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Prelude 
Classical theory of chaos: 

Lyapunov exponents and KS entropy
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Lyapunov exponents - KS entropy
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 A constant growth rate of the observable entropy, i.e. the entropy measured after 
coarse graining, is a characteristic feature of chaotic dynamical systems.  

 Consider two evolutions of such a system starting from slightly different initial conditions 
 and . A dynamical system is chaotic if the 

distance in phase space between the two systems grows exponentially: 

                                          

  is called the (largest) Lyapunov exponent.  
 More generally, one can construct a spectrum of modes around the original trajectory in 

phase space and obtain the associated spectrum of Lyapunov exponents . The rate of 
growth of the coarse grained entropy is known as the Kolmogorov-Sinai (KS) entropy . 
It is given by 

                                                       .

( ⃗x(t0), ⃗p(t0)) ( ⃗x(t0) + δ ⃗x(t0), ⃗p(t0) + δ ⃗p(t0))

D(t) = |δ ⃗x(t) |2 + |δ ⃗p(t) |2 = D0eλt

λ

λi
hKS

dS/dt = hKS ≡ ∑
λi>0

λi

t0



         
Thermalization of a chaotic system
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Depending on the size of initial fluctuations, 
after some initial period, the measurable 
entropy of the system grows linearly with 
time:


.


After a time , the entropy of 
the system approaches the value of the 
entropy in thermal equilibrium, and further 
growth is impossible because the volume of 
accessible phase space at fixed total energy 
is finite.

This behavior can be calculated numerically 
in the classical limit of field theory.

dS/dt = hKS

τeq = Seq/hKS

Relaxation to equilibrium

Fluctuations: initial state dependent
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hSU(2)(E) a ≈ 0.17g2E a

hSU(3)(E) a ≈ 0.10g2E a

hSU(N) ≈ 0.17g2Nc T ≈ 2γpl(ω = 0)
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Classical

Semi-
classical



         
Lyapunov Spectrum SU(2)
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How chaotic is QCD?

 Maldacena, Shenker, and Stanford [JHEP 08 (2016) 106] argued that there is an 
upper bound on Lyapunov exponents: , where T is the temperature reached 
after equilibration. 

 Our numerical simulations for the SU(3) gauge theory found [PRD 52 (1995) 1260] 

                                               

     Which saturates the MSS bound when . 
 Thermalization in QCD at realistic coupling may thus be about three times slower 

than at infinitely strong coupling as realized in BH formation or AdS/CFT. 
 But this still gives a rather short thermalization time around 1 fm/c. 

 Next challenge: Compute entropy growth in the quantum lattice gauge theory.

λ ≤ 2πT

λmax = 0.53g2T
αs = g2/4π ≈ 1
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Chaos and quantization
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Full chaos implies small perturbations around classical solutions generally grow exponentially 
and that their eigenvalue spectrum contains modes with imaginary frequencies. 

At the quantum level, these modes correspond to tachyons which invalidate canonical 
quantization. 

This problem is often avoided by dynamical mass generation [S.G. Matinyan & BM, PRL 78 
(1997) 2515]. In simple cases, analytical solutions can be found involving spontaneous 
symmetry breaking (e.g. abelian Higgs model).

In the case of nonabelian gauge theories the mechanism is confinement, and no analytical 
approach is known that avoids the appearance not tachyonic modes around any classical 
field configuration.

Famous example: instability of a uniform chromomagnetic field (Savvidy 1977). Attempts to 
construct a nonperturbative ground state (“Copenhagen vacuum”) ultimately failed.

Euclidean lattice gauge theory provides a successful approach for the ground state and 
thermal equilibrium. Dynamics of highly excited state requires a different approach.



Quantum Chaos 
SU(2) Lattice Gauge Theory
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Thermalization
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Current description of rapid thermalization uses either semiclassical approximations (kinetic theory) or 
holographic techniques: One method neglects potentially important quantum effects, the other method 
describes a quantum field theory that differs from QCD. Can we do better?

Time evolution of local operator expectation value in terms of energy eigenstates is:

<latexit sha1_base64="HC2J39cHhKos4x33t/XZTrd+prc="></latexit>

hOi(t) = Tr[O⇢(t)] =
X

n,m

hn|O|mihm|⇢(0)|niei(En�Em)t

After some time?

<latexit sha1_base64="NWq8UtyrZxNUN0SLnmcWWF69erc=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1E2ZkaIuiyK4s4K9QGcYMmnahiaZIckIZejKja/ixoUibn0Gd76N6XQW2vpD4OM/53By/jBmVGnH+bYKS8srq2vF9dLG5tb2jr2711JRIjFp4ohFshMiRRgVpKmpZqQTS4J4yEg7HF1N6+0HIhWNxL0ex8TnaCBon2KkjRXYhx5DYsAIvIWezChIPckhx5PK9Ulgl52qkwkugptDGeRqBPaX14twwonQmCGluq4Taz9FUlPMyKTkJYrECI/QgHQNCsSJ8tPsjAk8Nk4P9iNpntAwc39PpIgrNeah6eRID9V8bWr+V+smun/hp1TEiSYCzxb1EwZ1BKeZwB6VBGs2NoCwpOavEA+RRFib5EomBHf+5EVonVbds2rtrlauX+ZxFMEBOAIV4IJzUAc3oAGaAINH8AxewZv1ZL1Y79bHrLVg5TP74I+szx/oNZgh</latexit>

hOimc(E)
Microcanonical ensemble average

<latexit sha1_base64="304RyR7ik5yfoJlDtJKo9GIKs7M=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQN2VGiroRiiJ0WaEv6Awlk2ba0CQzJBmljP0UNy4UceuXuPNvTNtZaOuBC4dz7uXee4KYUaUd59vKra1vbG7ltws7u3v7B3bxsK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML6d+Z0HIhWNRFNPYuJzNBQ0pBhpI/Xt4t116kkOm3JarntyFJ317ZJTceaAq8TNSAlkaPTtL28Q4YQToTFDSvVcJ9Z+iqSmmJFpwUsUiREeoyHpGSoQJ8pP56dP4alRBjCMpCmh4Vz9PZEirtSEB6aTIz1Sy95M/M/rJTq88lMq4kQTgReLwoRBHcFZDnBAJcGaTQxBWFJzK8QjJBHWJq2CCcFdfnmVtM8r7kWlel8t1W6yOPLgGJyAMnDBJaiBOmiAFsDgETyDV/BmPVkv1rv1sWjNWdnMEfgD6/MHBt6TNw==</latexit>

E = Tr(H⇢)

How does apparent thermalization happen in a closed quantum system, when energy is conserved?



         
Eigenstate Thermalization Hypothesis (ETH)
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For most non-integrable systems, matrix elements of “typical” local operators for “typical” energy 
eigenstates can be represented as

Diagonal part close 
to microcanonical 
ensemble average

Correction suppressed 
exponentially by 

system size

Gaussian (?) 
random 
matrix

Spectral function decays with ω

<latexit sha1_base64="7rQgZKOVnneiP6QFTfTdeJPYOnU="></latexit>

hn|O|mi = hOimc(E)�nm + e
�S(E)/2

f(E,!)Rnm

<latexit sha1_base64="4XQ8XLlIfoQBHqal5cn0KtnJQA4=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahItSkFPUiFKXgsYL9gDaGzXbTLt1swu5GKaX/w4sHRbz6X7z5b9y2OWj1wcDjvRlm5vkxZ0rb9peVWVpeWV3Lruc2Nre2d/K7e00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+cPrqd96oFKxSNzpUUzdEPcFCxjB2kj3NXRZrHnipOaFx6dlL1+wS/YM6C9xUlKAFHUv/9ntRSQJqdCEY6U6jh1rd4ylZoTTSa6bKBpjMsR92jFU4JAqdzy7eoKOjNJDQSRNCY1m6s+JMQ6VGoW+6QyxHqhFbyr+53USHVy4YybiRFNB5ouChCMdoWkEqMckJZqPDMFEMnMrIgMsMdEmqJwJwVl8+S9plkvOWalyWylUr9I4snAAh1AEB86hCjdQhwYQkPAEL/BqPVrP1pv1Pm/NWOnMPvyC9fENrJ6QsQ==</latexit>

E = (En + Em)/2
<latexit sha1_base64="05CSN2fYa/BqT0+jmELF14w9qsQ=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HxYtiVoF6EoAQ8RjAPSJZldjKbDJnHMjOrhJhP8eJBEa9+iTf/xkmyB00saCiquunuihJGtfG8b2dpeWV1bT23kd/c2t7ZdQt7DS1ThUkdSyZVK0KaMCpI3VDDSCtRBPGIkWY0uJn4zQeiNJXi3gwTEnDUEzSmGBkrhW6hIznpIXh8BauhOK2GPHSLXsmbAi4SPyNFkKEWul+drsQpJ8JghrRu+15ighFShmJGxvlOqkmC8AD1SNtSgTjRwWh6+hgeWaULY6lsCQOn6u+JEeJaD3lkOzkyfT3vTcT/vHZq4stgREWSGiLwbFGcMmgknOQAu1QRbNjQEoQVtbdC3EcKYWPTytsQ/PmXF0njrOSfl8p35WLlOosjBw7AITgBPrgAFXALaqAOMHgEz+AVvDlPzovz7nzMWpecbGYf/IHz+QNAxZK2</latexit>

! = En � Em

Deutsch, PRA 43, 2046 (1991)
Srednicki, PRE 50, 888 (1994)

L. D’Alessio, Y. Kafri, A. Polkovnikov, M. Rigol,

Adv. Phys. 65 (2016) 239 [1509.06411]



         
From ETH to Thermalization
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For large systems and initial states with small energy spread, ETH leads to

(1) Long time average   thermal expectation value  —> ergodicO ≈ ⟨O⟩T

(2) Fluctuations of  around  are exponentially small in system size⟨O⟩(t) O

(3) Quantum fluctuations  thermal fluctuations≈
(4) Real-time autocorrelation function 

<latexit sha1_base64="petbG1oXxwMMdw9M8Bv78Qq+oxA="></latexit>

hn|O(t)O(0)|ni � hn|O(t)|nihn|O(0)|ni ⇡
Z

d!e
�i!t

e
�!/2|f(E,!)|2

where  is related to the spectral function (depending on operator O)f(E, ω)

The system, when observed through , behaves like a system in thermal equilibrium.O



         
What must be demonstrated?
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• Discretize the continuum theory on a spatial lattice, choose boundary conditions


• Show that the diagonal part is exponentially close to the microcanonical average 


• Show that the off-diagonal part is a (Gaussian) random matrix


• Show that the spectral function decays for large 


• Consider “physical”, i.e. gauge invariant, multiplicatively renormalizable operators 


• Operators could be local or sufficiently smeared


• Demonstrate RG behavior for several  when , to establish the continuum limit


• Demonstrate ETH for several system sizes for fixed , to establish the infinite volume limit 

ω

g(a) a → 0

g(a)

<latexit sha1_base64="7rQgZKOVnneiP6QFTfTdeJPYOnU="></latexit>

hn|O|mi = hOimc(E)�nm + e
�S(E)/2

f(E,!)RnmFundamental ETH relation:



         
(2+1)-D SU(2) Lattice Gauge Theory
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Kogut-Susskind Hamiltonian:

S.A. Chin et al.. PRD 31 (1985) 3201

Byrnes, Yamamoto, quant-ph/0510027

<latexit sha1_base64="ISpF9mhZusO2sVWdSPlDbzP0xGU="></latexit>

H =
g
2

2

X

links

(Ea
i )

2 � 2

a2g2

X

plaquettes

⇤(n)

Gauss’s law: Every vertex transforms 
as a singlet for a state to be physical

Electric basis on links:
<latexit sha1_base64="d7qELvYQpw5EZMYm5Ah3dw69OO8=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCYkBVgipgrGBhYCiIPqQmihzXaU1tJ7IdpKrtwK+wMIAQK7/Bxt/gphmgcKR7dXTOvfL1CRNGlXacL6uwsLi0vFJcLa2tb2xu2ds7TRWnEpMGjlks2yFShFFBGppqRtqJJIiHjLTCweXUbz0QqWgs7vQwIT5HPUEjipE2UmDvje+9Y8iD66zfQk8i0WMksMtOxckA/xI3J2WQox7Yn143xiknQmOGlOq4TqL9EZKaYkYmJS9VJEF4gHqkY6hAnCh/lN0/gYdG6cIolqaEhpn6c2OEuFJDHppJjnRfzXtT8T+vk+ro3B9RkaSaCDx7KEoZ1DGchgG7VBKs2dAQhCU1t0LcRxJhbSIrmRDc+S//Jc2Tintaqd5Uy7WLPI4i2AcH4Ai44AzUwBWogwbAYAyewAt4tR6tZ+vNep+NFqx8Zxf8gvXxDS6qlPE=</latexit>

|j mL mRi
<latexit sha1_base64="6jeb24f+KaVpnMFWPBeknczvVJM=">AAACJHicdVDLSgMxFM3UV62vUZdugkWoKGWmFBVEKIrgwkUV+4C2lkyaadNmMkOSEcrYj3Hjr7hx4QMXbvwW02kX2uqBezmccy/JPU7AqFSW9WkkZmbn5heSi6ml5ZXVNXN9oyz9UGBSwj7zRdVBkjDKSUlRxUg1EAR5DiMVp3c29Ct3REjq8xvVD0jDQ21OXYqR0lLTPD6/zcH7bn0fes3LuF/DukC8zQg8gd1Md8/e/c9vmmkra8WA08QekzQYo9g03+otH4ce4QozJGXNtgLViJBQFDMySNVDSQKEe6hNappy5BHZiOIjB3BHKy3o+kIXVzBWf25EyJOy7zl60kOqIye9ofiXVwuVe9SIKA9CRTgePeSGDCofDhODLSoIVqyvCcKC6r9C3EECYaVzTekQ7MmTp0k5l7UPsvmrfLpwOo4jCbbANsgAGxyCArgARVACGDyAJ/ACXo1H49l4Nz5GowljvLMJfsH4+gZTdKD3</latexit>

E2|j mL mRi = j(j + 1)|j mL mRi

<latexit sha1_base64="qrSR9/RSufBm16xJxu24visKTv4="></latexit>

[Ea
i , U(n, ĵ)] = ��ijT

aU(n, ĵ)
<latexit sha1_base64="DoV6iUiyAG0PUJTpQ3ZdjuDOc+M=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFF1IS8bYRiiK4rGAvkKblZDpph04uzEyEEvIEbnwVNy4UcevanW/jtM1CW38Y+PjPOZw5vxdzJpVlfRsLi0vLK6uFteL6xubWtrmz25BRIgitk4hHouWBpJyFtK6Y4rQVCwqBx2nTG16P680HKiSLwns1iqkbQD9kPiOgtNU1y85NN2VZB47wFDwXX2Lmd1LwSJZ7pGuWrIo1EZ4HO4cSylXrml/tXkSSgIaKcJDSsa1YuSkIxQinWbGdSBoDGUKfOhpDCKh008k5GS5rp4f9SOgXKjxxf0+kEEg5CjzdGYAayNna2Pyv5iTKv3BTFsaJoiGZLvITjlWEx9ngHhOUKD7SAEQw/VdMBiCAKJ1gUYdgz548D43jin1WOb07KVWv8jgKaB8doENko3NURbeohuqIoEf0jF7Rm/FkvBjvxse0dcHIZ/bQHxmfP9wdm2I=</latexit>

[Ea
i , E

b
i ] = ifabcEc

i

<latexit sha1_base64="WmYGLz1nZi5264LtaTrxInnf9Wg="></latexit>

⇤(n) = Tr[U†(n, ŷ)U †(n+ ŷ, x̂)U(n+ x̂, ŷ)U(n, x̂)]



         
(2+1)-D SU(2) on Periodic Plaquette Chain
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……
Each vertex has three links: 
singlet is uniquely defined by 
the  values on the three linksj

Matrix elements between 
physical states (singlets) 
expressed in 6j symbols

1

2

3

4

a

bc

d

: initial

: final

j
J

Klco, Stryker, Savage, 1908.06935

<latexit sha1_base64="iVZs2KfFSjHCoUy+GTxM8isAnUA="></latexit>

hJ1J2J3J4|⇤|j1j2j3j4i =
Y

↵=a,b,c,d

(�1)j↵
Y

↵=1,2,3,4

h
(�1)j↵+J↵

p
(2j↵ + 1)(2J↵ + 1)

i

⇢
ja j1 j2
1/2 J2 J1

�⇢
jb j2 j3
1/2 J3 J2

�⇢
jc j3 j4
1/2 J4 J3

�⇢
jd j4 j1
1/2 J1 J4

�



p1 p2 p3

Z(p1)

Z(p2)

σx
1

(−0.5) σx
2□

□

         
Reduced Hilbert space with jmax = 1/2
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<latexit sha1_base64="vxK+zD5gJhGgMnddIbrvqybNa78="></latexit>

aH = J

N�1X

i=0

�
z
i �

z
i+1 + hz

N�1X

i=0

�
z
i + hx

N�1X

i=0

(�0.5)(�
z
i�1+�z

i+1)/2+1
�
x
i

<latexit sha1_base64="rKaa0ND5pJ3ZlAqLkPSqbWL2/+Q=">AAACFnicbVDLTgIxFO3gC/GFunTTSEwwEZhBgmxIiG6MK0zkkcA46ZQCDZ1H2o4RJ3yFG3/FjQuNcWvc+Td2YBYKnqTJuefcm9t7bJ9RIXX9W0ssLa+sriXXUxubW9s76d29pvACjkkDe8zjbRsJwqhLGpJKRto+J8ixGWnZo4vIb90RLqjn3sixT0wHDVzapxhJJVnp3BWswtwpGtwWC0b5pAuH1kN1Vlam1X3kFwvZSDq20hk9r08BF4kRkwyIUbfSX92ehwOHuBIzJETH0H1phohLihmZpLqBID7CIzQgHUVd5BBhhtOzJvBIKT3Y97h6roRT9fdEiBwhxo6tOh0kh2Lei8T/vE4g+xUzpK4fSOLi2aJ+wKD0YJQR7FFOsGRjRRDmVP0V4iHiCEuVZEqFYMyfvEiaxbxRzpeuS5naeRxHEhyAQ5AFBjgDNXAJ6qABMHgEz+AVvGlP2ov2rn3MWhNaPLMP/kD7/AHrNJo+</latexit>

J = �3ag2/16, hz = 3ag2/8, hx = �2/(ag2)

SU(2) with  jmax = 1/2
can be mapped onto spin chain
[X. Yao, PRD 108 (2023) L031504]

Project onto momentum eigenstates 
  (N plaquettes)−N/2 ≤ k ≤ N/2



         
Plaquette Chain with : Spectrumjmax = 1/2
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Look at matrix elements in 3 energy windows 
around peak with ca. 2000 eigenstates each

Restricted gap ratio distribution

N = 19

k  = 1



         
Plaquette Chain with : Diagonal Partjmax = 1/2
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Consider 1-plaquette and 2-plaquette operators with ag2 = 1.2

Proxy for microcanonical ensemble:

<latexit sha1_base64="LhSCiR7GhGupZw0CSQQPaDfdg9Y="></latexit>

�i(n) = hn|Oi|ni �
1

21

n+10X

m=n�10

hm|Oi|mi

Exponential decay with 
system size for  N ≥ 16

10°2

4 £ 10°3

6 £ 10°3|¢
1|

1-plaquette

11 12 13 14 15 16 17 18 19
N

2 £ 10°2

3 £ 10°2

|¢
2|

2-plaquette

[X. Yao, PRD 108 (2023) L031504]



         
Chain with : Off-Diagonal Partjmax = 1/2
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Consider off-diagonal part Mmn ≡ ⟨m |Hel |n⟩

0 < E < 1

Well described by Gaussian 

Spectral function at small  is well 

described by a diffusive transport peak

|ω |

f(E, ω) =
a

ω2 + b2
+ c



         
 Cutoff Dependence and Convergencejmax
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Energy eigenvalues on N = 3 chain vs. jmax

Take , only use states 
within 5% error from asymptotic 
eigenenergy values

jmax = 3.5

g2 = 0.8a−1

Energy level spectrum for different jmax

Select converged region 18 < E < 24

g2 = 0.8a−1

Ebner, BM, Schäfer, Seidl, Yao, PRD 109 (2024) 014504



         
N = 3 Chain with : Spectrumjmax = 7/2
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Wigner-Dyson

Distribution

Nearest-neighbor level statistics exhibits 
GOE characteristics at g2a = 0.8

a

Mean restricted gap ratio shows GOE behavior 
at weak coupling and Poisson at strong coupling



         
N = 3 Chain with : Off-Diagonal Partjmax = 7/2
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Plateau disappears when system is non-chaotic

Off-diagonal elements of  
are Gaussian distributed

Hel Spectral function at small |ω| exhibits 
a diffusive transport peak with plateau



         
Test GOE Behavior: N = 3, jmax = 7/2
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<latexit sha1_base64="lSk8EHQm5XT7NF3hJEsz8UPHnYk="></latexit>

O
T
mn =

(
hm|O|ni, |Em � En|  2⇡

T

0, |Em � En| > 2⇡
T

<latexit sha1_base64="DqUmc0hqmA4EFWlD0bbTl9UaZOI="></latexit>

⇤T =

�
Tr[(OT

c )
2]
�2

d (Tr[(OT
c )

4])

<latexit sha1_base64="ZLhLDMMdSte+AkfcPyXCDw/rU4s=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEgslATxWpAqWNgoUl9SGirHcVurthPZDlIV5QNY+BUWBhBi5QPY+BvcNAO0HMny0Tnnyr7HjxhV2ra/rbn5hcWl5cJKcXVtfWOztLXdVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXo/91gORioairkcR8TjqC9qjGGkjdUvl5Dbt4vs6vISGmfsQJh3JYV2mbiZ4R4FJ2RU7A5wlTk7KIEetW/rqBCGOOREaM6SU69iR9hIkNcWMpMVOrEiE8BD1iWuoQJwoL8mWSeG+UQLYC6U5QsNM/T2RIK7UiPsmyZEeqGlvLP7nubHuXXgJFVGsicCTh3oxgzqE42ZgQCXBmo0MQVhS81eIB0girE1/RVOCM73yLGkeV5yzyundSbl6lddRALtgDxwAB5yDKrgBNdAAGDyCZ/AK3qwn68V6tz4m0Tkrn9kBf2B9/gCL+poO</latexit>

O
T
c = O

T � Tr[OT ]/d

GOE measure  ΛT

For Gaussian Orthogonal Ensemble (GOE):

ΛT = 0.5

Construct band matrix by dropping 
deciphered matrix elements at time T



         
(2+1)-D SU(2) on Honeycomb Lattice
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On square lattice each vertex has four links and singlet is not unique

Solution: use honeycomb lattice

<latexit sha1_base64="bHqQgwWci5TSqdlLaECZ6U6THCQ="></latexit>

Hmag = � 4
p
3

9a2g2

X

n

(n)

<latexit sha1_base64="GMPsiuUdzUlnkf4qzzE7e/V2mH0=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQniNVawIKYi0YfURJHjOK2p4wTbQapCZxZ+hYUBhFj5Ajb+BjfNAC1Hsnx8zr26vsdPGJXKsr6N0tz8wuJSebmysrq2vmFubrVknApMmjhmsej4SBJGOWkqqhjpJIKgyGek7Q8uxn77nghJY36jhglxI9TjNKQYKS155q7DEO8xAq88Ch+gc5eiQN+3+uWI3PHMqlWzcsBZYhekCgo0PPPLCWKcRoQrzJCUXdtKlJshoShmZFRxUkkShAeoR7qachQR6Wb5KiO4r5UAhrHQhyuYq787MhRJOYx8XRkh1ZfT3lj8z+umKjxzM8qTVBGOJ4PClEEVw3EuMKCCYMWGmiAsqP4rxH0kEFY6vYoOwZ5eeZa0Dmv2Se34+qhaPy/iKIMdsAcOgA1OQR1cggZoAgwewTN4BW/Gk/FivBsfk9KSUfRsgz8wPn8AsT+Zpg==</latexit>

hJi| |jii
= product of six 6j symbols

between physical states

<latexit sha1_base64="fJ7joFZkhMLJMcQwUawqyC/HSrE="></latexit>
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Entanglement entropy
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Entanglement entropy of subsystems first grows with size and then declines when the 
subsystem exceeds half the size of the full system [D.N. Page, PRL 71 (1993) 3743].

Ebner, BM, Schäfer, Seidl, Yao, 2401.15184

SA = TrA(ρA ln ρA) with ρA = TrĀ |ψ⟩ ⟨ψ |

{jL} {jR}

j1L j1R

j2L j2R<latexit sha1_base64="k8MN2KtaRcKNYUFBbH3CA7qLmGk=">AAACCHicbVDLSsNAFJ34rPUVdenCYBFchUS0uiy6cVnBPqAJZTK9aYdOHszcCCV06cZfceNCEbd+gjv/xmmbhbYeuNzDOfcyc0+QCq7Qcb6NpeWV1bX10kZ5c2t7Z9fc22+qJJMMGiwRiWwHVIHgMTSQo4B2KoFGgYBWMLyZ+K0HkIon8T2OUvAj2o95yBlFLXXNI09AiF7uyUxA7rBonLt2VTdP8v4A7a5ZcWxnCmuRuAWpkAL1rvnl9RKWRRAjE1Spjuuk6OdUImcCxmUvU5BSNqR96Gga0wiUn08PGVsnWulZYSJ1xWhN1d8bOY2UGkWBnowoDtS8NxH/8zoZhld+zuM0Q4jZ7KEwExYm1iQVq8clMBQjTSiTXP/VYgMqKUOdXVmH4M6fvEiaZ7ZbtS/uziu16yKOEjkkx+SUuOSS1MgtqZMGYeSRPJNX8mY8GS/Gu/ExG10yip0D8gfG5w/SVJna</latexit> 8 > > > > > > > > < > > > > > > > > : <latexit sha1_base64="I/L98XFm4+/2IHCxvhoMhxC1Zko=">AAACCHicdVA9SwNBEN2L3/EramnhYhCsjrtTE+1EG0sFYwK5EPY2c8mSvQ9254RwpLTxr9hYKGLrT7Dz37inEVT0wTCP92bYnRekUmh0nDerNDU9Mzs3v1BeXFpeWa2srV/pJFMcGjyRiWoFTIMUMTRQoIRWqoBFgYRmMDwt/OY1KC2S+BJHKXQi1o9FKDhDI3UrW76EEP3cV5mE3OHROHftmmm+Ev0B2t1K1bGPDmvegUcd23Hq3l6tIF5939ujrlEKVMkE593Kq99LeBZBjFwyrduuk2InZwoFlzAu+5mGlPEh60Pb0JhFoDv5xyFjumOUHg0TZSpG+qF+38hZpPUoCsxkxHCgf3uF+JfXzjA87OQiTjOEmH8+FGaSYkKLVGhPKOAoR4YwroT5K+UDphhHk13ZhPB1Kf2fXHm2W7MPLvarxyeTOObJJtkmu8QldXJMzsg5aRBObsgdeSCP1q11bz1Zz5+jJWuys0F+wHp5BzVMmh4=</latexit> 8 > > > > > > > > < > > > > > > > > :
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Page curve
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SEE versus Sth
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SEE(A) ≈ min (Sth(A), Sth(Ā))
using

T = [ dSmc(E)
dE ]

−1



         
Summary

30

We obtained extensive numerical evidence for ETH in (2+1)-dim. SU(2) lattice gauge theory.

Three cases studied by direct diagonalization of the KS Hamiltonian:

(1) long chain with jmax = 1/2
(2) short chain with  and fully converged spectrumjmax = 7/2

(3) 2D honeycomb with jmax = 1/2

We found: • Wigner-Dyson level spacing statistics 


• Clustering of diagonal matrix elements around micro canonical average 


• Random matrix behavior of off-diagonal matrix elements 


• Transport peak in spectral function at small |ω| 


• Page curve for energy eigenstates 
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Future Plans
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 (1) (2+1)-D honeycomb with higher jmax

(2) (3+1)-D SU(2) on triamond lattice

(3) SU(3) gauge theory

(5) Implementation on a quantum computer

(4) Include fermions

There are many possible directions for future research, e.g.:

Extent of further investigations will depend on availability of computing resources.

More efficient algorithms than full diagonalization of HKS must also be explored.


