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Amplitude Embedding

⃗x = (x1, . . . x2n)T, xi ∈ ℂ

|Ψdata⟩ =
2n

∑
j=1

xj | j⟩|0⟩⊗nFrom generate the state  

 Initial States for PDEs


Given the normalized vector 

javier.gonzalezc@ehu.eus

|0⟩⊗n |Ψdata⟩

Quantum Random Walk


Probability distributions


?
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Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

xmaxxmin xmaxxmin

javier.gonzalezc@ehu.eus

An overview on amplitude encoding
Brief historical review 
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An overview on amplitude encoding
Grover and Rudolph

4

|1⟩

xmaxxmin xmaxxmin

|0⟩|0⟩

|0⟩
|1⟩

|00⟩
|01⟩

|10⟩

|11⟩

xmaxxminxmaxxmin

Grover and Rudolph (2002) 

Ry(θ0) |0⟩ = cos(θ0) |0⟩ + sin(θ0) |0⟩

xmaxxmin xmaxxmin

• Positive real valued function 

P(A) = P(A |B)P(B)

How are the rotations implemented?

θ(k−1)
bin(l) = 2 arccos

∫ xmin+(l−1/2)δk

xmin+(l−1)δk
f(x)dx

∫ xmin+lδk

xmin+(l−1)δk
f(x)dx

• Iterative and deterministic method

 20th June 2024| ⟩javier.gonzalezc@ehu.eus
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Encoding classical information
Overview

5

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

xmaxxmin xmaxxmin

Efficient ? 
Quantum query 

complexity 
[Phys. Rev. E 103, 063302 (2021)]

[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation anglesArithmetic

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

 20th June 2024| ⟩javier.gonzalezc@ehu.eus
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Encoding classical information

6

Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

xmaxxmin xmaxxmin

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf

Exact unity mappings 
(needs classical pre-computation) 

Exponential cost in ancillas Sparse states (efficient)
[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

Efficient ? 
Quantum query 

complexity 
[Phys. Rev. E 103, 063302 (2021)]

[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation anglesArithmetic

javier.gonzalezc@ehu.eus

Overview
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Encoding classical information

7

Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

xmaxxmin xmaxxmin

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf

Exact unity mappings 
(needs classical pre-computation) 

Exponential cost in ancillas Sparse states (efficient)
[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

Exact Approximated unity mappings? 
(needs classical pre-computation) 

Efficient ? 
Quantum query 

complexity 
[Phys. Rev. E 103, 063302 (2021)]

[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation anglesArithmetic

javier.gonzalezc@ehu.eus

Overview
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Encoding classical information

8

Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

xmaxxmin xmaxxmin

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in ancillas

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf
Sparse states (efficient)

[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

(Approximated) Unity mappings 

Our first contribution! θ(k−1)
l+1 − θ(k−1)

l ≤
δ2

k
4

max
y′ ∈[lδk ,(l+1)δk ] (∂2

y log f (y))
y=y′ 

Clustering angles!

Oracular Access 
(ancillas for m bit precision)

Efficient ? 
Quantum query 

complexity 
[Phys. Rev. E 103, 063302 (2021)]

[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation anglesArithmetic

javier.gonzalezc@ehu.eus

Overview

 20th June 2024| ⟩

[Phys. Rev. Research 5, 033114 (2023)]



θ(k−1)
bin(l) = 2 arccos

∫ xmin+(l−1/2)δk

xmin+(l−1)δk
f(x)dx

∫ xmin+lδk

xmin+(l−1)δk
f(x)dx

Our first protocol
Motivation

9 20th June 2024| ⟩javier.gonzalezc@ehu.eus



Our first protocol
Angles Clustering

We cluster the all the angles from the block  
onwards and find out  how it affects on the fidelity

k0 + 1

Complexity 𝒪(2n) Complexity 𝒪(2k0)
Infidelity ϵ

10

k0

 20th June 2024| ⟩javier.gonzalezc@ehu.eus
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Encoding classical information

11

Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

xmaxxmin xmaxxmin

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in ancillas

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf
Sparse states (efficient)

[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

(Approximated) Unity mappings 

Our first contribution! θ(k−1)
l+1 − θ(k−1)

l ≤
δ2

k
4

max
y′ ∈[lδk ,(l+1)δk ] (∂2

y log f (y))
y=y′ 

Clustering angles! Our second contribution!

Adapted VQC!

Quantum generative adversarial 
networks for learning and 
loading random distributions 
(IBM)

Generative models
R y (θ 1,0 )

R y (θ 2,0 )

R y (θ 3,0 )

R y (θ n ,0 )

R y (θ 1,1)

R y (θ 2,1)

R y (θ 3,1)

R y (θ n ,1 )

R y (θ 1, k )

R y (θ 2, k )

R y (θ 3, k )

R y (θ n , k )

Training Expressability

Efficient ? 
Quantum query 

complexity 
[Phys. Rev. E 103, 063302 (2021)]

[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation anglesArithmetic

javier.gonzalezc@ehu.eus

Overview

[Phys. Rev. Research 5, 033114 (2023)]

 20th June 2024| ⟩



Variational Protocol
Motivation

12javier.gonzalezc@ehu.eus 8th Mar 2023

Singularities 

Unclustered 

Partially clustered 

k0

Free Parameters Cluster

(ii) Uncluster till k0 (hyperparameter)

(iii) Partially clustering from k0

(i) Identify and classify singularities 

(iv) Train

How to proceed

 20th June 2024| ⟩
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Encoding classical information

13

Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

Grover (2000) 
(Non Iterative, requires AA) 

Grover (2000) 
(Probabilistic, requires AA) 

+ arithmetic
[Phys. Rev. Lett. 85, 1334 (2000)]

xmaxxmin xmaxxmin

Grover 2 (2019) 
[Phys. Rev. Lett. 122, 020502 (2019)]

Does not need arithmetics,
 inequality test instead

Grover 4 (2022) 
[New J. Phys. 24 103004]

Grover 3 (2022) 

Improves AA
[Quantum 6, 773 (2022)]

Inverse-coefficient

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in ancillas

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf
Sparse states (efficient)

[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

(Approximated) Unity mappings 

Our first contribution!

Generative models
R y (θ 1,0 )

R y (θ 2,0 )

R y (θ 3,0 )

R y (θ n ,0 )

R y (θ 1,1)

R y (θ 2,1)

R y (θ 3,1)

R y (θ n ,1 )

R y (θ 1, k )

R y (θ 2, k )

R y (θ 3, k )

R y (θ n , k )

Training Expressability

Quantum generative adversarial 
networks for learning and 
loading random distributions 
(IBM)

θ(k−1)
l+1 − θ(k−1)

l ≤
δ2

k
4

max
y′ ∈[lδk ,(l+1)δk ] (∂2

y log f (y))
y=y′ 

Clustering angles! Our second contribution!

Adapted VQC!

𝔞𝔪𝔭 : | l⟩ |0⟩⊗m → | l⟩ |xl⟩m

Amplitude Oracle 

𝔯𝔬𝔱 |ψ ⟩ |0⟩ := sin(θ ) |ψ ⟩ |0⟩ + cos(θ ) |ψ ⟩ |1⟩

𝔠𝔬𝔪𝔭 |a⟩ |b⟩ |0⟩ := { |a⟩ |b⟩ |0⟩ if a < b
|a⟩ |b⟩ |1⟩, if a ≥ b

Rotation Oracle 
Efficient ? 

Quantum query 
complexity 

[Phys. Rev. E 103, 063302 (2021)]
[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation anglesArithmetic

javier.gonzalezc@ehu.eus

Probabilistic 
Grover

[Phys. Rev. Research 5, 033114 (2023)]

Overview

 20th June 2024| ⟩

https://iopscience.iop.org/article/10.1088/1367-2630/ac93a8/meta
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Encoding classical information

14

Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

Grover (2000) 
(Non Iterative, requires AA) 

Grover (2000) 
(Probabilistic, requires AA) 

+ arithmetic
[Phys. Rev. Lett. 85, 1334 (2000)]

xmaxxmin xmaxxmin

Grover 2 (2019) 
[Phys. Rev. Lett. 122, 020502 (2019)]

Does not need arithmetics,
 inequality test instead

Grover 4 (2022) 
[New J. Phys. 24 103004]

Grover 3 (2022) 

Improves AA
[Quantum 6, 773 (2022)]

Inverse-coefficient

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in ancillas

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf
Sparse states (efficient)

[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

(Approximated) Unity mappings 

Our first contribution!

QPE [arXiv:1912.05335]

Generative models
R y (θ 1,0 )

R y (θ 2,0 )

R y (θ 3,0 )

R y (θ n ,0 )

R y (θ 1,1)

R y (θ 2,1)

R y (θ 3,1)

R y (θ n ,1 )

R y (θ 1, k )

R y (θ 2, k )

R y (θ 3, k )

R y (θ n , k )

Training Expressability

Quantum generative adversarial 
networks for learning and 
loading random distributions 
(IBM)

θ(k−1)
l+1 − θ(k−1)

l ≤
δ2

k
4

max
y′ ∈[lδk ,(l+1)δk ] (∂2

y log f (y))
y=y′ 

Clustering angles! Our second contribution!

Adapted VQC!

𝔞𝔪𝔭 : | l⟩ |0⟩⊗m → | l⟩ |xl⟩m

Amplitude Oracle 

𝔯𝔬𝔱 |ψ ⟩ |0⟩ := sin(θ ) |ψ ⟩ |0⟩ + cos(θ ) |ψ ⟩ |1⟩

𝔠𝔬𝔪𝔭 |a⟩ |b⟩ |0⟩ := { |a⟩ |b⟩ |0⟩ if a < b
|a⟩ |b⟩ |1⟩, if a ≥ b

Rotation Oracle 
Efficient ? 

Quantum query 
complexity 

[Phys. Rev. E 103, 063302 (2021)]
[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation anglesArithmetic

javier.gonzalezc@ehu.eus

Probabilistic 
Grover

[Phys. Rev. Research 5, 033114 (2023)]

Overview

 20th June 2024| ⟩

https://iopscience.iop.org/article/10.1088/1367-2630/ac93a8/meta
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Encoding classical information

15

Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

Grover (2000) 
(Non Iterative, requires AA) 

Grover (2000) 
(Probabilistic, requires AA) 

+ arithmetic
[Phys. Rev. Lett. 85, 1334 (2000)]

xmaxxmin xmaxxmin

Grover 2 (2019) 
[Phys. Rev. Lett. 122, 020502 (2019)]

Does not need arithmetics,
 inequality test instead

Grover 4 (2022) 
[New J. Phys. 24 103004]

Grover 3 (2022) 

Improves AA
[Quantum 6, 773 (2022)]

Inverse-coefficient

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in ancillas

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf
Sparse states (efficient)

[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

(Approximated) Unity mappings 

Our first contribution!

QPE [arXiv:1912.05335]

Generative models
R y (θ 1,0 )

R y (θ 2,0 )

R y (θ 3,0 )

R y (θ n ,0 )

R y (θ 1,1)

R y (θ 2,1)

R y (θ 3,1)

R y (θ n ,1 )

R y (θ 1, k )

R y (θ 2, k )

R y (θ 3, k )

R y (θ n , k )

Training Expressability

Quantum generative adversarial 
networks for learning and 
loading random distributions 
(IBM)

θ(k−1)
l+1 − θ(k−1)

l ≤
δ2

k
4

max
y′ ∈[lδk ,(l+1)δk ] (∂2

y log f (y))
y=y′ 

Clustering angles! Our second contribution!

Adapted VQC!

𝔞𝔪𝔭 : | l⟩ |0⟩⊗m → | l⟩ |xl⟩m

Amplitude Oracle 

𝔯𝔬𝔱 |ψ ⟩ |0⟩ := sin(θ ) |ψ ⟩ |0⟩ + cos(θ ) |ψ ⟩ |1⟩

𝔠𝔬𝔪𝔭 |a⟩ |b⟩ |0⟩ := { |a⟩ |b⟩ |0⟩ if a < b
|a⟩ |b⟩ |1⟩, if a ≥ b

Rotation Oracle 

Adiabatic state preparation 
Arthur R.: Preparing Arbitrary 
Continuous Functions in Quantum 
Registers With Logarithmic Complexity
[arXiv:2205.00519]

Efficient ? 
Quantum query 

complexity 
[Phys. Rev. E 103, 063302 (2021)]

[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation angles

Ground state preparation 
[arXiv:2303.11962]

[arXiv:2306.14993]
[PRX Quantum 3, 040305 (2022)]

[Quantum 4, 372 (2020)]

Arithmetic

javier.gonzalezc@ehu.eus

Probabilistic 
Grover

[Phys. Rev. Research 5, 033114 (2023)]

Overview

 20th June 2024| ⟩

https://iopscience.iop.org/article/10.1088/1367-2630/ac93a8/meta


=
SVD Σ1

=
i j k

χ1 χ1

□ … □
⋮ ⋮ ⋮
□ … □

( j, k)

i

A[1] ≡ U1

=
SVD Σ2

=χ2 χ1 χ2

A[3] ≡ Σ2 VT
2A[2] ≡ U2A[1]VT

2U2A[1]

Σ1 VT
1

VT
1U1

χ1
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Encoding classical information
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Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

Grover (2000) 
(Non Iterative, requires AA) 

Grover (2000) 
(Probabilistic, requires AA) 

+ arithmetic
[Phys. Rev. Lett. 85, 1334 (2000)]

xmaxxmin xmaxxmin

Grover 2 (2019) 
[Phys. Rev. Lett. 122, 020502 (2019)]

Does not need arithmetics,
 inequality test instead

Grover 4 (2022) 
[New J. Phys. 24 103004]

Grover 3 (2022) 

Improves AA
[Quantum 6, 773 (2022)]

Inverse-coefficient

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in ancillas

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf
Sparse states (efficient)

[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

(Approximated) Unity mappings 

Our first contribution!

QPE [arXiv:1912.05335]

Generative models
R y (θ 1,0 )

R y (θ 2,0 )

R y (θ 3,0 )

R y (θ n ,0 )

R y (θ 1,1)

R y (θ 2,1)

R y (θ 3,1)

R y (θ n ,1 )

R y (θ 1, k )

R y (θ 2, k )

R y (θ 3, k )

R y (θ n , k )

Training Expressability

Quantum generative adversarial 
networks for learning and 
loading random distributions 
(IBM)

θ(k−1)
l+1 − θ(k−1)

l ≤
δ2

k
4

max
y′ ∈[lδk ,(l+1)δk ] (∂2

y log f (y))
y=y′ 

Clustering angles! Our second contribution!

Adapted VQC!

Fourier 
[Quantum Science and Technology 
(Vol. 9, Issue 1, p. 015002) 2023]

Walsh Hadamard
 

W =
1

N

1 1 1 1 ⋯ 1
1 ω ω2 ω3 ⋯ ω N−1

1 ω2 ω4 ω6 ⋯ ω2(N−1)

1 ω3 ω6 ω9 ⋯ ω3(N−1)
⋮ ⋮ ⋮ ⋮ ⋱ ⋮
1 ω N−1 ω2(N−1) ω3(N−1) ⋯ ω(N−1)(N−1)

W =
1

N

1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 1 1 −1 −1
1 1 −1 −1 −1 −1 1 1
1 −1 1 −1 1 −1 1 −1
1 −1 1 −1 −1 1 −1 1
1 −1 −1 1 1 −1 −1 1
1 −1 −1 1 −1 1 1 −1

𝔞𝔪𝔭 : | l⟩ |0⟩⊗m → | l⟩ |xl⟩m

Amplitude Oracle 

𝔯𝔬𝔱 |ψ ⟩ |0⟩ := sin(θ ) |ψ ⟩ |0⟩ + cos(θ ) |ψ ⟩ |1⟩

𝔠𝔬𝔪𝔭 |a⟩ |b⟩ |0⟩ := { |a⟩ |b⟩ |0⟩ if a < b
|a⟩ |b⟩ |1⟩, if a ≥ b

Rotation Oracle 
[Phys. Rev. E 103, 063302 (2021)]

[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

Adiabatic state preparation 
Arthur R.: Preparing Arbitrary 
Continuous Functions in Quantum 
Registers With Logarithmic Complexity
[arXiv:2205.00519]

Discrete transforms
[arXiv:2307.10917]
[arXiv:2307.08384]

𝒪(min ( m n 2 , m 2 n ))
□ … □
⋮ ⋮ ⋮
□ … □

m

n

For an arbitrary polynomial the maximum 
bond dimension is .χ = d + 1

From MPS to Circuit
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χ = 2

χ = 2

χ = 4

χ = 4

χ = 8

By fixing the bond dimension, we can potentially 
achieve an exponential compression by approximating 
the initial tensor using  values.  𝒪(2n χ 2)

Matrix Product State

Building block to load the linear function

[Phys. Rev. E 103, 063302 (2021)]
[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation angles

Efficient ? 
Quantum query 

complexity 

Ground state preparation 
[arXiv:2303.11962]

[arXiv:2306.14993]
[PRX Quantum 3, 040305 (2022)]

[Quantum 4, 372 (2020)]

Arithmetic

javier.gonzalezc@ehu.eus

Probabilistic 
Grover

[Phys. Rev. Research 5, 033114 (2023)]

Overview
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=
SVD Σ1

=
i j k

χ1 χ1

□ … □
⋮ ⋮ ⋮
□ … □

( j, k)

i

A[1] ≡ U1

=
SVD Σ2

=χ2 χ1 χ2

A[3] ≡ Σ2 VT
2A[2] ≡ U2A[1]VT

2U2A[1]

Σ1 VT
1

VT
1U1

χ1

1717

Encoding classical information
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Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

Grover (2000) 
(Non Iterative, requires AA) 

Grover (2000) 
(Probabilistic, requires AA) 

+ arithmetic
[Phys. Rev. Lett. 85, 1334 (2000)]

xmaxxmin xmaxxmin

Grover 2 (2019) 
[Phys. Rev. Lett. 122, 020502 (2019)]

Does not need arithmetics,
 inequality test instead

Grover 4 (2022) 
[New J. Phys. 24 103004]

Grover 3 (2022) 

Improves AA
[Quantum 6, 773 (2022)]

Inverse-coefficient

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in ancillas

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf
Sparse states (efficient)

[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

(Approximated) Unity mappings 

Our first contribution!

QPE [arXiv:1912.05335]

Generative models
R y (θ 1,0 )

R y (θ 2,0 )

R y (θ 3,0 )

R y (θ n ,0 )

R y (θ 1,1)

R y (θ 2,1)

R y (θ 3,1)

R y (θ n ,1 )

R y (θ 1, k )

R y (θ 2, k )

R y (θ 3, k )

R y (θ n , k )

Training Expressability

Quantum generative adversarial 
networks for learning and 
loading random distributions 
(IBM)

θ(k−1)
l+1 − θ(k−1)

l ≤
δ2

k
4

max
y′ ∈[lδk ,(l+1)δk ] (∂2

y log f (y))
y=y′ 

Clustering angles! Our second contribution!

Adapted VQC!

Fourier 
[Quantum Science and Technology 
(Vol. 9, Issue 1, p. 015002) 2023]

Walsh Hadamard
 

W =
1

N

1 1 1 1 ⋯ 1
1 ω ω2 ω3 ⋯ ω N−1

1 ω2 ω4 ω6 ⋯ ω2(N−1)

1 ω3 ω6 ω9 ⋯ ω3(N−1)
⋮ ⋮ ⋮ ⋮ ⋱ ⋮
1 ω N−1 ω2(N−1) ω3(N−1) ⋯ ω(N−1)(N−1)

W =
1

N

1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 1 1 −1 −1
1 1 −1 −1 −1 −1 1 1
1 −1 1 −1 1 −1 1 −1
1 −1 1 −1 −1 1 −1 1
1 −1 −1 1 1 −1 −1 1
1 −1 −1 1 −1 1 1 −1

Our third contribution! 

𝔞𝔪𝔭 : | l⟩ |0⟩⊗m → | l⟩ |xl⟩m

Amplitude Oracle 

𝔯𝔬𝔱 |ψ ⟩ |0⟩ := sin(θ ) |ψ ⟩ |0⟩ + cos(θ ) |ψ ⟩ |1⟩

𝔠𝔬𝔪𝔭 |a⟩ |b⟩ |0⟩ := { |a⟩ |b⟩ |0⟩ if a < b
|a⟩ |b⟩ |1⟩, if a ≥ b

Rotation Oracle 

Adiabatic state preparation 
Arthur R.: Preparing Arbitrary 
Continuous Functions in Quantum 
Registers With Logarithmic Complexity
[arXiv:2205.00519]

Discrete transforms
[arXiv:2307.10917]
[arXiv:2307.08384]

𝒪(min ( m n 2 , m 2 n ))
□ … □
⋮ ⋮ ⋮
□ … □

m

n

For an arbitrary polynomial the maximum 
bond dimension is .χ = d + 1

From MPS to Circuit
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By fixing the bond dimension, we can potentially 
achieve an exponential compression by approximating 
the initial tensor using  values.  𝒪(2n χ 2)

Matrix Product State

Building block to load the linear function

QSVT

UAL,k0
= (

AL,k0 …
⋮ ⋱ ⋮

… )

 circuit depth

 queries to a controlled


 version of , 


𝒪(d n)
𝒪(d )

UAL,k0
U†

AL,k0

circuit angles can be computed with 
classical time complexity of

 𝒪( p ol y (d , log(1/γ))

UUP,k0
= (

P(AL,k0) …
⋮ ⋱ ⋮

… )

[Proceedings of the 51st Annual ACM SIGACT Symposium on Theory of Computing (STOC 2019)]

Efficient ? 
Quantum query 

complexity 
[Phys. Rev. E 103, 063302 (2021)]

[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation angles

Ground state preparation 
[arXiv:2303.11962]

[arXiv:2306.14993]
[PRX Quantum 3, 040305 (2022)]

[Quantum 4, 372 (2020)]

Arithmetic

javier.gonzalezc@ehu.eus

Probabilistic 
Grover

[Phys. Rev. Research 5, 033114 (2023)]

Overview
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|ΦL⟩ = ∑
j0⋯jn−1

(j0/C 1) ( 1 0
2j1/C 1)⋯( 1

2n−1jn/C) | jn−1…j0⟩ .

Exact MPS χ = 2

Linear Function

Amplitude encoding
Linear function

18

χ = 1

Approximated MPS

1 2 3 4 5 6 7 8
0.75

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

1.25
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|0i

<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i
<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i

<latexit sha1_base64="rczQK6+VVsQKZfFd2OE6GbxR0fU=">AAAB7nicbVDLTgJBEJzFF+IL9ehlIjHBC9k1RD0SvXhEI48ENpvZoRcmzD6c6TUhG35DT0a9+TH+gH/jgHtQsE7VXdXprvYTKTTa9pdVWFldW98obpa2tnd298r7B20dp4pDi8cyVl2faZAighYKlNBNFLDQl9Dxx9czvfMISos4usdJAm7IhpEIBGdoWu6dN6n2cQTIPPvUK1fsmj0HXSZOTiokR9Mrf/YHMU9DiJBLpnXPsRN0M6ZQcAnTUj/VkDA+ZkPoGRqxELSbzY+e0pMgVtSspvP6tzdjodaT0DeekOFIL2qz5n9aL8Xg0s1ElKQIETcWowWppBjTWXY6EAo4yokhjCthrqR8xBTjaD5UMvGdxbDLpH1Wc85r9dt6pXGVP6JIjsgxqRKHXJAGuSFN0iKcPJBn8kbercR6sl6s1x9rwcpnDskfWB/fs+iPFg==</latexit>

Ry(✓0)

<latexit sha1_base64="5cXQkfilZMTv2sIhjdqIzW4YUcc=">AAAB9HicbVDLTsMwEHR4lvJK4cjFokIqB6oEVcCxggvHguhDaqPIcZ3WquNE9qaoivoncELAjS/hB/gb3JIDtMxpdmdWuztBIrgGx/myVlbX1jc2C1vF7Z3dvX27dNDScaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYxuZnp7zJTmsXyAScK8iAwkDzklYFq+Xbr3J5UeDBkQP5Nn7vTUt8tO1ZkDLxM3J2WUo+Hbn71+TNOISaCCaN11nQS8jCjgVLBpsZdqlhA6IgPWNVSSiGkvm58+xSdhrLBZj+f1b29GIq0nUWA8EYGhXtRmzf+0bgrhlZdxmaTAJDUWo4WpwBDjWQK4zxWjICaGEKq4uRLTIVGEgsmpaN53F59dJq3zqntRrd3VyvXrPIgCOkLHqIJcdInq6BY1UBNR9Iie0Rt6t8bWk/Vivf5YV6x85hD9gfXxDS/6kQM=</latexit>

Ry(✓n�1)

<latexit sha1_base64="iiM4qBoHodWxQjMZG7VtXuMye84=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SvXhEI48ENpvZYRYmzD6c6TUhG35DT0a9+TH+gH/jgHtQsE7VXdXprvYTKTTa9pdVWFldW98obpa2tnd298r7B20dp4rxFotlrLo+1VyKiLdQoOTdRHEa+pJ3/PH1TO88cqVFHN3jJOFuSIeRCASjaFrunTep9nHEkXrOqVeu2DV7DrJMnJxUIEfTK3/2BzFLQx4hk1TrnmMn6GZUoWCST0v9VPOEsjEd8p6hEQ25drP50VNyEsSKmNVkXv/2ZjTUehL6xhNSHOlFbdb8T+ulGFy6mYiSFHnEjMVoQSoJxmSWnQyE4gzlxBDKlDBXEjaiijI0HyqZ+M5i2GXSPqs557X6bb3SuMofUYQjOIYqOHABDbiBJrSAwQM8wxu8W4n1ZL1Yrz/WgpXPHMIfWB/ftWePFw==</latexit>

Ry(✓1)

<latexit sha1_base64="Jsmz29uYSWH2je68GiDOl2Dd2/Q=">AAAB9HicbVDLTsJAFJ3iC/FVdOlmIjHBhaQlvpZENy7RyCOBppkOtzBh+sjMFNM0/ImujLrzS/wB/8YBu1DwrM6959zce48XcyaVZX0ZhZXVtfWN4mZpa3tnd88s77dllAgKLRrxSHQ9IoGzEFqKKQ7dWAAJPA4db3wz0zsTEJJF4YNKY3ACMgyZzyhRuuWa5Xs3rfbVCBRxs/C0Pj1xzYpVs+bAy8TOSQXlaLrmZ38Q0SSAUFFOpOzZVqycjAjFKIdpqZ9IiAkdkyH0NA1JANLJ5qdP8bEfCazX43n925uRQMo08LQnIGokF7VZ8z+tlyj/yslYGCcKQqotWvMTjlWEZwngARNAFU81IVQwfSWmIyIIVTqnkn7fXnx2mbTrNfuidn53Vmlc50EU0SE6QlVko0vUQLeoiVqIokf0jN7QuzExnowX4/XHWjDymQP0B8bHNzHMkQU=</latexit>

Ry(✓n�2)

Variational QC

Walsh Hadamard  Series

<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i
<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i
<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i

<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i

<latexit sha1_base64="nIq2ay0rq2pLrYBxPgkdWmXl270=">AAAB63icbZDNTgIxFIU7+If4h7p000hMXJEZQ9Ql0Q1LTPiLMCGdcoGGdmbS3jGSCU+hK6PufBtfwLex4CwUPKuv95wm99wglsKg6345ubX1jc2t/HZhZ3dv/6B4eNQyUaI5NHkkI90JmAEpQmiiQAmdWANTgYR2MLmd++0H0EZEYQOnMfiKjUIxFJyhHd33EB4xbdcas36x5JbdhegqeBmUSKZ6v/jZG0Q8URAil8yYrufG6KdMo+ASZoVeYiBmfMJG0LUYMgXGTxcbz+jZMNIUx0AX79/ZlCljpiqwGcVwbJa9+fA/r5vg8NpPRRgnCCG3EesNE0kxovPidCA0cJRTC4xrYbekfMw042jPU7D1veWyq9C6KHuX5cpdpVS9yQ6RJyfklJwTj1yRKqmROmkSTkLyTN7Iu6OcJ+fFef2J5pzszzH5I+fjG5QGjog=</latexit>

WHT

<latexit sha1_base64="qDrR+ZfuO3ah9ZSvIMd7b+D2CiY=">AAACFXicbVDJSgNBFOyJW4zbqEcvjUHwFGaC2zHoxWOEbJAMoafzkjTpWeh+I4ZhvkN/Rk+iHgTP/o2d5aCJdapXVQ9ePT+WQqPjfFu5ldW19Y38ZmFre2d3z94/aOgoURzqPJKRavlMgxQh1FGghFasgAW+hKY/upn4zXtQWkRhDccxeAEbhKIvOEMjde1yB+EB05pKwplEk5hiRCVTA9BIMzrqOnQWoggq0FnXLjolZwq6TNw5KZI5ql37s9OLeBJAiFwyrduuE6OXMoWCS8gKnURDzPiIDaBtaMgC0F467ZbRk36kKA6BTuff2ZQFWo8D32QChkO96E3E/7x2gv0rLxVhnCCE3ESM10/kpPbkRbQnFHCUY0MYV8JcSfmQKcZNf10w9d3FssukUS65F6Xzu7Ni5Xr+iDw5IsfklLjkklTILamSOuHkibyQd/JhPVrP1qv1NovmrPnOIfkD6+sHGKGfVg==</latexit>

Truncation up to largest k0 terms

<latexit sha1_base64="iWWGshLfrnvdVVdDPZQ0SzJl0CE=">AAACB3icbVC7TsNAEDzzDOEVoKQ5EZCoIhvxKiNoKFIEiTyk2LLOl01yyvmhuzUiMvkA+BmoENDR8wP8DZeQAhKmmt2ZlXYmSKTQaNtf1tz8wuLScm4lv7q2vrFZ2Nqu6zhVHGo8lrFqBkyDFBHUUKCEZqKAhYGERtC/HOmNW1BaxNENDhLwQtaNREdwhmblF/ZdhDvMKjFrazqk9y4K2YbMrfbE0K+4ikVdCX6haJfsMegscSakSCao+oVPtx3zNIQIuWRatxw7QS9jCgWXMMy7qYaE8T7rQsvQiIWgvWycZkgPOrGi2AM6nn97MxZqPQgD4wkZ9vS0Nlr+p7VS7Jx7mYiSFCHixmK0TiopxnRUCm0LBRzlwBDGlTBfUt5jinE01eVNfGc67CypH5Wc09LJ9XGxfDEpIkd2yR45JA45I2VyRaqkRjh5JM/kjbxbD9aT9WK9/ljnrMnNDvkD6+Mb0cKZ3Q==</latexit>

Loads |�̃Li

<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i <latexit sha1_base64="5cXQkfilZMTv2sIhjdqIzW4YUcc=">AAAB9HicbVDLTsMwEHR4lvJK4cjFokIqB6oEVcCxggvHguhDaqPIcZ3WquNE9qaoivoncELAjS/hB/gb3JIDtMxpdmdWuztBIrgGx/myVlbX1jc2C1vF7Z3dvX27dNDScaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYxuZnp7zJTmsXyAScK8iAwkDzklYFq+Xbr3J5UeDBkQP5Nn7vTUt8tO1ZkDLxM3J2WUo+Hbn71+TNOISaCCaN11nQS8jCjgVLBpsZdqlhA6IgPWNVSSiGkvm58+xSdhrLBZj+f1b29GIq0nUWA8EYGhXtRmzf+0bgrhlZdxmaTAJDUWo4WpwBDjWQK4zxWjICaGEKq4uRLTIVGEgsmpaN53F59dJq3zqntRrd3VyvXrPIgCOkLHqIJcdInq6BY1UBNR9Iie0Rt6t8bWk/Vivf5YV6x85hD9gfXxDS/6kQM=</latexit>

Ry(✓n�1)

<latexit sha1_base64="Jsmz29uYSWH2je68GiDOl2Dd2/Q=">AAAB9HicbVDLTsJAFJ3iC/FVdOlmIjHBhaQlvpZENy7RyCOBppkOtzBh+sjMFNM0/ImujLrzS/wB/8YBu1DwrM6959zce48XcyaVZX0ZhZXVtfWN4mZpa3tnd88s77dllAgKLRrxSHQ9IoGzEFqKKQ7dWAAJPA4db3wz0zsTEJJF4YNKY3ACMgyZzyhRuuWa5Xs3rfbVCBRxs/C0Pj1xzYpVs+bAy8TOSQXlaLrmZ38Q0SSAUFFOpOzZVqycjAjFKIdpqZ9IiAkdkyH0NA1JANLJ5qdP8bEfCazX43n925uRQMo08LQnIGokF7VZ8z+tlyj/yslYGCcKQqotWvMTjlWEZwngARNAFU81IVQwfSWmIyIIVTqnkn7fXnx2mbTrNfuidn53Vmlc50EU0SE6QlVko0vUQLeoiVqIokf0jN7QuzExnowX4/XHWjDymQP0B8bHNzHMkQU=</latexit>

Ry(✓n�2)

<latexit sha1_base64="iiM4qBoHodWxQjMZG7VtXuMye84=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SvXhEI48ENpvZYRYmzD6c6TUhG35DT0a9+TH+gH/jgHtQsE7VXdXprvYTKTTa9pdVWFldW98obpa2tnd298r7B20dp4rxFotlrLo+1VyKiLdQoOTdRHEa+pJ3/PH1TO88cqVFHN3jJOFuSIeRCASjaFrunTep9nHEkXrOqVeu2DV7DrJMnJxUIEfTK3/2BzFLQx4hk1TrnmMn6GZUoWCST0v9VPOEsjEd8p6hEQ25drP50VNyEsSKmNVkXv/2ZjTUehL6xhNSHOlFbdb8T+ulGFy6mYiSFHnEjMVoQSoJxmSWnQyE4gzlxBDKlDBXEjaiijI0HyqZ+M5i2GXSPqs557X6bb3SuMofUYQjOIYqOHABDbiBJrSAwQM8wxu8W4n1ZL1Yrz/WgpXPHMIfWB/ftWePFw==</latexit>

Ry(✓1)

<latexit sha1_base64="rczQK6+VVsQKZfFd2OE6GbxR0fU=">AAAB7nicbVDLTgJBEJzFF+IL9ehlIjHBC9k1RD0SvXhEI48ENpvZoRcmzD6c6TUhG35DT0a9+TH+gH/jgHtQsE7VXdXprvYTKTTa9pdVWFldW98obpa2tnd298r7B20dp4pDi8cyVl2faZAighYKlNBNFLDQl9Dxx9czvfMISos4usdJAm7IhpEIBGdoWu6dN6n2cQTIPPvUK1fsmj0HXSZOTiokR9Mrf/YHMU9DiJBLpnXPsRN0M6ZQcAnTUj/VkDA+ZkPoGRqxELSbzY+e0pMgVtSspvP6tzdjodaT0DeekOFIL2qz5n9aL8Xg0s1ElKQIETcWowWppBjTWXY6EAo4yokhjCthrqR8xBTjaD5UMvGdxbDLpH1Wc85r9dt6pXGVP6JIjsgxqRKHXJAGuSFN0iKcPJBn8kbercR6sl6s1x9rwcpnDskfWB/fs+iPFg==</latexit>

Ry(✓0)
<latexit sha1_base64="rzcnJUP1Jc5zYK3HWxXJPGLvcHw=">AAAB6XicbZDLTgJBEEVr8IX4Ql26mUhMXJEZQ9Ql0Q1LTOSRwIT0NDXQoeeR7hojmfARujLqzt/xB/wbG5yFgnd1uu7tpG75iRSaHOfLKqytb2xuFbdLO7t7+wflw6O2jlPFscVjGauuzzRKEWGLBEnsJgpZ6Evs+JPbud95QKVFHN3TNEEvZKNIBIIzMqNun/CRssZsUK44VWchexXcHCqQqzkof/aHMU9DjIhLpnXPdRLyMqZIcImzUj/VmDA+YSPsGYxYiNrLFvvO7LMgVjaN0V68f2czFmo9DX2TCRmN9bI3H/7n9VIKrr1MRElKGHETMV6QSptie17bHgqFnOTUAONKmC1tPmaKcTLHKZn67nLZVWhfVN3Lau2uVqnf5Icowgmcwjm4cAV1aEATWsBBwjO8wbs1sZ6sF+v1J1qw8j/H8EfWxzdEGo3J</latexit>

H

<latexit sha1_base64="rzcnJUP1Jc5zYK3HWxXJPGLvcHw=">AAAB6XicbZDLTgJBEEVr8IX4Ql26mUhMXJEZQ9Ql0Q1LTOSRwIT0NDXQoeeR7hojmfARujLqzt/xB/wbG5yFgnd1uu7tpG75iRSaHOfLKqytb2xuFbdLO7t7+wflw6O2jlPFscVjGauuzzRKEWGLBEnsJgpZ6Evs+JPbud95QKVFHN3TNEEvZKNIBIIzMqNun/CRssZsUK44VWchexXcHCqQqzkof/aHMU9DjIhLpnXPdRLyMqZIcImzUj/VmDA+YSPsGYxYiNrLFvvO7LMgVjaN0V68f2czFmo9DX2TCRmN9bI3H/7n9VIKrr1MRElKGHETMV6QSptie17bHgqFnOTUAONKmC1tPmaKcTLHKZn67nLZVWhfVN3Lau2uVqnf5Icowgmcwjm4cAV1aEATWsBBwjO8wbs1sZ6sF+v1J1qw8j/H8EfWxzdEGo3J</latexit>

H

<latexit sha1_base64="rzcnJUP1Jc5zYK3HWxXJPGLvcHw=">AAAB6XicbZDLTgJBEEVr8IX4Ql26mUhMXJEZQ9Ql0Q1LTOSRwIT0NDXQoeeR7hojmfARujLqzt/xB/wbG5yFgnd1uu7tpG75iRSaHOfLKqytb2xuFbdLO7t7+wflw6O2jlPFscVjGauuzzRKEWGLBEnsJgpZ6Evs+JPbud95QKVFHN3TNEEvZKNIBIIzMqNun/CRssZsUK44VWchexXcHCqQqzkof/aHMU9DjIhLpnXPdRLyMqZIcImzUj/VmDA+YSPsGYxYiNrLFvvO7LMgVjaN0V68f2czFmo9DX2TCRmN9bI3H/7n9VIKrr1MRElKGHETMV6QSptie17bHgqFnOTUAONKmC1tPmaKcTLHKZn67nLZVWhfVN3Lau2uVqnf5Icowgmcwjm4cAV1aEATWsBBwjO8wbs1sZ6sF+v1J1qw8j/H8EfWxzdEGo3J</latexit>

H

<latexit sha1_base64="rzcnJUP1Jc5zYK3HWxXJPGLvcHw=">AAAB6XicbZDLTgJBEEVr8IX4Ql26mUhMXJEZQ9Ql0Q1LTOSRwIT0NDXQoeeR7hojmfARujLqzt/xB/wbG5yFgnd1uu7tpG75iRSaHOfLKqytb2xuFbdLO7t7+wflw6O2jlPFscVjGauuzzRKEWGLBEnsJgpZ6Evs+JPbud95QKVFHN3TNEEvZKNIBIIzMqNun/CRssZsUK44VWchexXcHCqQqzkof/aHMU9DjIhLpnXPdRLyMqZIcImzUj/VmDA+YSPsGYxYiNrLFvvO7LMgVjaN0V68f2czFmo9DX2TCRmN9bI3H/7n9VIKrr1MRElKGHETMV6QSptie17bHgqFnOTUAONKmC1tPmaKcTLHKZn67nLZVWhfVN3Lau2uVqnf5Icowgmcwjm4cAV1aEATWsBBwjO8wbs1sZ6sF+v1J1qw8j/H8EfWxzdEGo3J</latexit>

H

<latexit sha1_base64="rzcnJUP1Jc5zYK3HWxXJPGLvcHw=">AAAB6XicbZDLTgJBEEVr8IX4Ql26mUhMXJEZQ9Ql0Q1LTOSRwIT0NDXQoeeR7hojmfARujLqzt/xB/wbG5yFgnd1uu7tpG75iRSaHOfLKqytb2xuFbdLO7t7+wflw6O2jlPFscVjGauuzzRKEWGLBEnsJgpZ6Evs+JPbud95QKVFHN3TNEEvZKNIBIIzMqNun/CRssZsUK44VWchexXcHCqQqzkof/aHMU9DjIhLpnXPdRLyMqZIcImzUj/VmDA+YSPsGYxYiNrLFvvO7LMgVjaN0V68f2czFmo9DX2TCRmN9bI3H/7n9VIKrr1MRElKGHETMV6QSptie17bHgqFnOTUAONKmC1tPmaKcTLHKZn67nLZVWhfVN3Lau2uVqnf5Icowgmcwjm4cAV1aEATWsBBwjO8wbs1sZ6sF+v1J1qw8j/H8EfWxzdEGo3J</latexit>

H

<latexit sha1_base64="kEqGVOTVwYfrJJJ02HwdY8XECYo=">AAAB9nicbVDLTsMwEHTKq5RXoEcuFhVSOVAliNexggvHguhDaqPIcd3WquNE9gYRRf0VOCHgxofwA/wNbskBWuY0uzMrzU4QC67Bcb6swtLyyupacb20sbm1vWPv7rV0lCjKmjQSkeoERDPBJWsCB8E6sWIkDARrB+Prqd5+YErzSN5DGjMvJEPJB5wSMCvfLt/5abUHIwbEz+Tx2HcmR75dcWrODHiRuDmpoBwN3/7s9SOahEwCFUTrruvE4GVEAaeCTUq9RLOY0DEZsq6hkoRMe9ks/AQfDiKFTQA8m397MxJqnYaB8YQERnpemy7/07oJDC69jMs4ASapsRhtkAgMEZ52gPtcMQoiNYRQxU1KTEdEEQqmqZJ5351/dpG0Tmruee3s9rRSv8qLKKJ9dICqyEUXqI5uUAM1EUUpekZv6N16tJ6sF+v1x1qw8psy+gPr4xuzvpHh</latexit>

Ry(✓n�k0)
<latexit sha1_base64="rzcnJUP1Jc5zYK3HWxXJPGLvcHw=">AAAB6XicbZDLTgJBEEVr8IX4Ql26mUhMXJEZQ9Ql0Q1LTOSRwIT0NDXQoeeR7hojmfARujLqzt/xB/wbG5yFgnd1uu7tpG75iRSaHOfLKqytb2xuFbdLO7t7+wflw6O2jlPFscVjGauuzzRKEWGLBEnsJgpZ6Evs+JPbud95QKVFHN3TNEEvZKNIBIIzMqNun/CRssZsUK44VWchexXcHCqQqzkof/aHMU9DjIhLpnXPdRLyMqZIcImzUj/VmDA+YSPsGYxYiNrLFvvO7LMgVjaN0V68f2czFmo9DX2TCRmN9bI3H/7n9VIKrr1MRElKGHETMV6QSptie17bHgqFnOTUAONKmC1tPmaKcTLHKZn67nLZVWhfVN3Lau2uVqnf5Icowgmcwjm4cAV1aEATWsBBwjO8wbs1sZ6sF+v1J1qw8j/H8EfWxzdEGo3J</latexit>

H

<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i

x(n)
k =

2n/2(2n − 1)/2 if k = 0
−2n/2k /2 if |k |b = 1
0 otherwise

(x(n)
0 …x(n)

N−1)
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UA = (
A …

⋮ ⋱ ⋮
… ) UP(A) = (

P(A) …
⋮ ⋱ ⋮

… )

Feed this  unitary with

 | + ⟩⊗n |0⟩⊗a

Amplitude encoding
QSVT
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1

4 2k0 | |P | |∞
∑

j

P( j/Ck0
) | j⟩ |0⟩⊗k0+5 + …

UL

Encodes the linear function in amplitudes 

[arXiv:2309.09839]

Polynomial 

Transformation

 circuit depth

 queries to a controlled

 version of , 


+3 Ancillas


𝒪(dn)
𝒪(d)

UA U†
A

 circuit depth

 queries to a controlled


 version of 

 ancillas

𝒪(n)
𝒪(1)

UL
n + 2
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=
SVD Σ1

=
i j k

χ1 χ1

□ … □
⋮ ⋮ ⋮
□ … □

( j, k)

i

A[1] ≡ U1

=
SVD Σ2

=χ2 χ1 χ2

A[3] ≡ Σ2 VT
2A[2] ≡ U2A[1]VT

2U2A[1]

Σ1 VT
1

VT
1U1

χ1

2020

Encoding classical information
Different embeddings

20

Exact unity mappings 
(needs classical pre-computation) 

Grover and Rudolph (2002) 
• Iterative and deterministic 
• Real valued functions

Oracular Access 
(ancillas for m bit precision)

[Proc.Roy.Soc.Lond. A454 (1998)]
[arXiv preprint quant-ph/0208112 (2002)]
[arXiv preprint quant-ph/0407102, (2004)]

Grover (2000) 
(Non Iterative, requires AA) 

Grover (2000) 
(Probabilistic, requires AA) 

+ arithmetic
[Phys. Rev. Lett. 85, 1334 (2000)]

xmaxxmin xmaxxmin

Grover 2 (2019) 
[Phys. Rev. Lett. 122, 020502 (2019)]

Does not need arithmetics,
 inequality test instead

Grover 4 (2022) 
[New J. Phys. 24 103004]

Grover 3 (2022) 

Improves AA
[Quantum 6, 773 (2022)]

Inverse-coefficient

Schmidt decomposition
[Phys. Rev. A 83, 032302  (2011)]

Exponential cost in ancillas

Exponential cost in depth [Quantum Information & Computation 
Volume 5 Issue 6 (2005)]

CNOT synthesis
[arXiv:2401.01009]

• Complex values 
• Links two arbitrary states https://arxiv.org/pdf/quant-ph/

0407102.pdf
Sparse states (efficient)

[Phys. Rev. Research 3, 043200 (2021)]
[Quantum 8, 1228 (2024)] [Phys. Rev. Lett. 129, 230504 (2022)]

[arXiv:2108.06150]

(Approximated) Unity mappings 

Our first contribution!

QPE [arXiv:1912.05335]

Generative models
R y (θ 1,0 )

R y (θ 2,0 )

R y (θ 3,0 )

R y (θ n ,0 )

R y (θ 1,1)

R y (θ 2,1)

R y (θ 3,1)

R y (θ n ,1 )

R y (θ 1, k )

R y (θ 2, k )

R y (θ 3, k )

R y (θ n , k )

Training Expressability

Quantum generative adversarial 
networks for learning and 
loading random distributions 
(IBM)

θ(k−1)
l+1 − θ(k−1)

l ≤
δ2

k
4

max
y′ ∈[lδk ,(l+1)δk ] (∂2

y log f (y))
y=y′ 

Clustering angles! Our second contribution!

Adapted VQC!

Fourier 
[Quantum Science and Technology 
(Vol. 9, Issue 1, p. 015002) 2023]

Walsh Hadamard
 

W =
1

N

1 1 1 1 ⋯ 1
1 ω ω 2 ω 3 ⋯ ω N−1

1 ω 2 ω 4 ω6 ⋯ ω 2 ( N−1)

1 ω 3 ω6 ω9 ⋯ ω 3 ( N−1)
⋮ ⋮ ⋮ ⋮ ⋱ ⋮
1 ω N−1 ω 2 ( N−1) ω 3 ( N−1) ⋯ ω ( N−1) ( N−1)

W =
1

N

1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 1 1 −1 −1
1 1 −1 −1 −1 −1 1 1
1 −1 1 −1 1 −1 1 −1
1 −1 1 −1 −1 1 −1 1
1 −1 −1 1 1 −1 −1 1
1 −1 −1 1 −1 1 1 −1

Our third contribution!

𝔞𝔪𝔭 : | l⟩ |0⟩⊗m → | l⟩ |xl⟩m

Amplitude Oracle 

𝔯𝔬𝔱 |ψ ⟩ |0⟩ := sin(θ ) |ψ ⟩ |0⟩ + cos(θ ) |ψ ⟩ |1⟩

𝔠𝔬𝔪𝔭 |a⟩ |b⟩ |0⟩ := { |a⟩ |b⟩ |0⟩ if a < b
|a⟩ |b⟩ |1⟩, if a ≥ b

Rotation Oracle 

Adiabatic state preparation 
Arthur R.: Preparing Arbitrary 
Continuous Functions in Quantum 
Registers With Logarithmic Complexity
[arXiv:2205.00519]

Discrete transforms
[arXiv:2307.10917]
[arXiv:2307.08384]

𝒪(min ( m n 2 , m 2 n ))
□ … □
⋮ ⋮ ⋮
□ … □

m

n

For an arbitrary polynomial the maximum 
bond dimension is .χ = d + 1

Matrix Product State

Building block to load the linear function

Block encoding

Ground state preparation 
[arXiv:2303.11962]

[arXiv:2306.14993]
[PRX Quantum 3, 040305 (2022)]

[Quantum 4, 372 (2020)]

Efficient ? 
Quantum query 

complexity 
[Phys. Rev. E 103, 063302 (2021)]

[Quantum 5, 431 (2021)]
[Quantum 5, 463 (2021)]

𝒪GR : | l⟩ |0⟩⊗m → | l⟩ |θ(k−1)
bin(l) ⟩m

𝔯𝔬𝔱 |θ⟩ |0⟩ := sin(θ) |θ⟩ |0⟩ + cos(θ) |θ⟩ |1⟩

Rotation anglesArithmetic

javier.gonzalezc@ehu.eus

[https://arxiv.org/abs/2405.20225]

[New J. Phys. 23 103022]

[npj Quantum Information 
volume,10, 15 (2024)]

[arXiv:2405.20273]

Quantum Walks [arXiv:2311.03347]

[arXiv:2310.19309]

[arXiv:2405.21058]
[arXiv:2210.14892]

[arXiv:2405.11436]

Quantum Sampling

QSVT
[arXiv:2309.09839]
[Quantum 8, 1297 (2024)]

[Phys. Rev. Research 5, 033114 (2023)]
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[Phys. Rev. Research 5, 033114 (2023)]

https://iopscience.iop.org/article/10.1088/1367-2630/ac93a8/meta
https://arxiv.org/abs/2307.08384
https://arxiv.org/abs/2405.20225
https://www.nature.com/npjqi


Thank you!
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