ(2)
ω0ω0

Γ(2)
ω0L̄ Γ(2)

ω0L

Γ(2)
σL Γ(2)

ω0L Γ(2)
LL̄ Γ(2)

LL

Γ(2)
σL̄ Γ(2)

ω0L̄ Γ(2)
L̄L̄ Γ(2)

LL̄



THE CRITICAL MODE OF QCD
If QCD has a CEP at , we need to find a YLE for real  and (TCEP, μCEP) T μ

implicit function theorem: zero eigenvalue of Hessian H

• relevant for the phase transition is the spacelike screening mass,

Gχ(p0 = 0, ⃗p2 = − m2
scr) = 0

• smallest screening mass determines the (largest) correlation length  in the system,ξ

lim
| ⃗x1− ⃗x2|→∞

⟨χ(t, ⃗x1)χ(t, ⃗x2)⟩ ∼ e−| ⃗x1− ⃗x2|/ξ , ξ =
1

mscr

the critical mode of the CEP is a mixture of the chiral 
condensate, the density/  and the Polyakov loops/ω0 A0

the eigenmode with zero eigenvalue is the critical mode

• eigenvalue of  determines the curvature mass of the eigenmode ,H χ

m2
curv = G−1

χ (p0 = 0, ⃗p2 = 0)
Euclidean propagator

• CEP: , i.e.  ξ → ∞ mscr = mcurv = 0



THE CRITICAL MODE OF QCD
Is it even relevant to know what the critical mode is?

• divergence of susceptibilities is insensitive to it,

χab =
d2Ω

dza dzb
=

∂2Ω
∂za∂zb

+
∂2Ω

∂za∂ϕi
H−1

ij
∂2Ω

∂ϕj∂zb EoM

static critical physics are insensitive to the nature of the critical mode

But in-medium mixing is a general feature that needs to be taken into account for a consistent 
description of QCD

Furthermore, the dynamic critical behavior depends crucially on the nature of the critical mode

• dynamic universality not only determined by symmetry and dimensionality, but by all slow 
modes in the system and whether or not they are conserved [Halperin, Hohenberg (1977)] 

• mixing between the chiral condensate and the density has been recognized before in 
nuclear matter (e.g. [Wolf, Friman, Soyeur (1998)]). Crucially, the density is conserved

dynamic universality of CEP is model B, not A

• can the admixture of  lead to different dynamic universal behavior?A0

physical degrees of freedom are mixtures

[Son, Stephanov (2004)] 



THE HESSIAN AND -SYMMETRY𝒞𝒦
The mass matrix of QCD is non-Hermitian at finite . This is related to the breaking of charge 
conjugation symmetry  ant finite 

μ
𝒞 μ

• vector fields change sign under charge conjugation:  , 

•  leads to 

𝒞ω0 = − ω0 , 𝒞A0 = − A0 𝒞L = L̄
μ ≠ 0 L ≠ L̄

mixing reflects  breaking and renders  non-Hermitian𝒞 H

However, the system remains invariant under charge + complex conjugation, -symmetry𝒞𝒦

𝒞𝒦 H = H
𝒦ω̄0 = − ω̄0

𝒦L = L̄

The Hessian obeys the relation

H = CH*C

with an orthogonal matrix .  This implies that  and  share the same eigenvalues,C H H*

[Nishimura, Ogilvie, Pangeni (2014)]

all eigenvalues of  are either real or come in complex-conjugate pairsH

det(H − λI ) = det(CH*C − λI ) = det[C(H* − λI )C] = det C2 det(H* − λI ) = det(H* − λI )



EXAMPLE: PQM MODEL
Simplest model with the basic features of the QCD quark determinant: Polyakov-Quark-Meson 
model (PQM) in mean-field approximation

SPQM = ∫
β

0
dx0 ∫d3x {ψ̄[γμ∂μ + γ0(μ + ihω ω0 + iA0) + hσ σ]ψ

+
λ
2 (σ2 − ν2)2 − jσ +

1
2

m2
ω ω2

0

−
b2(T )

2
LL̄ −

b3

3 (L3 + L̄3) +
b4

4
(LL̄)2}

 quark contributionNf = 2

mean-field meson potential  V(σ, ω0)

 symmetric Polyakov loop potential  
from [Ratti, Thaler, Weise (2006)]
Z(3) U(L, L̄)

This yields the effective potential,

Ω(σ, ω0, L, L̄) = V(σ, ω0) + U(L, L̄) −
T
V [ln det ℳ(σ, ω0, L, L̄) + ln det ℳvac(σ)]

same as for the saddle 
point expansion above

vacuum contribution; 
with dim. regularization

= Nf Nc
h4

σσ4

28π2
ln( h2

σσ2

4Λ2 )We solve this model, δΩ
δ(σ, ω0, L, L̄)

= 0 ,

and study the eigenvalues of the Hessian in the vicinity of the CEP at finite  and T μ



MASS MATRIX
The Hessian in terms of Polyakov loops cannot really be interpreted as a mass-matrix, because they 
aren't fields.  We therefore parametrize them in terms of "eigenvalue fields"

L =
1
3

exp( ia8

2 3T )[2 cos( a3

2T ) + exp( −
3ia8

2 3T )]

•  at  implies a nonzero 

• the Hessian is then 

L ≠ L̄ ∈ ℝ μ ≠ 0 a8 ∈ iℝ

H =

Ω(2)
σσ Ω(2)

σω0
Ω(2)

σa3
Ω(2)

σa8

Ω(2)
σω0

Ω(2)
ω0ω0

Ω(2)
ω0a3

Ω(2)
ω0a8

Ω(2)
σa3

Ω(2)
ω0a3

Ω(2)
a3a3

Ω(2)
a3a8

Ω(2)
σa8

Ω(2)
ω0a8

Ω(2)
a3a8

Ω(2)
a8a8

• -symmetry breaking is also reflected in imaginary off-diagonal elements involving 𝒞 a8

L̄ =
1
3

exp( −ia8

2 3T )[2 cos( a3

2T ) + exp( 3ia8

2 3T )]
L =

1
Nc ∑

c
⟨eigθc/T⟩



PQM MODEL WITHOUT ω0
Let's first ignore the  and the vacuum term for simplicity. Hence,  has three eigenvalues .
Go to  and consider temperatures around  :

ω0 H H1,2,3
μ = μCEP TCEP

• one real eigenvalue  (   without mixing)

• complex conjugate eigenvalue pair  (  without mixing)

•  defines the critical mode: mixture of ,  and 

• system seems to avoid complex critical mode

H1 → Ω(2)
σσ = m2

σ

H2,3 → Ω(2)
a3,8 a3,8

H2 a3 σ a8

Re H1
Re H2
Re H3
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PQM MODEL WITH ω0
Now consider the full model, including vacuum term and a repulsive . The four eigenvalues areω0
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• all eigenvalues are real around the CEP

•  defines the critical mode

•  becomes negative, physically irrelevant

• complex eigenvalues still present, e.g., at larger T

H1

Ω(2)
σσ = m2

σ

the critical mode is a mixture of , , 
 and  at finite  and  

σ ω0
L L̄ T μ



COMPLEX EIGENVALUES
Eigenvalues of mass matrix related to screening masses of eigenmodes 

⟨χi(r) χi(0)⟩ r→∞ ∼ e−r Hi

Complex eigenvalues, 
Hi = mR + imI

lead to spatially modulated correlations

⟨χi(r) χi(0)⟩ r→∞ ∼ e−mR r sin(mI r)

Complex eigenvalues imply the existence of disorder lines in the phase diagram, which separate 
regions with spatial modulations from regions without. 
This appears to be a common feature of systems with -symmetry breaking and a competition 
between repulsive and attractive interactions

𝒞

for detailed discussions see:
[Nishimura, Ogilvie, Pangeni (2014-2017); Schindler, Schindler, Medina, Ogilvie (2020); Schindler, Schindler, Ogilvie (2021)]

Figure 17: Contour plot of  in the µ� T plane for a PNJL modle using Model A for confinement

effects. The region where I 6= 0 is shaded. The critical line and its endpoint are also shown.

Figure 18: Contour plot of I in the µ�T plane for a PNJL modle using Model A for confinement

effects. Contours are given in MeV, with ↵s set to one. The region where I 6= 0 is shaded. The

critical line and its endpoint are also shown.
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Figure 1. Phase diagrams for relativistic fermions for m = 20 and m2 = 0.75 with e = 0.3. In the first graph g1 = m1 = 1,
while in the second g1 = m1 = 0.8. The shaded region indicates where the mass matrix eigenvalues form complex conjugate
pairs, and the contour lines refer to the imaginary parts of the mass matrix eigenvalues. The boundary of the shaded region
defines the disorder line in the phase diagram. Note the appearance of a second disorder line inside the first in the second
graph. The thick line shows a first-order line emerging from the T = 0 axis and terminating in a critical end point.

where 1 = g2/m2
1 and 2 = e2/m2

2. It is then clear that in addition to T and µ, only three parameters, 1, 2 and
m determine the solution as well as the location of the critical line if there is one. On the other hand, the equation
for the disorder line becomes
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so the disorder line depends on the additional parameter of e/g. Because we are interested in conventional liquid gas
transitions, we will choose the fermion mass m to be substantially heavier than the masses m1 and m2. In all the
models we consider, we set m = 20, 1 = 1, and e = 0.3, and we then vary the value of 2 to see the change of phase
diagramas, as well as the value of g = m1 to observe the difference in disorder lines.

Generally speaking, the liquid-gas transition will occur for low temperatures and µ . m. The left-hand graph of
Figure 1 shows the phase diagram for m = 20, m1 = 1 and m2 = 0.75. The couplings are given by e = 0.3 and g = 1.
The shaded region indicates where the mass matrix eigenvalues form complex conjugate pairs, and the contour lines
refer to the imaginary parts of the mass matrix eigenvalues. The boundary of the shaded region defines the disorder
line in the phase diagram. The thick line shows a first-order line emerging from the T = 0 axis and terminating in a
critical end point. The disorder line has a somewhat surprising shape; we will return to this point later. The graph
on the right-hand side of the figure shows what happens if m1 and g are decreased to 0.8. The phase structure is
essentially unchanged, and the old disorder line has changed only slightly. However, a new disorder line boundary
has opened up near the critical end point, inside the region where complex mass matrix eigenvalues were previously
found.

In Figure 2, we show a second pair of phase diagrams. The graph on the left-hand side has m1 = g = 1 and
m2 = 0.5. As before, e = 0.3 and m = 20. The end point of the critical line is at a lower value of T and slightly
shifted to the right, but is otherwise similar to the previous graphs. However, when we examine the eigenvalues of
the mass matrix, we see something new: the real part of conjugate pair of mass matrix eigenvalues becomes negative
in a region near the critical end point. This is not neccesarily unphysical behavior. The mass matrix is the matrix of
squared masses, which are in general complex. A sufficiently large phase in the complex mass will lead to a squared
mass eigenvalue with a negative real part. The boundary of this region is denoted in the figure by a dashed line. We
have checked carefully for alternative possibilities and have concluded that this is likely to represent the correct phase
structure of the model. We will return to this point in our conclusions after examining results from the other models.
The graph on the right-hand side of the figure has m1 = g = 0.6 and again has m2 = 0.5, e = 0.3 and m = 20. The
lower values of g and m1 eliminate the region where the real part of the conjugate pair of mass matrix eigenvalues
becomes negative. The shaded region becomes larger, but the values of the imaginary parts become smaller.



THE COLUMBIA PLOT AND 
EDGE SINGULARITIES

[Herl, FR, Schmidt, von Smekal (in preparation)]
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• relevant flavor symmetry:

THE COLUMBIA PLOT
How does the order of the chiral phase transition depend on the quark mass?

• distinct mass hierarchy of quarks ( )2πTc ≈ 1 GeV
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]

what if u, d were even lighter?

any "remnants" at 
physical quark masses?

U(3)L × U(3)R ≈ SU(3)V × SU(3)A × U(1)V × U(1)A

SU(2)V × SU(2)A × U(1)V × Z(3)A

SU(3)V × SU(3)A × U(1)V × Z(3)A

axial anomaly

chubby strange quark

∼ O(4)

SU(2)V × U(1)V × Z(3)A

light quark masses



THE COLUMBIA PLOT
Expectation from Pisarski & Wilczek (1983) (perturbative RG analysis of a linear sigma model):

•  chiral quarks: 1st order transitionNf = 3

•  chiral quarks: depends on the fate of the axial anomalyNf = 2

Nonperturbative RG analysis: [Resch, FR, Schaefer (2017)]
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suggests very small 1st order region in the 3-flavor chiral limit
(triggered by bosonic fluctuations - much larger in mean-field)

Also: no stable fixed point from recent FRG analysis in the 3-flavor chiral limit [Fejos (2022)]



THE COLUMBIA PLOT

Could there even be a 2nd order 
transition in the 3-flavor chiral limit?

• generic prediction of mean-field studies of models without 't Hooft determinant              
[e.g. Resch, FR, Schaefer (2021)]

• fixed-point analyses: only possible if  is restored at ? [Fejos (2022), Kousvos and 
Stergiou (2023)]

• cannot be excluded from lattice computations [Aarts et al. (2023) & references therein]

• detailed lattice study suggests 2nd order transition even for  massless quarks   
[Cuteri, Philipsen, Sciara (2021)]

• suggested by recent DSE study [Bernhardt, Fischer (2023)]

U(1)A Tc

Nf ≤ 6

[Cuteri, Philipsen, Sciara (2021)]

Can YLEs help us here?



EXTRAPOLATIONS USING LATTICE DATA
Available lattice data still far away from any chiral limit 

• If the data reaches into the scaling region, one can exploit universality

• this is difficult, because scaling regions are generically very small, e.g.,  

extrapolations are necessary

But how to extrapolate?

[FR  fQCD collaboration (2023)]∈

scaling region for  
at physical strange quark mass

mπ ≲ 5 MeV

even with a lot of precise data, for 
no signs of scalingmπ ≳ 25 MeV



YLE AND THE COLUMBIA PLOT

• consider quark mass as thermodynamic control parameter 
(acts like magnetic field in  models)

• search for 2nd order transition at some 

• YLE in the complex-mass plane at  

O(N )
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• 2nd order transition at zero mass

• no further restriction on the transition

• requires reconstruction + extrapolation for various  in the 
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YLE AND THE COLUMBIA PLOT

• consider quark mass as thermodynamic control parameter 
(acts like magnetic field in  models

• search for 2nd order transition at some 

• YLE in the complex-mass plane at  

O(N )

(Tc, mc)
T > Tc

THE CHIRAL PHASE TRANSITION
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branch cut surface

in the  plane(Im mu,d, ms , Re mu,d)

There are in general 3 different scenarios:

• 2nd order transition at zero mass

• Lee-Yang circle theorem applies

• YLE must lie on the imaginary mass axis

• also applies to Yang-Lee zeros

infer that transition must be at zero mass without any 
extrapolation, neither to small ,  or the continuum T m

• reconstruction of  YLE still necessary
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YLE AND THE COLUMBIA PLOT

• consider quark mass as thermodynamic control parameter 
(acts like magnetic field in  models

• search for 2nd order transition at some 

• YLE in the complex-mass plane at  

O(N )

(Tc, mc)
T > Tc

THE CHIRAL PHASE TRANSITION
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in the  plane(Im mu,d, ms , Re mu,d)

There are in general 3 different scenarios:

• 2nd order transition at nonzero mass

• circle theorem irrelevant, as map from  to critical 
magnetic field is nonlinear 

• requires reconstruction + extrapolation for various  in the 
continuum limit
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RECONSTRUCTING THE YLE
Adapt the strategy used for finite  in [Dimopoulos et al. (2022)] to finite :μ m

Multi-point Padé reconstruction

• assume that analytic structure of the free energy is captured by a rational function

f(z) ≈ Rm
n (z) =

Pm(z)
1 + Qn(z)

=
∑m

i=0 ai zi

1 + ∑n
j=1 bj zj

• consider  at  nodes  ( ) and assume we know its derivatives up to order 
 at each node

f(z) N zk k = 1,…, N
Lk

we can fix  Padé coefficientsn + m + 1 =
N

∑
k=1

(Lk + 1)

Pm(z1) − f(z1) Qn(z1) = f(z1)
P′￼m(z1) − f′￼(z1) Qn(z1) − f(z1) Q′￼n(z1) = f′￼(z1)

⋮
Pm(zN) − f(zN) Qn(zN) = f(zN)

P′￼m(zN) − f′￼(zN) Qn(zN) − f(zN) Q′￼n(zN) = f′￼(zN)
⋮



RECONSTRUCTING THE YLE

• rational functions can only have isolated poles (zeros of the denominator)

• branch cuts are indicated by arcs of poles, accumulating at branch points for large ,   
[Stahl (1997)]

• identify the YLE as the closest pole to the real axis that is stable under variation of the 
Padé order [m/n]

N

Test this in a simple  QM model (PQM with ), where parameters can be tuned such 
that scenario (B) and (C) are realized.

Nf = 2 A0 = 0

• Use 6 nodes for the chiral susceptibility χm ∼
δσ
δm

• 2 known derivatives at each node

• susceptibility is an even function of m

use [16/18] Padé in m



SCENARIO C

T ↘ Tc
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In this model: Ising transition at m > 0

reconstruction works well, but extrapolation is required if data at smaller  not availableT
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SCENARIO B
In this model:  phase transition at O(4) m = 0

reconstruction works well, no extrapolation required to infer mc
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TOWARDS THE APPLICATION TO QCD

• improving the reconstruction, e.g., using conformal Padé [Basar (2021)]

• a conjecture regarding the application of the Lee-Yang circle theorem to the 
 transition relevant for the 3-flavor chiral limit

• applying our idea to lattice data

SU(3) × SU(3)

So far, we did a successful proof-of-principle based on a simple model.
We are currently working on:

Note that if the circle theorem holds also in the 3-flavor chiral limit, our method can be very 
powerful as there is no need for any extrapolation

In any case, analysis of YLEs in the complex mass plane will add another layer of useful 
information to this unsolved problem 



SUMMARY

• we identified the critical mode of the CEP based on in-medium mixing and the 
resulting branch point

Analytic structure in the complex plane can 
shed new light onto open problems in QCD

We demonstrated this on two examples:

it is a mixture of the chiral condensate, the density and the Polyakov loops

• we proposed a new method to study the chiral phase transition based on the 
YLE in the complex mass plane

the circle theorem can provide powerful constraints, circumventing the 
need for extrapolations


