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Hadron Physics
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Their dynamics and properties are determined by QCD

Atomic nuclei and nuclear stability, EMC effect
Radius; spin-, momentum-, charge distributions;
Interaction with external currents: {𝑒−, 𝜈, … }𝑁 scattering, 𝑁𝜋 scattering, nucleon
compton scattering, meson photoproduction

(EIC White Paper), (Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer; 2016), (European Muon Collaboration; 1983), …

3/ 19

http://arxiv.org/abs/1212.1701
http://arxiv.org/abs/1606.09602
http://cds.cern.ch/record/142300


Hadron Physics
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Dyson-Schwinger Equations

Can relate 𝑛-point functions with each other:

−1
=

−1
+

The full quark propagator is the bare propagator plus self-energy Σ
Σ depends on gluon and 𝑞𝑞𝑔 vertex
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Dyson-Schwinger Equations
Can relate 𝑛-point functions with each other:

−1
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−1
=

−1
+ +

+ + +

Coupled equations: 𝑛-point function depends on higher order correlations.
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Truncations

Calculations only possible with truncations
Chosen to reproduce the interesting physics of the system.
Common truncation: Maris-Tandy model (Maris, Roberts; 1997), (Maris, Tandy; 1999), (Maris, Tandy; 2000)
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(Alkofer, Zierler; 2023)
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Truncations
Calculations only possible with truncations

Chosen to reproduce the interesting physics of the system.
Common truncation: Maris-Tandy model (Maris, Roberts; 1997), (Maris, Tandy; 1999), (Maris, Tandy; 2000)

𝑆(𝑝) = 𝜎𝑠(𝑝2)𝟙 − 𝑖𝜎𝑣(𝑝2)/𝑝 = 1
𝐴(𝑝2)

−𝑖/𝑝 + 𝑀(𝑝2)
𝑝2 + 𝑀(𝑝2)2

(Numerical results by: Raúl)
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Bethe-Salpeter Equation
The Bethe-Salpeter Wavefunction (BSWF) appears as the residue of a correlation
function 𝐺(𝑝):

𝑝1
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𝐺
𝑝2 → 𝑚2

𝜆
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𝑝4

Ψ
1

𝑝2−𝑚2
𝜆+𝑖𝜖

Ψ = 𝐺0 𝐾 Ψ

𝑀 = 2𝑚

𝑅𝑒{√𝑝2}

𝐼𝑚{√𝑝2}

Bound States

Resonances

Poles in correlation functions encode the theory’s bound-state spectrum
BSWF characterizes the bound-state

(Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer; 2016)
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Bethe-Salpeter Equation Eigenvalue/vector equation

The BSE is usually solved as an
eigenvalue equation:

𝜆𝑖 (𝑃 2) 𝜓𝑖 = 𝐊𝐆𝟎𝜓𝑖

States found when 𝜆𝑖(𝑃 2) ≡ 1.
Mass is given by 𝑃 2 = −𝑀2

Eigenvalue/vector spectrum gives
ground state and excited states.
Like DSE, analytic structure is
important, and contour deformations
may be needed!
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Parton model

𝑒− 𝑒−

𝑁

𝑘 𝑘′

𝑞

𝑃
𝑋

Common experiment:
Deep inelastic scattering.
Electron (or neutrino) probe interacts
with nucleon via 𝛾, 𝑍, 𝑊 ±.
Main idea:

Hadrons are bags of partons .
Scattering occurs between the
exchanged boson and a parton from
the nucleon

Cross-section separates:

𝑑2𝜎
𝑑𝑥𝑑𝑞2 ∝ 𝐿𝜇𝜈𝑊 𝜇𝜈

𝑊 𝜇𝜈 described via PDFs.
(PDG Section 18 (Structure Functions))
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PDFs/TMDs
How to they show up?

Take the collinear, 𝑞2 very large limit.

𝑢

𝑢𝑑

𝑃
𝑒−𝑒−

𝑞 = (𝑃 − 𝑘)

𝑘

𝑊𝜇𝜈(𝑝, 𝑞, 𝜎) ∝ ∫ 𝑑4𝑧 ⟨𝑝, 𝜎| 𝐽†
𝜇(𝑧)𝐽𝜈(0) |𝑝, 𝜎⟩ = ∑

𝑖
𝜏(𝑝, 𝑞, 𝜎)𝑖

𝜇𝜈𝑓𝑖(𝑝, 𝑞)
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PDFs/TMDs
How to they show up?
Take the collinear, 𝑞2 very large limit.

𝜎 ∝ ∑
𝑓

∫ 𝑑𝑥
𝑥

𝐻(𝑥, 𝑄2/Λ2)𝑞𝑓(𝑥, Λ2) + 𝒪 ( 𝑘2
⟂

𝑄2 )

𝑞𝑓(𝑥, Λ) ∝ ∫ 𝑑4ℓ
(2𝜋)4 𝛿 (𝑥 − ℓ+

𝑝+ ) Tr [⟨𝑝| 𝜓𝑓(ℓ)𝛾+𝜓𝑓(ℓ) |𝑝⟩]

Hard scale 𝑄2 = −𝑞2 introduced allows for factorization – power supression 𝒪(𝑄−2)
Works also on other processes, like Drell-Yan.
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PDFs/TMDs
How to they show up?
Take the collinear, 𝑞2 very large limit.

𝜎 ∝ ∑
𝑓

∫ 𝑑𝑥
𝑥

𝐻(𝑥, 𝑄2/Λ2)𝑞𝑓(𝑥, Λ2) + 𝒪 ( 𝑘2
⟂

𝑄2 )

𝑞𝑓(𝑥, Λ) ∝ ∫ 𝑑4ℓ
(2𝜋)4 𝛿 (𝑥 − ℓ+

𝑝+ ) Tr [⟨𝑝| 𝜓𝑓(ℓ)𝛾+𝜓𝑓(ℓ) |𝑝⟩]

Focus on the non-perturbative hadronic part.
Can we build it from first-principles FUN ctional Methods calculations?
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Hadronic quantities

𝐻(𝑘, 𝑃 , Δ) Correlation function

𝐻(𝑥, 𝑘⃗, 𝜉, Δ⃗) GTMD

𝐻(𝑥, 𝜉, Δ2) GPD

∑𝑛
𝑘=0 𝐴𝑛𝑘 (Δ2) (2𝜉)𝑘 GFFs

𝑓(𝑘, 𝑃 )

𝑓(𝑥, 𝑘⃗)TMD

𝑓(𝑥)PDF

Δ = 0

∫ 𝑑𝑘−

∫ 𝑑2𝑘⃗⟂

∫ 𝑑𝑥𝑥𝑛−1

∫ 𝑑𝑘−

∫ 𝑑2𝑘⃗⟂

𝑊(𝑥, 𝑘⃗, ⃗𝑏)

𝑓(𝑥, ⃗𝑏)

𝐹𝑛(Δ2)FFs

FT, 𝜉 = 0

FT, 𝜉 = 0

𝜉 = 0

∫ 𝑑2 ⃗𝑏

∫ 𝑑2 ⃗𝑏

∫ 𝑑2𝑘⃗⟂

∫ 𝑑𝑥𝑥𝑛−1

(Lorce, Pasquini, Vanderhaeghen; 2011), (Picture adapted from: Diehl, 2016), (Diehl, 2003), (Meißner, Goeke, Metz, Schlegel; 2008), (Meißner, Metz, Schlegel; 2009)
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Our Goal
Main Goal: Get partonic distribution functions from hadron-hadron correlations via
FUN ctional Methods

𝑃𝑓𝑃𝑓 𝑃𝑖 𝑃𝑖
𝑃

𝐺

𝑘Δ
𝐺 is the four-point quark correlation
function, calculated with scattering
equation.
The BSWF is calculated via the meson
BSE.
First scalar toy model, then QCD.

(Mezrag; 2015), (Diehl, Gousset; 1998), (Tiburzi, Miller; 2003),
(Mezrag, Chang, Moutarde, Roberts, Rodríguez-Quintero, Sabatié, Schmidt; 2015),
many others, ...

𝒢[Γ] (𝑃 , 𝑘, Δ) = 1
2

Tr [∫ 𝑑𝑘− ∫ 𝑑4𝑧
2𝜋4 𝑒𝑖𝑘⋅𝑧 ⟨𝑃𝑓 | 𝜓(𝑧)𝒲Γ𝜓(0) |𝑃𝑖⟩]

Partonic distributions are calculated by integrating the correlator in 𝑘− and taking
appropriate traces.
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4-point function
4- point function determined from scattering equation:
𝐆 = 𝐆𝟎 + 𝐆𝟎𝐓𝐆𝟎 ⟹ 𝐓 = 𝐊 + 𝐊𝐆𝟎𝐓 ⟹ 𝐓 = (𝟙 − 𝐊𝐆𝟎)−1 𝐊.

𝑇 = 𝐾 + 𝐾 𝐺0 𝑇

(Eichmann, Duarte, Peña, Stadler; 2019)
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𝑝3

𝑝4

𝐺
𝑝2 → 𝑚2

𝜆
𝑝1

𝑝2

Ψ

𝑝3

𝑝4

Ψ
1

𝑝2−𝑚2
𝜆+𝑖𝜖

Same 𝐺0 and 𝐾 as in the BSE
All dynamics of 2 𝜙 particles:

Must produce bound state poles dynamically!

(Eichmann, Duarte, Peña, Stadler; 2019)
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4-point function
Partial-wave expansion shows
bound-state pole in the first Riemann
sheet

(Eichmann, Duarte, Peña, Stadler; 2019)

Describes both long-range and
short-range 𝑞𝑞 dynamics.
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Analytic Structure is Important
Calculating quantities in time-like momenta is complicated !

Analytic structure prevents naïve integration.
Poles and branch cuts are present.

Calculate quantities in the 𝑃 2 complex plane.
Euclidean ⇔ Minkowski

𝑝

𝑘𝑏

𝑘𝑎

𝑝

𝐼(𝑝2) = ∫ 𝑑4𝑘 1
𝑘2

𝑎 − 𝑚2 + 𝑖𝜖
1

𝑘2
𝑏 − 𝑚2 + 𝑖𝜖

⟹
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Analytic Structure of BSE Im
√

𝑡 > min ( 1
1±𝛼)

𝐆−1
𝟎 = (𝑙2+ + 𝑚2)(𝑙2− + 𝑚2)

Branch cuts in complex
√

𝑙 plane

√
𝑙
𝜆
± = ∓(1 ± 𝛼)

√
𝑡 [𝑧𝑙 + 𝑖𝜆√1 − 𝑧2

𝑙 + 1
(1 ± 𝛼)2𝑡

]

−2

−1

0

1

2

3

4

−2 −1 0 1 2 3 4 5

Im
{√

𝑥}

Re{
√

𝑥}

√
𝑥(+, +)√
𝑥(+, −)√
𝑥(−, +)√
𝑥(−, −)√

𝑡
(1 − 𝛼)

√
𝑡

(1 + 𝛼)
√

𝑡

𝐊−1 = (𝑞 − 𝑙)2 + 𝜇2

Branch cuts in complex
√

𝑙 plane
depend on path taken:

√
𝑙 = √𝜌 (Ω ± 𝑖√1 − Ω2 + 𝛽2

𝜌
)

−2

−1

0

1

2

3

4

−2 −1 0 1 2 3 4 5

Im
{√

𝑥′
}

Re{
√

𝑥′}

√𝑥1

√𝑥2
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Put everything together

𝑃𝑓𝑃𝑓 𝑃𝑖 𝑃𝑖
𝑃

𝑇

𝑘

1. Calculate 4-point function
2. Calculate BSE
3. Do the loop integration
4. Project to LF

We solve one triangle for each point in the 𝑅, 𝛼 grid – HPC Needed!
𝑁𝛼 × 𝑁𝑅 × 𝑁𝑍 4-point functions!

Obtained PDFs/TMDs for a system of two bound scalars 𝜙.
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Results

Publication coming soon!
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Results
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Conclusions

Framework for calculation of PDFs/TMDs.
Applications to hadronic structure calculations starting from self-consist first
principles calculations.
Calculation of 𝑞 ̄𝑞 scattering equation – rich dynamics possible.
Future applications to realistic QCD models soon.
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