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Outline

Well established introduction & recent developments

Intro:

- Heavy-ion physics: motivation, basic results

- Quantum statistical correlations, HBT effect

- Femtoscopy: image reconstruction on the 10-*> m scale
Bose-Einstein correlations:

- Source functions; precision treatment

- Final state interactions: Coulomb effect, strong interaction (s-wave)

- New mathematical method for the treatment of Coulomb interaction
Outlook:

New developments in model building

New directions in experimental investigations - see nex talk...
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Heavy-ion Physics
Strong interaction, theory: QCD
L=—1FME2+3° &g}m{wgﬁ (6,20 — igAuatay) —mDs,, Bgm}ng))\

F2,=0,A%—0,A% +gff Al AS

+perturbative solution, lattice QCD, effective theories...

Strong interaction, experiment: heavy-ion physics = collisions of heavy nuclei

Phenomenology: connecting experiment to theory; not self-evident
Questions: statistical physical aspects of QCD

- phases of strong interaction; QGP (quark gluon plasma)
- collective properties, critical endpoint (?7), ...
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Heavy-ion physics

Theory + experiment: big experimental collaborations

- BNL (Brookhaven National Laboratory), RHIC: STAR, PHENIX, sPHENIX, ...
CERN LHC: ALICE, CMS, ATLAS, ...

s

D, G
e T
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Various collision energies & systems, similar picture:
RHIC: AuAu @ 200,62.4,54,39,27,19,14.5,7.7,...GeV, UU @ 193 GeV, ...

LHC: PbPb @ 2,76 TeV

dn 1 dn >
Observables: Spectrum (yield): Ni(p) = E% T 2 dpdy [1 +2 Z;Un cos [n(p—T,)]
O )= Ny (p1, p2)
- Two-particle correlation: ~~2\P1-P2) = Ni(p1)Ni(p2)
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Milestones in heavy-ion physics

RHIC: from 2000 onwards, LHC: from 2010 onwards
first discoveries — precision measurements; active topics

Suppression at large transverse momentum:
- compared to p+p collisions: Raa<1 in 200 GeV AuAu collisions
- in d+Au no such suppression: new type of matter
- at the quark level: different mesons are suppressed similarly
- heavy (c,b) quarks; full jets

- Direct photons: no suppression; ,,penetrating probes’’ (— centrality calibration)

IJ':'g AU‘+AU \‘fs =I 130 éev I §24 |l  PHENIX Au+Au, \"SNN = 200 GeV, 0-10% most central
central 0[41N0% S 1 c22- fi direct ¥ (PRL109, 152302) § JAy 0-20% cent. (PRLE8, 232301)
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Milestones in heavy-ion physics

At low transverse momentum:

Statistical physical processes, thermal distributions - hydrodynamics + freeze-out

Azimuthal anisotroies (v» parameters of spectrum): useful probes at low momentum

First discovery: Further refinements:
sizeable vn, especially va: - collective motion at the quark level
- liquid-like phase - viscosity (n/s) extremely low...
5 MpE N Tét @ 1 = (b)
:':'().08:

0.04}

ozim@d _, @% 1 1 Q&ﬁﬁ‘#* ]
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Pl ] % 1 2 0 0.5 1 15

0.02f
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TSI S N

- SQGP: strongly coupled quark-gluon plasma

Direct photon spectrum: thermal radiation - Ty, = 300-600 MeV
Open questions: direct photon flow...
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Milestones in heavy-ion physics

Phase transition:

First order, second order, crossover???
_ Rey — Rge < (AT)” with Row, Rece: Sizes of particle source, At: freeze-out duration
- a first ,,input” from femtoscopy (Bose-Einstein correlations, see below)

- experimentally: in high energy (AuAu @ 200GeV) collisions, Rout/Rsige = 1

- no latent heat: crossover (in harmony with lattice QCD)
[ A ﬁLHC(5TeV)

Open questions: L~ RHIC (200 GeV)

P A eNE
— details of phase diagram T i/liSTAR FXT, FAIR-CBM
L
- New experiments, experimental programs:
RHIC Beam Energy Scan (BNL, USA) 170
MeV QGP
JHITS @ J-PARC (Japan)
CBM @ FAIR (GSI, Darmstadt) % I
MPD @ NICA (Dubna) etc... E Szin-szupra-
— existence of critical endpoint & first order T - vezeto (7)
transition line?? e >
Bariokémiai potencidl He
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Bose-Einstein correlations

First: in (radio) astronomy
R. Hanbury Brown & R.Q. Twiss, 1954-1956: correlation between different photons

- “interference”; surprise... HBT effect

In particle physics: observed correlation between identical pions (n*n*, m'n- pairs)

in ,,h|gh energy" reactlons (,GGLP effect”, 1960)
150 300 Basic explanation (Hanbury-Brown, Twiss, U. Fano...):

1 +
Like4 T i = ]
(alLike unlike4T™ 41 jdentical bosons - symmetric wave function

100f H//{ 2001 - From this: correlation as Fourier transform of source

/1/' - astronomy: good angular resolution, Ao = A/d
50;,}/}"{} l '°°_‘_,.f-'*'{"{ ) - high energy physics: coordinate resolution Ax = A/AQ
i typically: AQ=10-100 MeV/c -» Ax =1 fm

Femtoscopy
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Interlude: classical

Simple classical description: (e.g. Baym, Acta Phys Polon. B29 (1997) 1839)

point-like
sources

detectors

»
>

L

Assume spherical waves with random phases:
Al — z (aetk'r lat10q _l_ﬁezk:r Lb‘HCPb)
= = % (|a|2 + 182 + o Beitktrio—ria) Hoo—da) | a@*e—fz(k(m—mmb—%))

= (I = (D) = 75 (e + (18P)

vy

1 o
However, (11,) = — [(|af* + [8I*) +2laf|B1 (1 + cos (k(ria — 120 — 11 + 72))]

2

= od)-1~ |/d:smmez(a-& ).
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Bose-Einstein correlations in heavy-ion collisions

Basic formulas & concepts:

K-— P1+P2
source function: S(x,p) 2
momentum distribution: Nl(p)zfdx S(x,p) k-— P1—P2
2

>
pair wave function: w( )(Xl:x2)
two-particle distribution: N2(p1, p2)=[ dxidxz S(Xl,Pl)S(X2;PZ)‘w(z)(Xl,)Q)‘z

N2(P1: p2)
correlation: C(P1;P2)= Ny (p1) N1(p2)

rel. coordinate distr.: D(r, K)Z/d‘lPS(P"‘%: K)S(p—%, K)

D(r,K 2d
- Approximately thus: C(k,K)= J (}b(l)’h:?)(;z, r

(Koonin-Pratt formula)

If final state particles move freely: 1

p(2)

plpg(xl’xQ) - \/5

. [6*7?291-9316*1'2?2-:52 + e*”ipl-me*im-m}
- plane wave, symmetrized

= 0@, (21, 22)] = 1+ cos[(p1—pa) - (21—22)]
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Bose-Einstein correlations

For the case of no Fi- K
. Gy (QK) =1+ D(@.K)
nal State Interactions: D(0,K)

D(Q.K) = / d'z D(z, K)e 9"

— correlation: essentially Fourier transform of source (QOx= Qx/h)

Core-halo model: explanation for empirical A , intercept parameter”

- ,core”: few fm in size; collision region (QGP)
- haln” reconance decav cantrihiition (e g. in case of ntrn*: nn, KO)

S, K) = VA-S.(r,K) + (1-VA) - Sy(r, K)
D(r,K) = A+ Dee(r, K) + 2VA(1=VA) - Don(r, K) + (1=VA)* - Dy (r, K)

= With no ESl:~ O3(Q,K) = 1+ X+ D,.(Q, K)

~ With FSI:
Bowler-Sinyukov formula:

T I— zQ
14A

Sh(r)

C5(Q,K) = 1— )\+)\/d3rDcc(r K) |2 (r)]?

1
\l’o

May 30, 2024 Marton Nagy - ELFT Particle Physics Summer School 1/26



Measurements abound:

At RHIC: from 2002 onwards; see next talk as well

Assuming Gaussian sources: Dcc(r)ocexp(—rcr(R?),')

Parameters: A intercept + 3D: Rout, Riong, Rside
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Event plane sensitive measurement: explores
ellipsoidal source geometry & initial fluctuations
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Digression: Gauss — Lévy

Gaussian: Dc(r)ocexp(—rcn(R?) ;1)

Experimentally (from PHENIX;

using imaging technique

Brown, Danielewicz, PLB 398, 252 (1997))!

12 Ha)  Au+Au (O<cen<20 %)
F Y 0.20<k;<0.36 GeVic
‘M + _t+ -
15F 4, Tm&nT
AR, * Data
o a A-! o Restored
© 3* 8 C(q) Fit
105 F " s 3D HBT
i Ili!
I !giﬂ&llsllg!
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Theoretical idea: Cso6rgd, Hegyi, Zajc, EP) C 36, 67 (2004)
Generalized Gaussians —» Lévy distributions

as source model

E(a,R,T):/(—

d3q
27)3

e

—1|aR|~

New parameter: o (,Lévy index”);

a=2: Gaussian: in other cases:

A Lo, 1, 7) & sin(Z2) T (a+2) - r 27

Stable (w.r.t convolution)

Lévy distributions
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Coulomb interaction

Usual treatment: scattering state solutions to NR Schrodinger equation

- transform into PCMS (Pair Co-Moving System); non-trivial modification of source
para Mmeters B. Kurgyis, D. Kincses, M. Nagy, M. Csanad, Universe 9, 328 (2023)

Xem * /—LC2 o qg 1 1
- Sommerfeld parameter: = 122775 Qem = Areg he ~ 137.036
@)y _ Uk(®) +(-1) N _@-kr{ N N }
r)= = e M(1—n,1,1(kr+kr)) + M (1—in, 1,2(kr—kr
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Coulomb interaction

Usual treatment: scattering state solutions to NR Schrodinger equation

- transform into PCMS (Pair Co-Moving System); non-trivial modification of source
para Mmeters B. Kurgyis, D. Kincses, M. Nagy, M. Csanad, Universe 9, 328 (2023)

. Qe * #02 - qg 1 N 1
- Sommerfeld parameter: "= 12270 Cem = Areg he 137,036
(2) . Ui (1) + i (—r) _ N* —ikr{ : : . . }
r)= = e M(1—wn, 1,i1(kr+kr)) + M (1—in, 1,i(kr—kr
w8, k = 50 MeV/c py(Coulome)2 i — 50 MeV/e
100 3 g1
= 80 * 80
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Coulomb interaction

Usual treatment: scattering state solutions to NR Schrodinger equation

- transform into PCMS (Pair Co-Moving System); non-trivial modification of source
para Mmeters B. Kurgyis, D. Kincses, M. Nagy, M. Csanad, Universe 9, 328 (2023)

Qe * /—LC2 o qg 1 1
- Sommerfeld parameter: 1= S22 Qem = 0 0 0 037 036
l({z)(r) = Ux(r) j:/%bk(_r) = 'i\/%e_““" {M(l—z’n, 1, i(kr+kr)) 4+ M (1—in, 1, z’(kr—kr))}
OB k = 25 MeV/c py(CoUlemR)2 25 MeV/c
g100g 3 Emo
* 80F * 80 |
60 = 60 |
401 5 40 '
20F 20 ‘
of 15 0
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Coulomb interaction

Usual treatment: scattering state solutions to NR Schrodinger equation

- transform into PCMS (Pair Co-Moving System); non-trivial modification of source
pPa rameters B. Kurgyis, D. Kincses, M. Nagy, M. Csanad, Universe 9, 328 (2023)
¢ 1 1
€

2
Qlem * JLC
- Sommerfeld parameter: "= 12270 Gem = Areq he ~ 137,036

l({2)(1_) _ Ui (r) ‘\"/;_[’k(_r) _ -i\//-;e—ikr {M(l—?ﬁ?; 1,i(kr+kr)) +M(1—in, 1,7j(kr—kr))}

w98 k =12 MeV/c y(CoulombI2 " — 12 MeV/c

-80
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Coulomb interaction

Usual treatment: scattering state solutions to NR Schrodinger equation

- transform into PCMS (Pair Co-Moving System); non-trivial modification of source
pPa rameters B. Kurgyis, D. Kincses, M. Nagy, M. Csanad, Universe 9, 328 (2023)

Qo * pUC2 ¢ 1 1
- Sommerfeld parameter: 1= 212275 Gem = e ~ 137.036
@y _ V() + (=) N _m[ o o ]
r)= = e M(1—wn,1,i1(kr+kr)) + M (1—in, 1,:(kr—kr
&) 7 ¢ [ (i LG 1)) A (1, i)
N'(O)lz, k = 8 MeV/c N!(Coulomb)|2’ k = 8 MeV/c

(=}
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Coulomb interaction

Usual treatment: scattering state solutions to NR Schrodinger equation

- transform into PCMS (Pair Co-Moving System); non-trivial modification of source
para Mmeters B. Kurgyis, D. Kincses, M. Nagy, M. Csanad, Universe 9, 328 (2023)
¢ 1 1
€

2
Qlem * JLC
- Sommerfeld parameter: "= 12270 Crem = Arreg hic ~ 137,036

) (p) = U(r) + (1) _ N7
3 V2 V2
Several possibilities:

- Direct fitting wih (numerically calculated) “Coulomb transform”

- |terative Coulomb correction: C(Q) & C©(Q) from S(r) source with given parameters,
ratio: Coulomb correction; multiply measured C(Q) with this, fit with C©(Q), re-

calculate... = convergent, less calculation needed
- Apply C9(Q)/C(Q) calculated for a fix parameter set
not self-consistent; however, still applied extensively

g~ kT {M(l—in, 1, i(kr+kr)) 4+ M (1—in, 1, i(iﬁ“—kr))}

- Gamow correction: valid for point-like source
2
N =eP(vin) = NP =

e2m™ — 1

Need for refinement of treatment of Coulomb interaction...
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A glimpse of own work: new

method for Coulomb effect

Eur. Phys. ). C83 (2023) 11, 1015
What’s needed:

(2) (2
D(ir)|¢k ()| integrated over space
- direct calculation slow (esp. for slowly
decaying source functions)

— iterative correction: still too slow

- Gamow approximation: not precise enough
- |ookup table in computer memory... painful

1

Q=G

[Erw@oF [af@e-

77

Important case is when source itself is
a Fourier transform,
d®q

D) = [ o

— Sometimes (e.g. in case of Lévy
distributions) even this is possible only
numerically

f(q)e™

- D(r) : slowly decaying; (") : oscillates

— Awkward: Fourier transform then
»almost inverse”, numerically...
Idea: ,,exchange integrals”

(qurp/ d3“/ Cr f(a)e" |17 (r)*=

: /d3qf(CI) &r e (r) L/%%

(2m)?

277

Not working in this way. Resolution: regularization, AER*,
then A—0. Careful with math (once in a lifetime...)

May 30, 2024
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New method for Coulomb effect

Proper way then:

C(Q)= [ [P (N [PD(r)=[d% lim e |0 (r)? D(r)

A—0
= I|m/d3r t=.~_)“|gb(2)(r)|2 D(r)= Ingredients:
33 - (Lebesgue) integrability
—)[|210/d3 (2 ()]3 F(q) e P (r)? e = - Lebesgue theorem (lim &
integral exchange)
o —Ar :qr (2) 2 ..
= lim (2@3 f(q)/d’re ()] - Fubini theorem (for double

integral)
- |ast sten: cannot take limit

before integral
Further elaboration: in spherically symmetric case, for now

G(Q)= W' /dqq fs(q) [Dns(q)JrDzAs(q)}

D1xs(q) —/d3rs'" ar) e N M(1+in, 1, —i(kr+kr)) M(1—in, 1, i(kr+kr))

Doxs(q) /d3 sm(qr) _}‘rM(l—l—m,l —i(kr—kr))M(1—in, 1, i(kr+kr))
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New method for Coulomb effect

After performing r-integrals (complex analysis needed; A. Nordsieck, Phys. Rev. 93, 785 (1954).)

747-‘- [ 1 2in 4K2
Dise(a)="Im| 5o (1+:25) 7 (G )]

47 ()\—iq—2ik)"”()\—iq+2ik)_”’}

s =—1 .
Daxs(q) q m (\—iq)2+4k?

For A-0: ill-behaved function limits (in integrands)

Goal: find usable formula for the above limits
Result:

G(Q)=|N° (1—|—f(2k)-|— [.Als-l-/bs])

O (1 2) ()

2 [T f(q)—f(2k) gq (q+2k)™
s—— d I " T .
Az 77/0 9 g—2k  qg+2k m(q—Zk—i—rO)”’

-n-0: free case
- A5, Axs “correct the Gamow correction”

- Ass, Ass: well defined, numerically easy
functionals of fs(q)
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New method for Coulomb effect

After performing r-integrals (complex analysis needed; A. Nordsieck, Phys. Rev. 93, 785 (1954).)

747-‘- [ 1 2in 4K2
Dise(a)="Im| 5o (1+:25) 7 (G )]

47 ()\—iq—2ik)"”()\—iq+2ik)_”’}

Fi(x)=2Fi(in, 1+in, 1, x)

Dars(q)=——1 :
25(9) q (A—ig)>+4k>

For A-0: ill-behaved function limits (in integrands)

Goal: find usable formula for the above limits
Result: Similar case: approximation

f 6(x) Dirac-delt
C2(Q)—|N|2(1+f(2k)+ [,415+,425]) of 8(x) Dirac-delta

O (1 2) ()

2 [T f(q)—f(2k) gq (q+2k)™
s—— d I " T .
Az 77/0 9 g—2k  qg+2k m(q—Zk—i—rO)”’

-n-0: free case
- A5, Axs “correct the Gamow correction”

- Ass, Azs: well defined, numerically easy -~ __,,/ \5_
functionals of f(q) — | >
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New method for Coulomb effect

After performing r-integrals (complex analysis needed; A. Nordsieck, Phys. Rev. 93, 785 (1954).)

747‘- I ]_ 2in 4k2
7')”"‘('{’)_?11“[1_(,\—,r'q)2 (Hm) f+((qm)2)}

47 ()\—iq—2ik)"”()\—iq+2ik)_”’}

Fi(x)=2Fi(in, 1+in, 1, x)

Dors(g)=—1 )
2xs(q) q m (A—iq)2+4k?

For A-0: ill-behaved function limits (in integrands)

Goal: find usable formula for the above limits
Result: Similar case: approximation

f 6(x) Dirac-delt
C2(Q)—|N|2(1+f(2k)+ [,415+,425]) of 8(x) Dirac-delta

o O (1 2) 2 ()

2 [T f(q)—f(2k) gq (q+2k)™
s—— d I " .
Az 77/0 9 qg—2k q+2k m(q—Zk—i—rO)”’

-n-0: free case
- Ass, Ass “correct the Gamow correction” 7\

- Ass, Azs: well defined, numerically easy /
functionals of f(q) —— | >
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New method for Coulomb effect

After performing r-integrals (complex analysis needed; A. Nordsieck, Phys. Rev. 93, 785 (1954).)

747-‘- [ 1 2in 4K2
Dise(a)="Im| 5o (1+:25) 7 (G )]

47 ()\—iq—2ik)"”()\—iq+2ik)_”’}

Fi(x)=2Fi(in, 1+in, 1, x)

Dars(q)=——1 :
25(9) q (A—ig)>+4k>

For A-0: ill-behaved function limits (in integrands)

Goal: find usable formula for the above limits
Result: Similar case: approximation

f 6(x) Dirac-delt
C2(Q)—|N|2(1+f(2k)+ [,415+,425]) of 8(x) Dirac-delta

O (1 2) ()

2 (3 6la)=f(2k) q (g+2k)™
s— d 1 A
A2 77/0 aq q—Zk q—|—2k m(q—2k+f0)m /\

-n-0: free case
- A5, Axs “correct the Gamow correction”

- Ass, Ass: well defined, numerically easy
functionals of fs(q)
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New method for Coulomb effect

After performing r-integrals (complex analysis needed; A. Nordsieck, Phys. Rev. 93, 785 (1954).)

747-‘- [ 1 2in 4K2
Dise(a)="Im| 5o (1+:25) 7 (G )]

| | Fi(x)=2F1(in,14+in, 1, x)
A ()\—iq—2ik)”’()\—iq+2ik)_”’}

Dars(q)=——1 :
25(9) q (A—ig)>+4k>

For A-0: ill-behaved function limits (in integrands)

Goal: find usable formula for the above limits
Result: Similar case: approximation

f 6(x) Dirac-delt
C2(Q)—|N|2(1+f(2k)+ [,415+,425]) of 8(x) Dirac-delta

e 90 12" () f~

q

2 [T f(q)—f(2k) gq (q+2k)™ '
s—— d I T . I
Az nfo T7"g—2k  q+2k " (g—2k+i0)m R

-n-0: free case |
- Ass, Az “correct the Gamow correction” [\

- Ass, Ass: well defined, numerically easy J | k

functionals of fs(q)
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New method for Coulomb effect

After performing r-integrals (complex analysis needed; A. Nordsieck, Phys. Rev. 93, 785 (1954).)

747-‘- [ 1 2in 4K2
Dise(a)="Im| 5o (1+:25) 7 (G )]

P YA T A N S \N—IT)
D2}\5(Q)_4W [(A—ig—2ik)""(A—ig+2ik) }:

Fi(x)=2Fi(in, 1+in, 1, x)
—Im

q (A—iq)?>+4k?

For A-0: ill-behaved function limits (in integrands)

Goal: find usable formula for the above limits

Result: Similar case: approximation

Cz(c;)):|f\/|2 (1-|—f (2k)+ = [A15+A25]) of 8(x) Dirac-delta
o 02 4] |

2 [T f(q)—f(2k) gq (q+2k)™
s—— d I " T .
Az 77/0 9 g—2k  q+2k m(q—Zk—i—rO)”’f | |

|
-n-0: free case

[13 M ” I l
- A5, Axs “correct the Gamow correction

I| |
[\
- Az, Azs: well defined, numerically eas '
15, Aas y easy ___/ ! \_
functionals of fs(q)
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New method for Coulomb effect

After performing r-integrals (complex analysis needed; A. Nordsieck, Phys. Rev. 93, 785 (1954).)

747-‘- [ 1 2in 4K2
Dise(a)="Im| 5o (1+:25) 7 (G )]

47 ()\—iq—2ik)"”()\—iq+2ik)_”"}

Fi(x)=2Fi(in, 1+in, 1, x)

Dars(q)=——1 :
25(9) q (A—ig)>+4k>

For A-0: ill-behaved function limits (in integrands)

Goal: find usable formula for the above limits
Result: Similar case: approximation

f 6(x) Dirac-delt
C2(Q)—|N|2(1+f(2k)+ [Alsmzs]) of 8(x) Dirac-delta

O (1 2) ()

2 [T f(q)—f(2k) gq (q+2k)™
s—— d I " T .
Az 77/0 9 g—2k  qg+2k m(q—Zk—i—rO)”’

-n-0: free case
- A5, Axs “correct the Gamow correction”

- Ass, Ass: well defined, numerically easy
functionals of fs(q) - >

May 30, 2024 Marton Nagy - ELFT Particle Physics Summer School 1/26



New method for Coulomb effect

Numerically implemented (Gauss-Krohnrod algorithm from boost C++ library)
- real time calculation becomes possible! github.com/csanadm/CoulCorrLevyIntegral
Examples: nr, KK pairs

a (0.6, 2.0)

g a (0.6, 2.0) g |
6 [lr=3tm [JR=6m Ciel [lr=3fm [JR=6m
Hr=9m [ |R=12m i Br=9tm [ |R=12m
1.4 —o=2 1_4__ —oa=2
0= 0.6 T - o = 0.6 K'K*
124 | 12— A
1 | 1 | | | 1 | 1
0 005 01 015 02 025 03 035 0.4 0 005 01 015 02 025 03 035 0.4
Q [GeV/c] Q [GeV/c]
Next steps:

- non-spherically symmetric case (math: ready)
3D Lévy measurement becomes possible in a self-consistent way
- Treatment of (s-wave) strong interaction
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Summary and outlook

Phenomenology of Bose-Einstein correlations:
Femtoscopy: introduction, uses, ingredients (Core-halo picture, Coulomb effect)
— versatile tool to map out particle emitting source geometry
- results a
Methods of self-consistent description; new mathematical method introduced
Ready to use (in fact, used) in experimental analyses

(Some) open topics (under investigation):

- 3D calculation of C(Q); Coulomb effect included
- Inclusion of strong interaction into new framework (interesting for investigation

of strong interaction itself for exotic particles... recent direction)

See next talk for various recent experimental results

Thanks for your attention (&sorry...) !!!
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