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Perturbative QCD

Bjorken limit

Figure: Deep Inelastic Scattering.
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Perturbative QCD
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Bjorken limit

Figure: Deep Inelastic Scattering.

Hadronic tensor

q"q”

W = R, Q%) (-9 + T ) + S e @) (- Ller) (v - 2te)

q

o Fi(z,Q?), Fo(x,Q?) — scalar structure functions.
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Parton distributions

Factorization

1
W =3 [ hup( ) B (0.6 0a(1) + O(5)-

o fasp (& 1) — non-perturbative PDFs (Parton distribution functions).
o HYY(q,& p,as(p)) — perturbative hard scattering coefficient.
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Parton distributions

Factorization

2/ — fayp (& mHE (4,6, 1, as (1)) +O(é).

o fasp (& 1) — non-perturbative PDFs (Parton distribution functions).
o HYY(q,& p,as(p)) — perturbative hard scattering coefficient.

DGLAP equation

x, u T
dj;(lnz) :/m %P(y)f(g’“)

P(y) = as PO (y) + a2PW (y) + a3 P + ... — perturbative splitting functions.
@ Full three-loop result. [Moch, Vermaseren, Vogt’ 2004]

o Partial four-loop result. [Falconi, Herzog, Moch, Vermaseren, Vogt'2023-2024]
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Close to the light-cone

@ Choosing two light-like directions n#, a# (n? =72 =0, n-n = 1):

a =a_nt +apnt +al.
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What about off-forward kinematics?
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Close to the light-cone

@ Choosing two light-like directions n#, a# (n? =72 =0, n-n = 1):

a =a_nt +apnt +al.

Non-local operators

fato,n) = [ SZemPre(plq (Sn) s (~Zn) )
—_

Scale evolution of the operator:
df (2, 1) do,

dlnp dlnp’
What about off-forward kinematics?

o Deep inelastic scattering: (P|O4|P) — DGLAP evolution equation for parton densities.
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Close to the light-cone

@ Choosing two light-like directions n#, a# (n? =72 =0, n-n = 1):
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fato,n) = [ SZemPre(plq (Sn) s (~Zn) )
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Scale evolution of the operator:
df (w, ) do,
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What about off-forward kinematics?
o Deep inelastic scattering: (P|O4|P) — DGLAP evolution equation for parton densities.

@ Distribution amplitudes: (P|O4]|0) — ERBL evolution equation for the meson wave
functions.
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Close to the light-cone

@ Choosing two light-like directions n#, a# (n? =72 =0, n-n = 1):

a =a_nt +apnt +al.

Non-local operators

fato,n) = [ SZemPre(plq (Sn) s (~Zn) )
—_

Scale evolution of the operator:
df (w, ) do,
dlnp dlnp’
What about off-forward kinematics?
o Deep inelastic scattering: (P|O4|P) — DGLAP evolution equation for parton densities.

@ Distribution amplitudes: (P|O4]|0) — ERBL evolution equation for the meson wave
functions.

@ Deeply virtual Compton scattering: (P|Oq|P’) — evolution equation for Generalised parton
distributions.
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Problem formulation

Euclidean QCD in d = 4 — 2¢ dimensions

1 1
S = /ddx {wq +FRE & 2—5(8A)2 + 8HE“(D“C)“} .

Light-ray operator

O(z1, 22) = q(z1n)[z1m, 22n]Vq(22n).

Notations:

o g(z),q(z) are quark fields of the different flavour (non-singlet case).
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Problem formulation

Euclidean QCD in d = 4 — 2¢ dimensions

1 1
S = /ddx {wq +FRE & 2—5(8A)2 + 8HE“(D“C)“} .

Light-ray operator

O(z1, 22) = q(z1n)[z1m, 22n]Vq(22n).

Notations:
o g(z),q(z) are quark fields of the different flavour (non-singlet case).
e nt is a light-like vector (n? = 0).
@ z1,22 € R are coordinates on the light-like direction.

o I' is the possible Dirac structure (F = 7“,7“75,0‘“’).

[z1m, z2n] is the Wilson line

1
[z1n, z2n] = Pexp {igzlgfo dan”A#(zf‘Q)} .
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Problem formulation

Euclidean QCD in d = 4 — 2¢ dimensions

1 1
S = /ddx {wq +FRE & 2—5(8A)2 + 8HE“(D“C)“} .

Light-ray operator

O(z1, 22) = q(z1n)[z1m, 22n]Vq(22n).

Notations:

g(x),q(z) are quark fields of the different flavour (non-singlet case).
e nt is a light-like vector (n? = 0).
@ z1,22 € R are coordinates on the light-like direction.

o I' is the possible Dirac structure (F = 7“,7“75,0‘“’).

[z1m, z2n] is the Wilson line
1
[z1n, z2n] = Pexp {igzlgf dan”A#(zf‘Q)} .
0
@ z{y = z1& + z2c, where & = 1 — «, and z12 = 21 — 22.
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Renormalization

Renormalized light ray operator
[0G1,22)] = Z(@)0(z1, 22),

where Z is an integral operator acting on the variables 21, z3.
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Renormalization

Renormalized light ray operator
[0G1,22)] = Z(@)0(z1, 22),

where Z is an integral operator acting on the variables 21, z3.

RG - equation

(u% n ﬂ(a)% T H(a)) [(’)(zl, ZQ)] =0.

o Operator H(a) is the evolution kernel

1 a
H(a) (21, 22) = /0 dor /0 dB h(ev, B) F (55, 2,).
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Renormalization

Renormalized light ray operator
[0G1,22)] = Z(@)0(z1, 22),

where Z is an integral operator acting on the variables 21, z3.

RG - equation

(u% n ﬂ(a)% T H(a)) [(’)(zl, ZQ)] =0.

o Operator H(a) is the evolution kernel
1 a s
H@/f (1) = [ da [ dghla, )5 5.
0 0
@ Connection to the renormalization operator

H() = 422

27 (a) + 274(a)-
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Local operators

Expansion in terms of local operators

O(z1,22) = Z U k(21,22)On 1 (0).
Nok

Twist-2 quark operators

On,k(x) = (84)" (t?(ﬂﬂ)V (Dy)N—F q(w)> ]

twist-2 non-singlet quark operator
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Local operators

Expansion in terms of local operators

O(z1,22) = Z U k(21,22)On 1 (0).
Nok

Twist-2 quark operators

On,k(x) = (84)" (t?(ﬂﬂ)V (Dy)N—F q(w)> ]

twist-2 non-singlet quark operator

Operators of twist-2 Oy = On r—o mix under renormalization with total derivatives

N

[ON] =ZNON + kz::l Zn g (04) On k-

non-forward
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Anomalous dimension matrix

RG — equation for local operators

(#3 + ﬂ(@%) [ON,k] = — ZN: Vi, k! [ON,k’]~

O E=0

® g,k is the anomalous dimension matrix

Y,0 -Y0,1 70,2 “°* YO,N
0 mai 72 0 MmN

. 0 o
§ = 72,2 72,N
0 0 0 s+ YN,N

® 7y, corresponds to the v(IN) — forward anomalous dimensions for twist-2 operators.
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Eigenvalues

The set of eigenfunctions of the evolution kernel ¥ (21, 22) = le\g—l:

H(a)yn (21, 22) = v(N)bn (21, 22)-

Forward anomalous dimensions

1 @
v(N)=/O da/o dB h(e, B)(1 — a— BN,
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Eigenvalues

The set of eigenfunctions of the evolution kernel ¥ (21, 22) = le\g—l:

H(a)yn (21, 22) = v(N)bn (21, 22)-

Forward anomalous dimensions

1 @
v(N)=/O da/o dB h(e, B)(1 — a— BN,

Another connection L
1) = = [ dea1PG),
0

where P(z) is the splitting function (DGLAP kernel).
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Results

o OV(z1,22) = G(21n)[217, 22n]v+q(22n) — three-loop evolution kernel
[Braun, Manashov, Moch, Strohmaier'2017].

o OA(z1,22) = G(z1n)[z1n, 22n]7+v5q(22n) — three-loop evolution kernel
[Braun, Manashov, Moch, Strohmaier'2021].

Transversity case

O(21, 22) = q(z21n)[21m, z2n]o | 4 q(227m)

One-loop evolution kernel. [Belitsky, Miiller'1998]
Two-loop evolution kernel. [Belitsky, Miiller'1999], [Belitsky, Miiller, Freund’ 1999]

Two-loop ERBL kernels. [Mikhailov, Viadimirov'2009]

All loops anomalous dimension matrix in the large n ¢ limit. [Van Thurenhout'2022]
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Results

o OV(z1,22) = G(21n)[217, 22n]v+q(22n) — three-loop evolution kernel
[Braun, Manashov, Moch, Strohmaier'2017].

o OA(z1,22) = G(z1n)[z1n, 22n]7+v5q(22n) — three-loop evolution kernel
[Braun, Manashov, Moch, Strohmaier'2021].

Transversity case

O(21, 22) = q(z21n)[21m, z2n]o | 4 q(227m)

One-loop evolution kernel. [Belitsky, Miiller'1998]
Two-loop evolution kernel. [Belitsky, Miiller'1999], [Belitsky, Miiller, Freund’ 1999]
Two-loop ERBL kernels. [Mikhailov, Viadimirov'2009]

All loops anomalous dimension matrix in the large n ¢ limit. [Van Thurenhout'2022]

@ Three-loop evolution kernel for the transversity operator. [Manashov, Moch, LS'2024]
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Conformal group

Consider d-dimensional Poincare group with two additional transformation

= Azt ot = —.

Generators

Action of conformal group is defined on the primary fields ®(z):

i[PH, ®(z)] = 94 d(a);

[
IMPY, ®(z)] = (z#0” — 2V OF — TH)D(x);

iD,®(z)] = (z- 0+ Ag)®(z);

i[KH, ®(z)] = (22*(x - 9) — 220" 4 2A gzt — 22, 5HY)d (),

o Ag is a scaling dimension
d(Az) = A\"L2d(2).

@ XHY generator of the spin s.
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Collinear subgroup

Fields are "living” on the light directions ®(zn#) = ®(z).
[Braun, Korchemsky, Miiller’ 2003]

o L, = —intP,,.

oL = %WKH.

o Lo= %(D + nEAY M.

sl(2) commutation relations

[LQ,L:F] = :FL:F7 [L_,L+] = —2Lo.
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Collinear subgroup

Fields are "living” on the light directions ®(zn#) = ®(z).
[Braun, Korchemsky, Miiller’ 2003]

o L, = —intP,,.

oL = %WKH.

o Lo= %(D + nEAY M.

sl(2) commutation relations

[LQ,L:F] = :FL:F7 [L_,L+] = —2Lo.

SL(2,R) group of transformations:

, b
B(2) o (cz+d)"2D (Z:CJ ,

@ a,b,c,d €R.
@ ad —bc=1.

o j=(Ag + s)/2 — conformal spin.
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Symmetries of the kernel

Canonical sl(2) generators acting on the light-ray operator O(z1, 22):
0o SW=_5,, —a.,,
o S\ =210, + 220, + 2,
° SS_O) =220, + 2302, + 2(21 + 22).

with commutation relation

[s87,5] = £, [s8,59] = 25(".
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Symmetries of the kernel
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One-loop symmetry
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Symmetries of the kernel

Canonical sl(2) generators acting on the light-ray operator O(z1, 22):
0§ =0, — 0,
o S\ =210, + 2202, + 2,
° SS_O) =220, + 2302, + 2(21 + 22).

with commutation relation

[s87,5] = £, [s8,59] = 25(".

One-loop symmetry

(B, 510] =0,

Perturbative expansion
H(a) = aH® + o?H® + o3H® 4+ ...

Higher loop orders (I > 1):

[S(_O),H(l)] -0, [SQ{),H@] £0.

34/81



Quantum corrections

In higher orders generators receive corrections

[So,S4] = £S5+, [Sy,S_]=2So.

Corrected generators

S_(a) =S,

So(a) = 57 + (a) + SH(a),

S(@) = S+ (a1 + 22) ((0) + @) + (1~ 22)A4(a).

ASy

° B(a) = —B(a)/2a — e = foa+ fra® + ...

o Ay (a) is a conformal anomaly and can be calculated only perturbatively. [Miiller'1998/]

Ai(a) =aAW +a2AD +a3AP
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Conformal constraints

Commutation relation can be seen as a constraint

[S+,0,H(a)] = 0.

Conformal constraint for the kernel

s, m®] =0,
[Sf),H@)]

= [m®, a5P],
[s9,8®)] = 80, AsP] + [8®, A5P].
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Conformal constraints

Commutation relation can be seen as a constraint

[S+,0,H(a)] = 0.

Conformal constraint for the kernel

s, m®] =0,
[s5, m®]

|
[s9,8®)] = 80, AsP] + [8®, A5P].

/ N

Three-loop order Two-loop order

HD, AS‘ﬁ] ,
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Intermediate results

o Parton distributions can be defined as the matrix elements of light-ray operators.
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Intermediate results

o Parton distributions can be defined as the matrix elements of light-ray operators.
@ Scale evolution of light-ray operators is governed by the operator called evolution kernel.

@ There is an underlying symmetry for the evolution kernel under the transformation from the
collinear subgroup(SL(2,R)) of the conformal group.
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Intermediate results

Parton distributions can be defined as the matrix elements of light-ray operators.

°
@ Scale evolution of light-ray operators is governed by the operator called evolution kernel.
@ There is an underlying symmetry for the evolution kernel under the transformation from the

collinear subgroup(SL(2,R)) of the conformal group.

@ One-loop kernel commutes with the canonical generators S&O).
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Intermediate results

Parton distributions can be defined as the matrix elements of light-ray operators.

Scale evolution of light-ray operators is governed by the operator called evolution kernel.

There is an underlying symmetry for the evolution kernel under the transformation from the
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@ One-loop kernel commutes with the canonical generators S&O).

Hogher-loop kernels commute with the corrected generators S, (a).
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Intermediate results

Parton distributions can be defined as the matrix elements of light-ray operators.

Scale evolution of light-ray operators is governed by the operator called evolution kernel.

There is an underlying symmetry for the evolution kernel under the transformation from the
collinear subgroup(SL(2,R)) of the conformal group.

@ One-loop kernel commutes with the canonical generators S&O).

Hogher-loop kernels commute with the corrected generators S, (a).

I-th loop order kernel is determined by the (I — 1)-th loop order conformal anomaly A (a).

Further questions:

@ How to calculate A4 (a)?

44/81



Intermediate results

Parton distributions can be defined as the matrix elements of light-ray operators.

Scale evolution of light-ray operators is governed by the operator called evolution kernel.

There is an underlying symmetry for the evolution kernel under the transformation from the
collinear subgroup(SL(2,R)) of the conformal group.

@ One-loop kernel commutes with the canonical generators S&O).

Hogher-loop kernels commute with the corrected generators S, (a).

I-th loop order kernel is determined by the (I — 1)-th loop order conformal anomaly A (a).

Further questions:

@ How to calculate A4 (a)?

@ How to solve the equation?
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Critical point

@ In d = 4 — 2¢ we can reach the critical point S(a*) =0 = a* = a*(e).

@ Perturbative expansions

Ap(a®) =a* A + (@22 1.,
H(a*) = a*HM + (a*)?H®) + .. ..

° H(’“),Af) are d-independent operators in M S scheme.
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Critical point

@ In d = 4 — 2¢ we can reach the critical point S(a*) =0 = a* = a*(e).

@ Perturbative expansions

Ap(a®) =a* A + (@22 1.,
H(a*) = a*HM + (a*)?H®) + .. ..

° H(H,Af) are d-independent operators in M S scheme.

Idea of calculation

Physical QCD - = - - - - - — - - > HE, AP

QCD at the critical point
(d=4—2¢,e#0)
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Conformal theory

Consider Green's function

G(z; z,w) = <[(’)(Z17 22)] [@(xé w)]>

2 = 0 is an independent light-like direction.

z-n)=0.

o (
o O(z;w) = gz + win) [z + w1, & + waii| Fg(x 4+ wah).
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Conformal theory

Consider Green's function

G(z; z,w) = <[(’)(Z17 52)] [@(xé w)]>

2 =0 is an independent light-like direction.

7i) = 0.

o (z-
o O(z;w) = gz + win) [z + w1, & + waii| Fg(x 4+ wah).

Conformal Ward ldentity

S4(A4)G(z;2,w) =Z (8 = e(z1 + 22)) 271 G(=; 2, w)

+/ddy (1) (N @) [0(z1,22)] [0z, w)] )

Operator N (y) can be expanded

N(y) = —@ [cYM+ €] + EOM + BRST

o EOM operators give simple contribution.
@ BRST operators do not contribute at all.
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Feynman diagrams

Consider modified QCD action
1

' 1
Sqcp — Sw = Sqcp +6YS = Sgcp — Qw/ dly(n - y) <1F2 + 2%

(8A)2>.

o c-expansion of the renormalization operator
1 1
Z(a) =1+ EZl(a) + 6—2Z2(a) + ...

o Deformation of the operator in S,

Z(a) — Zy(a) = Z(a) + 2w (n - 7) Z(a).

Z1(a) = z12A+ + %(H(a) — Z'yq(a)) (21 + 22).
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Additional Feynman rules

@ Gluon line:

z y 1

oTeRoTe = R (@ —y) Au(@)Au(y) = 2igus / (;lﬁ];d ik (2 ) Wk k)
@ Quark line:

z Y

- = G-l = - [ (jﬂ’)“d e FIE

e Wilson line:

-—- < -- = (n-n)z2lzin,z2n].
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Two-loop diagrams for the evolution kernel
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Two-loop conformal anomaly

Two-loop conformal anomaly

1 1
(AP Aien,22) = [ du [ dett) [1(:th,22) = £Cer,231)]

+ o [ apflt, ) + 3 Psz] a8 50) = ety 250]-
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Two-loop conformal anomaly

o x(t) = C% xp(t) + % xpaA(t) + CrBosxpr(t),

%bF(t):f2§<lnt7+ g),
spa(t) :275{(2+t)[Li2(i) —Liz(t)] - (2—t)(§_lnt+1nf)
7'('2
)
sp(t) :4£[Lig@ - L12(1)] 4 (? - %) [Liz(t) - L12(1)] —2tIntlni

t _ 2 1 _ 1
—Z(Q—t)ln2t+?ln2t—2(1+¥) lnt—2(1+%) Int

— =2 _1-—5t.
3t
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Two-loop conformal anomaly

° (o, p) = FE@Np(a, B),

_ a « 1 _ B 1
wnp(a,B) = —2{5 {Li2 <f> —Lig(a)] —a7IlnT — —Inalnf - =-Ina — 7ﬁ}
a B a B 2
® w(a,f) = C}wp(a,B) + gEwnp(a, ),
o 1 o 1 _
wp(a, B) = — [Lia(a) — ¢2 + ~aln’a+ —(8 - 2) Ind]
@ 4 2
+£{Li (a) — ¢ +Ealn2a+£(5—2)lna]
al? 2Ty 2 ’
& B 1
wnp(a, B) = 2{7 [LlQ (j> — Lig(B) — Lig(a) + Lig (@) — {2] —lna— —Ina
«@ [e% «@

T 1
+a(71n‘7‘+ )}
T 2
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Solving the conformal constraints

o Equation for the three-loop kernel

[s©,8O] = 8D, a5P] + [H®), a5(].

Solution

1 1 1 2 1 2 1
9 H 100 (e 5110) 45780 (050 ) + (1045 (180)7) (o 3m00)

+[B2),x0] + %Ti” (B3, x0] + [T, x@)] (50 + %H.(l))

inv’ inv’ inv

0 [H_(l) X(z)} _,’_% [[Hi(n1\/)7x(l):| ,X(l)} .

inv ?

56/81



Solving the conformal constraints

o Equation for the three-loop kernel

[s©,8O] = 8D, a5P] + [H®), a5(].

Solution

3 1 1__(2 1 1.-m)\? o 1 1) 2 1.4
WO <)+ 1 (81 000 ) + 5180 (B0 g1l ) + (18045 (107)7) (o 10)

+[B2),x0] + %Ti” (B3, x0] + [T, x@)] (50 + %H.(l))

inv’ inv’ inv

0 [H_(l) X(z)} _,’_% [[Hi(n1\/)7x(l):| ,X(l)} .

inv ?

o X(a) — transformation that "kills” conformal anomaly.
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Solving the conformal constraints

o Equation for the three-loop kernel

[s©,8O] = 8D, a5P] + [H®), a5(].

Solution

3 1 1__(2 1 1.-m)\? o 1 1) 2 1.4
WO <)+ 1 (81 000 ) + 5180 (B0 g1l ) + (18045 (107)7) (o 10)

+ [B2),x0] + %Ti” (B3, x0] + [T, x@)] (50 + %H.(l))

inv’ inv’ inv

0 [H_(l) X(z)} _,’_% [[Hi(n1\/)7x(l):| ,X(l)} .

inv ?

o X(a) — transformation that "kills” conformal anomaly.

e T, (a) — transformation that maps on the canonically invariant part.
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Solving the conformal constraints

o Equation for the three-loop kernel

[s©,8O] = 8D, a5P] + [H®), a5(].

3 1 1__(2 1 1.-m)\? o 1 1) 2 1.4
WO <)+ 1 (81 000 ) + 5180 (B0 g1l ) + (18045 (107)7) (o 10)

+ [B2),x0] + %Ti” (B3, x0] + [T, x@)] (50 + 1H.(”)

inv’ inv’ 9~ Tinv

inv ?

0 [H_(l) X(z)} _,’_% [[Hi(n1\/)7x(l):| ,X(l)} .

o X(a) — transformation that "kills” conformal anomaly.
e T, (a) — transformation that maps on the canonically invariant part.

o Hj,, (a) — canonically invariant part of the kernel.
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Similarity transformation |

Consider transformation V4
H(a) = V1H(a)V] 1,
Sa(a) = ViSa(a)Vit.

Transformed generators

S_(a) =S,

So(a) = 5§ + B(a) + S H(a),

Si(@) = 5 + 1 +22) (@) + 3H@)

o It is easier to look at the operator Vi(a) = exp (X(a))
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Operator X(a)

e Equation on the operator X(a):
[Sf)7x(l)j| = Zl2A(1)7

[0, X)) = 2,4 1 [XO), 21 4 2] (ﬁo + %H“)) 1 X0, za®)].
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Operator X(a)

@ Equation on the operator X(a):
[Sf)7x(1)] — 212A(1),
[Sf),X@)] =210 ¢ [X(l)721 + Zz] (/30 + %HO)) + % [X<1)7212A(1>] .
@ Form of the operator X(a):
xfe o) = [ da [ a9nian0) )

1 _
+ [ anSx0(@) (270 2) = f et 2) = o1, 350).

Differential equation

1 a
[590,X] £(z1,22) = 22 /0 da /O 4B (aado — BBOg) X (e, B (282, 251)

1
s /O da a20ax (@) (F(28, 22) — F(21,281)) -
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Similarity transformation Il

Consider transformation Va:
Hinv(a) = V2HV2_1»
S,(lo) = VQSQV271.

Perturbative form of transformation
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Similarity transformation Il

Consider transformation Va:
Hinv(a) = V2HV2_1»
S,(lo) =V3SaVa™

Perturbative form of transformation

H(a) = I_Iinv Z

n=1

Operators Ty (a) has the closed form:
T (@) (21,22) = ~Tap(@) [ da " & (o) + 21, 251)
1
+/O da/o dB " (1 = o — B) (A(r) + h(r)P12) F(252, 251 -
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Similarity transformation Il

Consider transformation Va:
Hinv(a) = V2HV2_1»
S,(lo) =V3SaVa™

Perturbative form of transformation

H(a) = I_Iinv Z

n=1

Operators Ty (a) has the closed form:
T (@) (21,22) = ~Tap(@) [ da " & (o) + 21, 251)
1 _
+/O da/o dB " (1 = o — B) (A(r) + h(r)P12) F(252, 251 -

@ I'cusp(a) — Cusp anomalous dimension. [Polyakov' 1980]
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Similarity transformation Il

Consider transformation Va:
Hinv(a) = V2HV2_1»
S,(lo) =V3SaVa™

Perturbative form of transformation

H(a) = Hip,(a Z

n=1

Operators Ty (a) has the closed form:
T @1, 22) = ~Tewp(@) [ do 07 & (F (o, 22) + 11, 551)
0
1 —
+/ da/ dB " (1 = o — B) (A(r) + h(r)P12) F(252, 251 -
0 0
@ I'cusp(a) — Cusp anomalous dimension. [Polyakov' 1980]
@ P15 — operator of permutation (Plgf(zl, 22) = f(zg,z1)).
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Similarity transformation Il

Consider transformation Va:
Hinv(a) = V2HV2_1»
S,(lo) =V3SaVa™

Perturbative form of transformation

H(a) = Hip,(a Z

n=1

Operators Ty (a) has the closed form:
T (@1, 72) = ~Tewp(@) [ do 10" & (F (e, 22) + 1, 751)
0
1 —
+/ da/ dB " (1 = o — B) (A(r) + h(r)P12) F(252, 251 -
0 0
@ I'cusp(a) — Cusp anomalous dimension. [Polyakov' 1980]

@ P15 — operator of permutation (Plgf(zl,zg) = f(zg,z1)).

o h(r) — integral kernel of Hi,,(a), depending on conformal ration 7 = a8/ap.
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Canonically invariant kernel

Form of the canonically invariant kernel

Hip(a) = Fcusp(a),}/‘z + A(a) + H(a).
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Canonically invariant kernel

Form of the canonically invariant kernel

Hip(a) = Fcusp(a),}/‘z + A(a) + H(a).

o A(a) — constant term.
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Canonically invariant kernel

Form of the canonically invariant kernel

Hip(a) = Fcusp(a),}/‘z + A(a) + H(a).

o A(a) — constant term.

@ Operator 7 defined as:

1 e
Aif(en) = [ %2 2f (1) — a(f R 22) + Flen,50))
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Canonically invariant kernel

Form of the canonically invariant kernel

Hip(a) = Fcusp(a),}/‘z + A(a) + H(a).

o A(a) — constant term.

@ Operator 7 defined as:

1 e
Aif(en) = [ %2 2f (1) — a(f R 22) + Flen,50))

o Operator #(a) defined as:

H@ 1,z = [ da [ a5 (i) + B IPL) 1e55 250
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o Eigenvalues of the canonically invariant kernel

Hin (a)¥n (21, 22) = Yinv (V)Y (21, 22).

Generalized Gribov-Lipatov reciprocity

V) = e (N + 579N + (@)
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o Eigenvalues of the canonically invariant kernel

Hin (a)¥n (21, 22) = Yinv (V)Y (21, 22).

Generalized Gribov-Lipatov reciprocity

V) = e (N + 579N + (@)

@ 7Vinv(IV) depends only on the reciprocity respecting harmonic sums [Beccaria, Forini'2009]

Q3(N) = S3(N) — (3,
Q_5(N) = (~1)¥ (sfguv) + %) ,

Q1.5(N) = S1.8(N) = 2 S1(N) + - — GaSi(N),

73/81



o Eigenvalues of the canonically invariant kernel

Hin (a)¥n (21, 22) = Yinv (V)Y (21, 22).

Generalized Gribov-Lipatov reciprocity

V) = e (N + 579N + (@)

@ 7Vinv(IV) depends only on the reciprocity respecting harmonic sums [Beccaria, Forini'2009]

Q3(N) = S3(N) — (3,
Q_5(N) = (~1)¥ (sfguv) + %) ,

Q1.5(N) = S1.8(N) = 2 S1(N) + - — GaSi(N),

@ Integral kernels [Ji, Manashov, Moch’ 2023]

1 a 7
9173(1\7) = /0 da/o dg . (HQ(T) + Hll(T)) .
T e ——

Harmonic polylogarithms

74 /81



Results for the invariant part

WO () = —cpn2 18 4 o2 (352 8o+ 7y _n ))
T) = — ny— n _— == —— -
L FE\ T o+ o — (2 10
+C’F’nf (8 SH 4H +7_-<8H 8H +16H +160H ))
N, FH1— gHo+ — 2 = SHio+ —Hn 5
5/ 1936 88 7 1 1 1
+Cp (——— + —Ho+32— (H3z +Hizg —Hi10 — H2o — -H2 + -Hio + -Hi
9 3 T 3 3 2
CcZ 152 8 76
+ — — —96¢3 — | — —48¢2 |JHo + —H; — 32H109 + 4Hs — 48Hyp — 16H11
N¢ 3 3 3

T T+ 1
— 24Hoy + — ( — 24¢y — 48¢3 + 64H0) + — ( — (32 — 16¢2)Hg
T T

+ 12Hs — 16Hog — stl) +

( <2OOO+16C )H +32H 208H
9 2 1 3 10 3 2

S

32
— 64H30 — —Hi1 — 32H110 + 64H; + 80H12 + 64Hz; + 96H111)>

+

+

+

+

544 68 68
o + 16¢2 — 96¢3 — (; - 36€2>H0 + ng — 24H;0 + 4Ha — 36Hzo

R Z‘ﬁ?

2
T4+ 1
( — 8(¢2 — 48¢3 + 48H0> + — (( — 24 4 12¢2)Hg + 4Ho — 12H20>
T

1072 44 16
-5 + 16¢2 JH1 + ?HIO — 44Hp — 32Hgo — ?Hu — 16H110

S

32H3 + 32H1o + 48Hoy + 32H111)>.
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Results for the invariant part

Ry = _GEms (104 By By 18,
R == (5 +3H0+9(23 207)H1+3T(H11+H10)

C% (1480 28 76

—— —40¢2 —48¢3 + | — +24¢ |Ho + —Hi + 16H10 — 4H2 — 24Hyo

Ne \ 9 3 3
T T+1

— 16Hy1 + 24Ho1 + — ( — 24¢2 +48¢3 — 32H0) + — ((16 - 8(2)H0 + 12H,

T T

- 2144 104
+ 8Hzo — 8H21> + T( — 24 + 48¢2 + 48¢3 — 16¢2Ho + (T + 16(2)1{1 + THlt)
32
— 24H3 + 16H30 + —~Hi1 — 16H110 — 3215 — 32Ha1 — 96H111>)
Cr (1028 44 68
5 | =g —24¢2 —48¢3 + | — +36C2 |Ho + ——Hy +24H;0 — 4Ha — 36Hyo
N2\ o 3 3
T T+1
+ - ( — 8¢2 +48(¢3 — 48H0) +— ((24 - 12C2)H0 + 4Hz + 12H20)
T T

1072 88
+ ‘7'< — 24 4 24(¢2 + 48(¢3 — 32¢2Hp + (T + 16C2>H1 + §H10

16
— 24Hp + 32Hz0 + —~Hi1 — 32H110 + 16H1; + 16H1 — 32H111>>.
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Obtaining the result

Schematically

H(a) H(a) Hiv(a) —— Yinv(N) ——— y(N)

V1 Va eigenvalue reciprocity
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Obtaining the result

Schematically

H(a) H(a) Hiv(a) —— Yinv(N) ——— y(N)

V1 Va eigenvalue reciprocity

@ Three-loop result for the transversity forward anomalous dimensions.
[Velizhanin' 2012], [Bliimlein, Marquard, Schneider, Schonwald’ 2021]
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To the local

Gegenbauer basis

Oz — Oz,

Oni(0) = (82, + 8- )koﬁf/z)(
" ! 2 02y + 02,y

) OlGe1,2)

)
z1=22=0

@ RG-equation in the Gegenbauer basis

( 0 +B()6)O En o
A a)— nk = — nn’Yn’k-
Hau Oa k v k

n’/=0
@ Separate contributions

'YcEf3r) = %3) + nf'yr(LSf) + n?’y%) .
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Results for the matrix

@ Ne=3and0<n,n <5

0 0 0 0 0 0
0 0 0 0 0 0
44992
3) 44992 0 0 0 0 o
A3 = o 1316680 0 0 o ol
1977808 54669748
10125 0 91125 0 0 0
0 68848018 0 443231668 0 0
T273375 ~ 759375
0 0 0 0 0 0
0 0 0 0 0 0
21008
) 100 0 0 0 0 o
Ty =7 0 200000 0 0 0o of:>
998842 898436
30375 7450418 10125 4252496 0 0
0 18225 0 50625, 0 O
0 0 0 0 0 0
0 0 0 0 0 0
) Lo 0 0 0 0 0
= — 20
W’nf 0 = 0 0 0 0
2 % om0 o o
° 3268 025 416 0o o
0 3645 0 225
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Result for the matrix

@ The diagonal elements have the form:

(3) _ 105110 1856 (10480 320 )n 8 o
— _ _ ;-

W0 =g T @ e T @ o"h
3 17770162 1280 552308 4160 2408
722 T Tgse1 +T3_(2187 +T73)"f_ﬁnf’
(3 206734549 560 3126367 5120 14722
733 T 65610 27 37( 10935 | 27 3) F 7 3645 I
(3 _ 144207743479 9424 (428108447 | 5888 ) 418504 ,
T 41006250 105 >° 1366875 27 2 )" T 91125 P

(3) _ 183119500163 = 3328 (1073824028 2176 ) 3209758 ,
_ ZH190L7V4C ng—

755 = a7sa0625 | 135\ 3189375 9 8 637875 4
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