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• Structure and composition of carbon nanostructures

• Tunneling through carbon nanostructures

• Etc.

www.nanotechnology.hu



Outline

1. Introduction to wave packet dynamics

2. Simulation method

3. Visualization method

4. Presentation of results
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Wave packet dynamics
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Modeled system
Canvas

Wave packet



Wave packet scattering in defected graphene
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Motivation
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Possible simulation methods

• Split-operator Fourier method

• Finite Difference Time Domain
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𝑖ℏ
𝑑

𝑑𝑡
𝜓 റ𝑟, 𝑡 = −

ℏ2

2𝑚
Δ + 𝑉( റ𝑟) 𝜓( റ𝑟, 𝑡)

How to calculate numerically?

𝜓 റ𝑟, 𝑡 = 𝑒−
𝑖
ℏ

෡𝐻(𝑡−𝑡0)𝜓( റ𝑟, 𝑡0)𝜓 റ𝑟, 𝑡𝑛 = 𝑒−
𝑖
ℏ

෡𝐻(𝛿𝑡)𝜓( റ𝑟, 𝑡𝑛−1)



Fourier transform of the derivative
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Operator separation
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𝜓 റ𝑟, 𝑡𝑛 = 𝑒−
𝑖
ℏ

෡𝐻𝛿𝑡𝜓( റ𝑟, 𝑡𝑛−1)

𝑒−
𝑖
ℏ

෡𝐻𝛿𝑡 = 𝑒−
𝑖
ℏ

( ෡𝐾+෡𝑉)𝛿𝑡

𝑒−
𝑖
ℏ

( ෡𝐾+෡𝑉)𝛿𝑡 ≈ 𝑒−
𝑖
ℏ

෡𝐾𝛿𝑡/2𝑒−
𝑖
ℏ

෡𝑉𝛿𝑡𝑒−
𝑖
ℏ

෡𝐾𝛿𝑡/2

Error of the approximation is 𝒪(𝛿𝑡3).



Split-operator Fourier method

𝜓( റ𝑟, 𝑡𝑛) ≈ 𝑒−
𝑖
ℏ

෡𝐾𝛿𝑡/2𝑒−
𝑖
ℏ

෡𝑉𝛿𝑡𝑒−
𝑖
ℏ

෡𝐾𝛿𝑡/2𝜓( റ𝑟, 𝑡𝑛−1)
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× 𝑒−
𝑖
ℏ

𝑉( Ԧ𝑟)𝛿𝑡
× 𝑒−

𝑖𝑘2ℏ𝛿𝑡
4𝑚 × 𝑒−

𝑖𝑘2ℏ𝛿𝑡
4𝑚

ℱ

ℱ−1

ℱ

ℱ−1



FDTD method: power series expansion

𝑆𝑘( റ𝑟, 𝑡𝑛) =
−

𝑖
ℏ

෡𝐻𝛿𝑡

𝑘
𝑆𝑘−1( റ𝑟, 𝑡𝑛)
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𝜓 റ𝑟, 𝑡𝑛+1 = 𝑒−
𝑖
ℏ

෡𝐻𝛿𝑡𝜓( റ𝑟, 𝑡𝑛) = ෍

𝑘=0

∞

𝑆𝑘( റ𝑟, 𝑡𝑛)

𝑆0( റ𝑟, 𝑡𝑛) = Ψ( റ𝑟, 𝑡𝑛)

𝑘 = 1,2,3, …

=
𝑖𝛿𝑡

𝑘

ℏ

2𝑚
Δ𝑆𝑘−1 റ𝑟, 𝑡𝑛 −

𝑉( റ𝑟)

ℏ
𝑆𝑘−1 റ𝑟, 𝑡𝑛
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ℙ𝒱 = න
𝒱

𝜓( റ𝑟, 𝑡) 2𝑑 റ𝑟



Ray marching
To visualize: 𝜌 Ԧ𝑟, 𝑡 = 𝜓( Ԧ𝑟, 𝑡) 2 probability density
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Virtual 
camera

3D dataset

Ray
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Phase coloring Translucency

Shadows

Advanced visualization techniques

Specular highlightWave packet
Potential wall



My implementation

• A program written in Python

• The 3D FFT calculation and the large complex 
valued tensor multiplications are carried out on
the GPU using CUDA.

• Mathematics: Numpy, Cupy

• Visualization: Vispy

• Custom CUDA kernels for some calculations

• Custom GLSL shader for ray marching
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github.com/
TheFlyingPiano99/

WaveFunctionSimPython



Achieved speed-up

•× 50 speed-up compared to the previous 
implementation

•512 × 512 × 512 voxels simulated with the speed of 
~0.5 iteration / second.
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Achieved speed-up
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50 ×

NVIDIA GeForce RTX 3050 Ti
Laptop GPU

AMD Ryzen 5 6600H



Double-slit simulation
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WP pushed by a moving potential wall
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WP pushed by a moving potential wall
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Summary

21

50 × faster

Ray traced



Further development
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• Experimenting with other simulation 
methods

• Simulation of multiple 3D particles



Thank you for your attention!
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Extra slides

24



Schrödinger equation
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Erwin 
Schrödinger

1926

𝑖ℏ
𝑑

𝑑𝑡
𝜓 റ𝑟, 𝑡 = ෡𝐻𝜓( റ𝑟, 𝑡)

෡𝐻 = −
ℏ2

2𝑚
Δ + 𝑉( റ𝑟)

ℏ ≐ 1.05×10−34𝐽𝑠… reduced Planck’s constant

Kinetic PotentialHamiltonian

𝜌 റ𝑟, 𝑡 = 𝜓( റ𝑟, 𝑡) 2… probability density of measurement



Atomic order of magnitude
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2𝑛𝑚 ~0.31𝑛𝑚 25𝑝𝑚
𝑙𝑃 Planck length

1.6 ∙ 10−35𝑚

10−18𝑠 = 1𝑎𝑠

10−15𝑠 = 1𝑓𝑠

Time



Double-slit experiment
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Wave packet scattering in defected graphene
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Mark, G.I.; Vancso, P. Ab-initio wave packet dynamical simulation of defects in 2D materials
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Memory requirement

512 × 512 × 512 voxel

8 byte / voxel (4 byte real and 4 byte imaginary part)

• ψ(റr, t)ϵ ℂ

• e−
ik2ℏδt

4m ϵ ℂ

• e−
i

ℏ
V(r)δtϵ ℂ

• ρ റr, t  ϵ ℝ 
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3,5 GB



Simulation time

• FFT algorithm 𝜖 𝒪 𝑛 𝑛

•≤ 5123 voxels are doable

•10243 voxels are already 8 GB
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Scattering in diffraction grating (verification)
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Scattering in diffraction grating (verification)
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Principle of superposition
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𝜓 റ𝑟, 𝑡 = 𝛼𝜑 റ𝑟, 𝑡 + 𝛽𝜙 റ𝑟, 𝑡 + 𝛾𝜒( റ𝑟, 𝑡) 



Double-slit experiment
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Newton vs Schrödinger

𝑑2

𝑑𝑡2
റ𝑟 =

1

𝑚
റ𝐹
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𝑖ℏ
𝑑

𝑑𝑡
𝜓 റ𝑟, 𝑡 = ෡𝐻𝜓( റ𝑟, 𝑡)

Newton:

Schrödinger:

!



Hartree atomic units

• Reduced Planck constant … ℏ = 1

• Elementary charge … 𝑒 = 1

• Electron rest mass … 𝑚𝑒 = 1

• Bohr radius … 𝑎0 = 1
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