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Transverse Single Spin Asymmetry 
• Left-right asymmetry of produced particles in collisions involving

polarized hadrons
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• The polarized cross section for 𝑝↑𝑝 → ℎ𝑋 is written using QCD factorization:

• Rotational invariance of QCD:

dΔ𝜎 = 𝑓𝑝 ⊗ 𝐹↑↑
𝑝↑

− 𝐹↑↓
𝑝↑

⊗ d ො𝜎↑ − d ො𝜎↓ ⊗ 𝐷𝑞→ℎ

d ො𝜎↑ − d ො𝜎↓ ∝ Re(ℳ+
∗ℳ−) 𝑨𝑵 ∝ 𝜶𝒔

𝒎𝒒

𝑷𝒉⊥

d𝜎𝑝↑𝑝→ℎ𝑋 = 𝑓𝑝 ⊗ 𝐹↑↑
𝑝↑

⊗ d ො𝜎↑ ⊗ 𝐷𝑞→ℎ

+𝑓𝑝 ⊗ 𝐹↑↓
𝑝↑

⊗ d ො𝜎↓ ⊗ 𝐷𝑞→ℎ

Vanish?
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Kane, Pumplin, Repko, PRL, 1978. 

1. 𝑓𝑝(𝑥): collinear PDF

2. 𝐹↑↑ ↓
𝑝↑

(𝑥): probability 
to find 𝑞↑ ↓  in 𝑝↑

3. 𝑑𝜎↑ ↓ : parton level
polarized cross sections

4. 𝐷𝑞→ℎ: fragmentation 
function

5. 𝑇: transverse polarization
6. 𝑈: unpolarized

𝑝

𝑝↑

𝑈 𝑈 𝑈

𝑈
𝑇

𝑇

ℎ
𝑈

Estimate in collinear QCD

Helicity
flip!



𝑥𝐹 =
2𝑃ℎ

𝑧

𝑠
 

FNAL-E704 , PLB,
1991.

PHENIX , PRD,
2014.

𝑠 = 19.4 GeV
𝑠 = 200 GeV

Larger

energy

Asymmetry is largest in forward region
of produced hadron!
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TSSA in 𝒑↑𝒑 → 𝒉𝑿 - experiments



𝐴𝑁~𝐴(−1/3)
𝐴𝑁~𝐴−0.027±0.005

Significant 𝐴
dependence!
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PHENIX, PRL, 2019.

STAR, PRD, 2021.
1.8 < 𝑃ℎ𝑇 < 7.0 GeV

𝑠 = 200 GeV

2.7 < 𝜂 < 3.8

1.5 < 𝑃ℎ𝑇 < 6.0 GeV

TSSA in 𝒑↑𝑨 → 𝒉𝑿 - experiments



I. Helicity flip should be generated unperturbatively!

➢In 𝒑𝒑 and 𝒑𝑨: Collinear twist-3 framework → Considering full set of twist-3 
distribution and fragmentation functions

II. Rise of TSSA with 𝑥𝐹 → small-𝑥 (saturation) effects in target

5

Φ 𝑥

𝑥𝑃

𝑃

𝑃, 𝑆 ത𝜓𝜓 𝑃, 𝑆 ∝ 𝑃𝑓 𝑥 −
𝑖

2
𝛾5𝑃+𝑆⊥𝑖𝜎−𝑖ℎ1 𝑥 + ⋯

Φ𝐹
𝜌

𝑥1, 𝑥2

𝑥1𝑃 𝑥2𝑃

𝑃

𝑃, 𝑆 ത𝜓𝐹𝜓 𝑃, 𝑆 ∝
𝑀𝑁

4
𝑃𝜖𝛼𝑃𝑛𝑆⊥𝐺𝐹 𝑥1, 𝑥2 + ⋯

Efremov and Teryaev, PLB, 1985.

Qiu and Sterman, PRL, 1991.

ETQS function
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Efremov and Teryaev, PLB, 1985.

Qiu and Sterman, PRL, 1991.

ETQS function

Light-cone coordinates:

•𝑥± =
𝑥0±𝑥3
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•𝒙⊥ = 𝑥1 Ƹ𝑒1 + 𝑥2 Ƹ𝑒2



• Consider a Dirac part of some Feynman amplitude:

• Parametrization:

• Cross section level: in general interference of two amplitudes and summation 
over 𝜒2

•  If 𝑎 = 𝑏 (the square of the amplitude), imaginary spin dependent part vanishes 
exactly

Structure of polarized cross section
Γ𝑎

𝑝1, 𝜒1
𝑝2, 𝜒2

𝑇𝜒1𝜒2
𝑎 𝑝1, 𝑝2 ≡ ത𝑢𝜒2

𝑝2 𝛾𝜇𝑎1 ⋯ 𝛾𝜇𝑎𝑛 𝑢𝜒1
𝑝1 = 𝐶𝑃𝑇 = 𝜒1𝜒2𝑇−𝜒1−𝜒2

𝑝1, 𝑝2
∗

Γ𝑎

𝑇𝜒1𝜒2
𝑎 𝑝1, 𝑝2 = 𝛿𝜒1,𝜒2

𝐴𝑎 𝑝1, 𝑝2 + 𝜒1𝐵𝑎 𝑝1, 𝑝2 + 𝛿𝜒1,−𝜒2
𝐶𝑎 𝑝1, 𝑝2 + 𝜒1𝐷𝑎 𝑝1, 𝑝2

ReRe Im Im



𝜒2

𝑇𝜒1𝜒2
𝑎 𝑇𝜒1𝜒2

𝑏 ∗
= 𝐴𝑎𝐴𝑏

∗ + 𝐵𝑎𝐵𝑏
∗ + 𝐶𝑎𝐶𝑏

∗ + 𝐷𝑎𝐷𝑏
∗ + 𝜒1 𝐴𝑎𝐵𝑏

∗ + 𝐵𝑎𝐴𝑏
∗ + 𝐶𝑎𝐷𝑏

∗ + 𝐷𝑎𝐶𝑏
∗

Re Im

➢ TSSA is consequence of amplitude interference! ➢Cross section is real: we need another “𝒊”
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Sievert,arxiv:1407.4047  



• Generally: 𝝈 ∼ 𝑫 ⊗ 𝑭 ⊗ 𝒇 ⊗ 𝑯

Fragmentation function Distribution in projectile Distribution in target Hard factor

Twist-3 from the targetPole-ETQS mechanism Twist-3 fragmentation

NONPERTURBATIVE NONPERTURBATIVE NONPERTURBATIVE PERTURBATIVE

• Twist-3 collinear (ETQS)
distribution from polarized
proton

• Twist-2 collinear distribution
in target

• Twist-2 fragmentation

• Phase comes from imaginary
part of internal propagator (SGP)

𝜎 ∼ 𝐷2 ⊗ 𝐺𝐹3 ⊗ 𝑓2 ⊗ 𝐻𝑝𝑜𝑙𝑒

• Twist-2 transversity distribution
from polarized proton

• Twist-2 collinear distribution
in target

• Imaginary part of twist-3
fragmentation function
gives necessary phase

𝜎 ∼ Im(𝒟3) ⊗ ℎ2 ⊗ 𝑓2 ⊗ 𝐻

Kanazawa  and Koike, PLB, 2000.

• Twist-2 fragmentation function

• Twist-2 transversity from polarized
nucleon

• Twist-3 distribution for
non-polarized target

• Phase from pole!

𝜎 ∼ 𝐷2 ⊗ ℎ2 ⊗ 𝐹3 ⊗ 𝐻𝑝𝑜𝑙𝑒

Kouvaris et. al., PRD, 2006. Metz and Pitonyak, PLB, 2013.
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Some known ways in 𝒑↑𝒑 (on tree level)
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• Twist-2 transversity distribution
from polarized proton

• Twist-2 collinear distribution
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fragmentation function
gives necessary phase

• Twist-2 fragmentation function

• Twist-2 transversity from polarized
nucleon

• Twist-3 distribution for
non-polarized target

• Phase from pole!

Some known ways in 𝒑↑𝒑 (on tree level)

C. Kouvaris et. all, PRD 74, 114013 (2006).

𝑝↑

• ETQS functions are real!

1

𝑝2 + 𝑖𝜖 
= 𝑃

1

𝑝2
− 𝒊𝜋𝛿 𝑝2 𝜎 ∼ 𝐷2 ⊗ ℎ2 ⊗ 𝐹3 ⊗ 𝐻𝑝𝑜𝑙𝑒
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Metz and Pitonyak, PLB, 2013. Kanazawa  and Koike, PLB, 2000.

𝜎 ∼ Im(𝒟3) ⊗ ℎ2 ⊗ 𝑓2 ⊗ 𝐻



• Generally: 𝝈 ∼ 𝑫 ⊗ 𝑭 ⊗ 𝒇 ⊗ 𝑯

Fragmentation function Distribution in projectile Distribution in target Hard factor

Twist-3 from the targetPole-ETQS mechanism Twist-3 fragmentation

NONPERTURBATIVE NONPERTURBATIVE NONPERTURBATIVE PERTURBATIVE

• Twist-3 collinear (ETQS)
distribution from polarized
proton

• Twist-2 collinear distribution
in target

• Twist-2 fragmentation

• Phase comes from imaginary
part of internal propagator (SGP)

𝜎 ∼ 𝐷2 ⊗ 𝐺𝐹3 ⊗ 𝐺2 ⊗ 𝐻𝑝𝑜𝑙𝑒

• Twist-2 transversity distribution
from polarized proton

• Twist-2 collinear distribution
in target

• Imaginary part of twist-3
fragmentation function
gives necessary phase

𝜎 ∼ 𝒟3 ⊗ ℎ2 ⊗ 𝐺2 ⊗ 𝐻

• Twist-2 fragmentation function

• Twist-2 transversity from polarized
nucleon

• Twist-3 distribution for
non-polarized target

• Phase from pole!

Some known ways in 𝒑↑𝒑 (on tree level)

C. Kouvaris et. all, PRD 74, 114013 (2006). A. Metz and D. Pitonyak, PLB 723, 365 (2013).

𝑝↑

• ETQS functions are real!

1

𝑝2 + 𝑖𝜖 
= 𝑃

1

𝑝2
− 𝒊𝜋𝛿 𝑝2

Δ𝐹

• Twist-3 FFs are complex function

➢ Consider only imaginary part! 𝜎 ∼ 𝐷2 ⊗ ℎ2 ⊗ 𝐹3 ⊗ 𝐻𝑝𝑜𝑙𝑒
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Kanazawa  and Koike, PLB, 2000.



• Generally: 𝝈 ∼ 𝑫 ⊗ 𝑭 ⊗ 𝒇 ⊗ 𝑯

Fragmentation function Distribution in projectile Distribution in target Hard factor

Twist-3 from the targetPole-ETQS mechanism Twist-3 fragmentation

NONPERTURBATIVE NONPERTURBATIVE NONPERTURBATIVE PERTURBATIVE

• Twist-3 collinear (ETQS)
distribution from polarized
proton

• Twist-2 collinear distribution
in target

• Twist-2 fragmentation

• Phase comes from imaginary
part of internal propagator (SGP)

𝜎 ∼ 𝐷2 ⊗ 𝐺𝐹3 ⊗ 𝐺2 ⊗ 𝐻𝑝𝑜𝑙𝑒

• Twist-2 transversity distribution
from polarized proton

• Twist-2 collinear distribution
in target

• Imaginary part of twist-3
fragmentation function
gives necessary phase

𝜎 ∼ 𝒟3 ⊗ ℎ2 ⊗ 𝐺2 ⊗ 𝐻

Y. Kanazawa  and Y. Koike, PLB 478, 121-
126 (2000).

• Twist-2 fragmentation function

• Twist-2 transversity from polarized
nucleon

• Twist-3 distribution for
non-polarized target

• Phase from pole!

𝜎 ∼ 𝐷2 ⊗ ℎ2 ⊗ 𝐺3 ⊗ 𝐻𝑝𝑜𝑙𝑒

Some known ways in 𝒑↑𝒑 (on tree level)

C. Kouvaris et. all, PRD 74, 114013 (2006). A. Metz and D. Pitonyak, PLB 723, 365 (2013).

𝑝↑

• ETQS functions are real!

1

𝑝2 + 𝑖𝜖 
= 𝑃

1

𝑝2
− 𝒊𝜋𝛿 𝑝2

Δ𝐹

• Twist-3 FFs are complex function

➢ Consider only imaginary part!

➢ Suppressed mechanism in
forward region

➢ This work: describe unpolarized
target in saturation framework

➢ Hybrid approach
➢ Dilute-dense approximation

𝑝↑ 𝑝/𝐴
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• At high energies, small-𝑥 gluons dominate inside
the target

• At some point, gluons wave functions start to
overlap
 

Color Glass Condensate

𝑄𝑠- Saturation scale

𝑄𝑠 
𝐴 2 = 𝐴

1
3 𝑄𝑠 

𝑝 2

F. Gelis, 1211.3327

Γ𝑔𝑔→𝑔 =
𝛼𝑆𝑁𝐶

𝑁𝐶
2 − 1 𝑄2

𝑥𝑓𝑔 𝑥, 𝑄2

𝜋𝑅2
≈ 1
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Nuclear dependence!

➢ At 𝑄𝑆 the gluon occupation
number is maximal

➢ Can be treated as classical
field

➢ How to obtain this field?



• If the saturated target is moving in −𝑧 direction all fast partons (𝑥 > 𝑥0) 
form a color charge current:

• Classical gluon field consists of slow (𝑥 < 𝑥0) gluons:

• Interaction with CGC:

• Wilson line:  
 

Color Glass Condensate
9

𝐽𝑥0
𝜈 = 𝑔𝛿 𝑥+ 𝛿𝜈−𝜌𝑝/𝐴 𝒙⊥, 𝑥0  

Color charge density is unknown stochastic 
function

𝐷𝜇 , 𝐹𝜇𝜈 = 𝐽𝜈 𝐴𝑥0

𝜇
= −𝑔𝛿𝜇−𝛿 𝑥+

1

𝛁⊥
2 𝜌𝐴 𝒙⊥, 𝑥0  ➢ Classical YM

equation:

Blaizot, Gelis and Venugopalan,
NPA,2004.

∝ (𝑉 𝒛⊥ − 1)

𝑉 𝒛⊥, 𝑥0  = 𝒫exp 𝑖𝑔 න
−∞

∞

d𝑧+𝐴− 𝑧+, 𝒛⊥, 𝑥0

Y. Hagiwara talk

Y. Hagiwara talk

https://indico.wigner.hu/event/1629/sessions/948/#20250507


➢Correlators of Wilson lines like
the dipole distribution

Cross section level

𝒮 𝒙⊥, 𝒙′⊥ ≡
1

𝑁𝐶
tr 𝑉 𝒙⊥ 𝑉† 𝒙′

⊥ 𝑌0

CGC average over
all color 

configurations

𝑂 𝑌 = ∫ 𝒟𝜌𝑊 𝑥0, 𝜌 𝑂 𝜌

𝑊 𝑥0, 𝜌 ∝ 𝑒−𝜌2

McLerran, Venugopalan, PRD, 1994.

➢C-parity of Wilson lines: 𝑪𝑽𝑪−𝟏 = 𝑽∗

Real part of dipole distribution: Imaginary part of dipole distribution:

𝒫 𝒙⊥, 𝒙′
⊥ ≡

1

2𝑁𝐶
tr 𝑉 𝒙⊥ 𝑉† 𝒙′

⊥ + 𝑉 𝒙⊥
′ 𝑉†(𝒙⊥) 𝒪 𝒙⊥, 𝒙′

⊥ ≡
1

2𝑖𝑁𝐶
tr 𝑉 𝒙⊥ 𝑉† 𝒙′

⊥ − 𝑉 𝒙⊥
′ 𝑉†(𝒙⊥)

𝐶𝒫𝐶−1 = 𝒫 Pomeron! 𝐶𝒪𝐶−1 = −𝒪 Odderon!
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➢ Independence on 𝑥0 guaranteed by
JIMWLK RGE

Jalilian-Marian, Kovner, Leonidov, Weigert, NPB, 1997.

Iancu, Leonidov, McLerran, PLB, 2001.

Hatta et. al, NPA, 2005.

𝑌 = ln
1

𝑥



➢Expansion of Wilson lines!

Connection to dilute regime
11

POMERON ODDERON
Leading Pomeron contribution: 2 gluons
bounded into a C-even singlet configuration

𝒫 𝒙⊥, 𝒚⊥ ≈ 1 −
𝑔2

4𝑁𝐶
𝛼𝒙⊥

𝑎 − 𝛼𝒚⊥
𝑎 2

Leading Odderon contribution: 3 gluons
bounded into a symmetric C-odd singlet
configuration

𝒪 𝒙⊥, 𝒚⊥ ≈
𝑔3

24
𝑑𝑎𝑏𝑐 𝛼𝒙⊥

𝑎 − 𝛼𝒚⊥
𝑎 𝛼𝒙⊥

𝑏 − 𝛼𝒚⊥
𝑏 𝛼𝒙⊥

𝑐 − 𝛼𝒚⊥
𝑐

𝛼𝒙⊥
𝑎 ≡ ∫ d𝑥+𝐴+𝑎(𝑥+, 𝒙⊥)

⋅
⋅
⋅

⋅
⋅
⋅

⋅
⋅
⋅



➢Expansion of Wilson lines!

Connection to dilute regime
11

POMERON ODDERON

Hatta et. all,
NPA, 2005.

Leading Pomeron contribution: 2 gluons
bounded into a C-even singlet configuration

𝒫 𝒙⊥, 𝒚⊥ ≈ 1 −
𝑔2

4𝑁𝐶
𝛼𝒙⊥
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𝑎 ≡ ∫ d𝑥+𝐴+𝑎(𝑥+, 𝒙⊥)

• Dipolar form of the small-𝑥 evolution:

• Equivalent to the BFKL equation!

Kuraev, Lipatov, Fadin,
SPJETP, 1977.

Balitsky, Lipatov,
SJNP, 1978.

𝜕𝒫(𝒓⊥, 𝒃⊥, 𝑌)

𝜕𝑌
=

𝛼𝑆𝑁𝐶

2𝜋2
න

𝒓1⊥

𝒓⊥
2

𝒓1⊥
2 𝒓2⊥

2
ሾ𝒫 𝒓1⊥, 𝒃1⊥, 𝑌

ሿ+𝒫 𝒓2⊥, 𝒃2⊥, 𝑌 − 𝒫 𝒓⊥, 𝒃⊥, 𝑌 − 1

• Dipolar form of the small-𝑥 evolution:

• Equivalent to the BKP equation!

Bartels, NPB, 1980.
Kwiecinski,
Praszalowicz,
PLB, 1980.

𝜕𝒪(𝒓⊥, 𝒃⊥, 𝑌)

𝜕𝑌
=

𝛼𝑆𝑁𝐶

2𝜋2
න

𝒓1⊥

𝒓⊥
2

𝒓1⊥
2 𝒓2⊥

2
ሾ𝒪 𝒓1⊥, 𝒃1⊥, 𝑌

ሿ+𝒪 𝒓2⊥, 𝒃2⊥, 𝑌 − 𝒪 𝒓⊥, 𝒃⊥, 𝑌

Kovchegov, Szymanowski, Wallon, PLB, 2004.

Hatta et. all,
NPA, 2005.

Mueller, NPB, 1994.
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Hatta et. all,
NPA, 2005.
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Mueller, NPB, 1994.



• If we know dipole at some initial 𝑥0,
how to obtain it at lower values of 𝑥?

• Balitsky-Kovchegov evolution equation

• Derivation idea:
• Increasing the energy increases the

rapidity interval between dipole and target
• Larger phase space for the gluon 

radiation from 𝑞 ത𝑞

• Gluon could also come from target
• Observables do not depend on that choice

BK evolution equation

Kovchegov, PRD,  1999.
Balitsky, NPB, 1996.
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12

× ሾ𝒮 𝒓1⊥, 𝒃1⊥, 𝑌 𝒮 𝒓2⊥, 𝒃2⊥, 𝑌 − 𝒮(𝒓⊥, 𝒃⊥, 𝑌)ሿ

Nonlinearities
are consequence
of gluon
recombination!



Hybrid approach in forward 𝒑↑𝑨
Pole-ETQS in hybrid approach Hatta et. all,

PRD, 2016.
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2016.
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What about the 
Odderon???

Hybrid approach in forward 𝒑↑𝑨
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➢Odderon in CGC = imaginary part of dipole distribution:

➢Phase from Odderon?

➢Asymmetry calculated at parton level (up to NLO), i.e. 𝑞↑𝐴 collisions

➢No LO contribution; no interference

➢Polarized cross section:

➢For 𝑃ℎ⊥ ≈ 𝑄𝑆 the TSSA has significant nuclear suppression:

CGC-odderon mechanism for TSSA

𝒮 𝒙⊥, 𝒙′⊥ ≡ 𝒫 𝒙⊥, 𝒙′
⊥ + 𝑖𝒪 𝒙⊥, 𝒙′⊥ 

Kovchegov and Sievert, PRD 2012.

𝐸𝑞

dΔ𝜎

d3𝑞 
∝ 𝑖𝛼𝑆 න

𝒌⊥𝒌2⊥

න
𝒓⊥𝒃⊥𝒓′⊥

ℋ(𝒓⊥, 𝒓′⊥, 𝑺⊥)

× ሾ𝒫 𝒓⊥, 𝒃⊥ 𝒪 𝒓′⊥, 𝒃′⊥ − 𝒪(𝒓⊥, 𝒃⊥)𝒫(𝒓′⊥, 𝒃′⊥)ሿ

𝑨𝑵 ∝ 𝑨−𝟕/𝟔

𝑝/𝐴
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In this work we embed this idea at the level of 𝑝↑𝐴 → ℎ𝑋 by considering 
twist-3 functions from the fragmentation side of cross section!



• Starting formula for cross section:

• Up to twist-3, two diagrams contribute to hadronic tensor 𝑊(𝑧)

𝑆(0,1) contains hard factor and distributions from projectile and target

Twist-3 expansion of cross section
𝐸ℎ

𝑑Δ𝜎𝑝↑𝐴→ℎ𝑋

𝑑3𝑃ℎ
=

1

2 2𝜋 3


𝑖=𝑞,𝑔

𝑊𝑖 𝑧

Δ 0 𝑞
𝒒

𝑷𝒉

𝑆 0 𝑞

Δ𝜆
1

𝑞1, 𝑞2 

𝒒𝟏

𝑷𝒉

𝑆𝜆
1

𝑞1, 𝑞2

𝒒𝟐
𝒒𝟐 − 𝒒𝟏

+ + ⋯𝑊 𝑧 =

𝑊 𝑧 = න
𝑞

Tr Δ 0 𝑞 𝑆 0 𝑞  + න
𝑞1,𝑞2 

Tr Δ𝜆
1

𝑞1, 𝑞2 𝑆 1 𝜆 𝑞1, 𝑞2  

15

Kanazawa and Koike, 
PRD, 2013.



• Strategy: perform colinear expansion of 𝑆 0  and 𝑆 1  around 

𝑞𝜇 =
𝑃ℎ

𝜇

𝑧
 and use QCD WT identities

• Gauge invariant twist-3 polarized cross section:

16

Kanazawa and Koike, 
PRD, 2013.

dΔ𝜎

d𝑦ℎd2𝑷ℎ⊥ 
=

1

2 2𝜋 3 ൮න
d𝑧

𝑧2 Tr Δ 𝑧 𝑆 0 𝑧 + න
d𝑧

𝑧2 Im Tr Δ𝜕
𝛼 𝑧

𝜕𝑆 0 𝐾

𝜕𝐾𝛼
𝐾=

𝑃ℎ
𝑧

൱− න
d𝑧1d𝑧2

𝑧1
2𝑧2

2 P
1

𝑧2
−

1

𝑧1

−1

 Im Tr Δ𝐹
𝛼 𝑧1, 𝑧2 𝑆𝛼

1𝐿 𝑧1, 𝑧2 + ഥΔ𝐹
𝛼 𝑧2, 𝑧1 𝑆𝛼

1𝑅 𝑧1, 𝑧2

𝑝↑

𝐴

𝑝

𝑃ℎ

𝑧

𝑃ℎ

𝑧

𝑃ℎ𝑘𝑔 𝑘𝑔

𝑝↑

𝐴

𝑝

𝑞2

𝑃ℎ𝑘 𝑘𝑔

𝑞1

LO contributions!

𝑃 ത𝜓𝜓 𝑃 = Φ(𝑥𝑞) = −
𝑃+𝑆⊥𝑖

2
ℎ1 𝑥𝑞 𝑖𝛾5𝜎−𝑖

0 𝜓 ℎ, 𝑋 ℎ, 𝑋 ത𝜓 0 ∝  Δ 𝑧 =
𝑀𝑁

𝑧
Ƹ𝑒1 z +

𝑀𝑁

2𝑧
𝜎𝜆𝛼𝑖𝛾5𝜖𝜆𝛼𝑤𝑃ℎ Ƹ𝑒ഥ1 z + ⋯INTRINSIC

0 𝜕⊥𝜓 ℎ, 𝑋 ℎ, 𝑋 ത𝜓 0 ∝ Δ𝜕
𝛼 =

𝑀𝑁

2
𝛾5

𝑃ℎ

𝑧
𝛾𝜆𝜖𝜆𝛼𝑤𝑃ℎ ǁ𝑒 𝑧 + ⋯KINEMATICAL

0 𝜓 ℎ, 𝑋 ℎ, 𝑋 ത𝜓𝐹 0 ∝ Δ𝐹
𝛼 𝑧1, 𝑧2 =

𝑀𝑁

2
𝛾5

𝑃ℎ

𝑧2
𝛾𝜆𝜖𝜆𝛼𝑤𝑃ℎ 𝐸𝐹 𝑧1, 𝑧2 + ⋯DYNAMICAL

Ji, PRD 1994.

𝑤2 = 0 
𝑃ℎ ⋅ 𝑤 = 1

Metz and Pitonyak, 2013.

Hatta et. all,
PRD, 2017.

Distribution in projectile: transversity



• Only dynamical twist-3 FF may contribute (they have real and imaginary part)
• Imaginary part led to Pomeron dependent cross section

• Contribution from real part:

• Projectile and target distributions are contained in 𝑆 1

Contribution from real part of 𝑬𝑭(𝒛𝟏, 𝒛𝟐)
17

Hatta et. all, PRD, 2017.

dΔ𝜎

d𝑦ℎd2𝑷ℎ⊥
= −

1

2 2𝜋 3

𝑀𝑁

2
𝜖𝜆𝛼𝑤𝑃ℎ න

d𝑧1d𝑧2

𝑧1
2𝑧2

2 𝑃
1

𝑧2
−

1

𝑧1

−1

× Re 𝐸𝐹 𝑧1, 𝑧2 × Im Tr 𝛾5

𝑃ℎ

𝑧2
𝛾𝜆𝑆𝛼

1 𝐿 𝑧1, 𝑧2 + 𝛾𝜆

𝑃ℎ

𝑧2
𝛾5

ҧ𝑆𝛼
1 𝐿 𝑧1, 𝑧2

Benić and EAV, 2501.12847

𝑆𝛼
1 𝐿

𝑧1, 𝑧2 =
1

2𝑃+

2

𝑁𝐶
2 − 1

න d𝑥𝑞 2𝜋 𝛿
𝑃ℎ

+

𝑧2
− 𝑥𝑞𝑃+ trc(ℳ𝛼

𝑎Φ 𝑥𝑞
ഥℳ𝑡𝑎)



• Only dynamical twist-3 FF may contribute (they have real and imaginary part)
• Imaginary part led to Pomeron dependent cross section

• Contribution from real part:

• Projectile and target distributions are in 𝑆 1

Contribution from real part of 𝑬𝑭(𝒛𝟏, 𝒛𝟐)
17

Hatta et. all, PRD, 2017.

dΔ𝜎

d𝑦ℎd2𝑷ℎ⊥
= −

1

2 2𝜋 3

𝑀𝑁

2
𝜖𝜆𝛼𝑤𝑃ℎ න

d𝑧1d𝑧2

𝑧1
2𝑧2

2 𝑃
1

𝑧2
−

1

𝑧1

−1

× ቆRe 𝐸𝐹 𝑧1, 𝑧2 × Im Tr 𝛾5

𝑃ℎ

𝑧2
𝛾𝜆𝑆𝛼

1 𝐿 𝑧1, 𝑧2 + 𝛾𝜆

𝑃ℎ

𝑧2
𝛾5

ҧ𝑆𝛼
1 𝐿 𝑧1, 𝑧2

Benić and EAV, 2501.12847

ℳ = −𝑖 න
𝒌⊥,𝒙⊥,𝒚⊥

e𝑖𝒌⊥⋅𝒙⊥e
𝑖

𝑷ℎ⊥
𝑧2

−𝒌⊥ ⋅𝒚⊥𝛾+𝑉(𝒙⊥)

ℳ𝛼
𝑎 𝑧1, 𝑧2 = 𝑖 න

𝒌⊥,𝒙⊥,𝒚⊥

e𝑖𝒌⊥⋅𝒙⊥e
𝑖

𝑷ℎ⊥
𝑧2

−𝒌⊥ ⋅𝒚⊥𝑇𝑞𝑔𝛼 𝒌⊥, 𝑧1, 𝑧2 𝑉 𝒙⊥ 𝑡𝑏𝑈𝑎𝑏 𝒚⊥

𝑇𝑞𝑔𝛼 𝒌⊥, 𝑧1, 𝑧2 = 𝑖 න
−∞

+∞ d𝑘−

2𝜋
𝛾+

𝑃ℎ
𝑧1

− 𝑘

𝑃ℎ
𝑧1

− 𝑘
2

+ 𝑖𝜖

𝛾𝛽
𝑉𝛼𝛽

𝑥𝑞𝑃 + 𝑘 −
𝑃ℎ
𝑧1

2

+ 𝑖𝜖

𝑆𝛼
1 𝐿

𝑧1, 𝑧2 =
1

2𝑃+

2

𝑁𝐶
2 − 1

න d𝑥𝑞 2𝜋 𝛿
𝑃ℎ

+

𝑧2
− 𝑥𝑞𝑃+ trc(ℳ𝛼

𝑎Φ 𝑥𝑞
ഥℳ𝑡𝑎)

Adjoint Wilson line:

𝑈𝑎𝑏 𝒚⊥ ≡ trc 𝑡𝑎𝑉 𝒚⊥ 𝑡𝑏𝑉† 𝒚⊥



• After some algebra, the cross section is found to be:

• For the Pomeron and Odderon we use separable form:

• We applied the approximation:

Final formula for the cross section

𝒫 𝒓⊥, 𝒃⊥ = 𝒫 𝑟⊥ 𝑇(𝑏⊥) 𝒪 𝒓⊥, 𝒃⊥ = 𝑅𝐴𝒪 𝑟⊥

𝑑𝑇(𝑏⊥)

𝑑𝑏⊥
cos 𝜙𝑟𝑏

Jeon and Venugopalan,
PRD, 2005.

Lappi and M ሷantysaari,
PRD, 2013.

𝑧1 න
0

𝑃ℎ⊥
𝑧1

𝜅⊥𝐹 𝜅⊥ d𝜅⊥ ≈ 𝑧2 න
0

𝑃ℎ⊥
𝑧2

𝜅⊥𝐹 𝜅⊥ d𝜅⊥

dΔ𝜎

d𝑦ℎd2𝑷ℎ⊥
=

𝑀𝑁

2𝜋2

𝑁𝐶
2

𝑁𝐶
2 − 1

න
d𝑧1d𝑧2

𝑧1
2𝑧2

2 𝑃
1

𝑧2
−

1

𝑧1

−1

𝑥𝑞ℎ1 𝑥𝑞 Re 𝐸𝐹 𝑧1, 𝑧2

න
𝜿⊥,𝚫⊥

ℋ 1 𝜿⊥, 𝚫⊥ 𝒫
𝑷ℎ⊥

𝑧2
, 𝚫⊥ 𝒪 𝜿⊥, 𝚫⊥ − 𝒫 𝜿⊥, 𝚫⊥ 𝒪

𝑷ℎ⊥

𝑧2
, 𝚫⊥

ℋ 𝑧1, 𝑧2, 𝒌⊥ =
z2

𝑧1

𝜖𝑖𝑗𝑆⊥𝑖
𝑃ℎ
𝑧1

− 𝑘
𝑗

𝑷ℎ⊥
𝑧1

− 𝒌⊥

2

ℋ Δ⊥ = 0 + Δ⊥

𝜕ℋ

𝜕Δ⊥
Δ⊥ = 0 ≡ ℋ 0 + ℋ 1

Benić and Hatta,
PRD, 2019.
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• Approximation enables to use QCD EOM relation

• Cross section used in numerical estimations is then:

• For Ƹ𝑒1 𝑧 we use Chiral quark model
• Pomeron and Odderon obtained from

BK solutions

Ƹ𝑒1 𝑧2

𝑧2
= − න

𝑧2

∞ d𝑧1

𝑧1
2 𝑃

1

1/𝑧2 − 1/𝑧1
Re 𝐸𝐹 𝑧1, 𝑧2

Kanazawa, Koike, Metz,
Pitonyak, and Schlegel,
PRD, 2016.

Koike, Pitonyak, Takagi,
and Yoshida,
PLB, 2016.

dΔ𝜎 

d𝑦ℎd2𝑷ℎ⊥
= 𝑀𝑁

𝑁𝐶
2

𝑁𝐶
2 − 1

𝜖𝑖𝑗𝑆⊥𝑖𝑃ℎ𝑗

𝑃ℎ⊥
3

1

𝑅𝐴
3 න

𝑧𝑚𝑖𝑛

1 d𝑧

𝑧
Ƹ𝑒1 𝑧, 𝑃ℎ⊥

2 𝑥𝑞ℎ1 𝑥𝑞 , 𝑃ℎ⊥
2 𝐺

𝑃ℎ⊥

𝑧
න

0

𝑃ℎ⊥
𝑧

𝜅⊥𝐹 𝜅⊥ d𝜅⊥

𝐹 𝜅⊥ =
𝜋𝑅𝐴

2

2𝜋 2 න
𝒓⊥ 

𝑒𝑖𝜿⊥⋅𝒓⊥𝒫 𝑟⊥ 𝑖 cos 𝜙𝜅Δ 𝐺 𝜅⊥ =
𝜋𝑅𝐴

2

2𝜋 2 න
𝒓⊥

𝑒𝑖𝜿⊥⋅𝒓⊥𝒪 𝑟⊥ cos 𝜙𝑟Δ

Ƹ𝑒1 𝑧 =
𝑀𝑞

𝑀𝑁

𝑧

1 − 𝑧
𝐷1 𝑧 =

1

3

𝑧

1 − 𝑧
𝐷1 𝑧

Ji, Zhu, 1993.

Yuan, PLB, 2004.

Benić, Horvatić, Kaushik,
and EAV, PRD, 2023.

➢ Other nonperturbative functions are from tables:
JAM,PRD, 2013. for twist-2 FF 𝐷1(𝑧)

JAM, PRD, 2022. for transversity ℎ1(𝑥)

Dulat et. al., PRD, 2016. for twist-2 PDF 𝑓1 𝑥 in unpolarized CS
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➢ TSSA grows as a function of Feynman-x

➢ This mechanism is significant for low transverse 
momenta of produced hadron
➢ Smaller 𝑃ℎ⊥ than STAR and PHENIX

➢ TSSA obeys a sign change! Consequence of the node
in the Odderon (small change of node position is 
consequence of 𝜅⊥ = 𝑃ℎ⊥/𝑧)

Numerical solutions

𝑠 = 200 GeV

Benić, Vivoda, 2501.12847 

𝑄𝑆 𝑥0 = 0.35 GeV

20



Nuclear effects
➢ The node position is shifting to higher values of 𝑃ℎ⊥

➢ TSSA is decreasing with mass number

Scales as: 𝐴1/6

Numerical check: 𝐴𝑁 ≈ 𝐴−7/6

In agreement with Kovchegov and Sievert (2012.)!

Benić, Vivoda, 2501.12847 
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1. Completely new contribution to TSSA coming from the combination 
of the real part of genuine twist-3 FF and the Odderon

2. TSSA changes sign as a function of 𝑃ℎ⊥

3. TSSA is largest for 𝑃ℎ⊥ ∼ 𝑄𝑆 (saturation scale)

4. Numerically confirmed nuclear scaling

Summary:
22
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Details of calculation



• Object to calculate: color and Dirac traces

• Color structure calculated with SU(N) Fierz identity; Large N:

• Dirac trace is calculated in forward limit; keeping leading power of 𝑃ℎ
+:

The support properties of 𝐸𝐹

(0 < 𝑧2 < 1, 𝑧2 < 𝑧1 < ∞) enabled
straightforward 𝑘− integration 

𝜖𝜆𝛼𝑤𝑃ℎTr 𝛾5

𝑃ℎ

𝑧2
𝛾𝜆𝑆𝛼

1 𝐿
𝑧1, 𝑧2 =

𝑆⊥𝑖

2(𝑁𝐶
2 − 1)

න d𝑥𝑞ℎ1 𝑥𝑞 2𝜋 𝛿
𝑃ℎ

+

𝑧2
− 𝑥𝑞𝑃+ න

𝒌⊥,𝒙⊥,𝒚⊥,𝒌⊥
′ ,𝒙⊥

′ ,𝒚⊥
′

𝑒𝑖𝒌⊥⋅𝒙⊥𝑒
𝑖

𝑷ℎ⊥
𝑧2

−𝒌⊥ ⋅𝒚⊥ 𝑒−𝑖𝒌⊥
′ ⋅𝒙⊥

′
𝑒

−𝑖
𝑷ℎ⊥
𝑧2

−𝒌⊥
′ ⋅𝒚⊥

′

𝜖𝜆𝛼𝑤𝑃ℎTr 𝑖𝛾5𝜎−𝑖 𝛾+𝛾5

𝑃ℎ

𝑧2
𝛾𝜆𝑇𝑞𝑔𝛼 𝒌⊥, 𝑧1, 𝑧2 trc 𝑉† 𝒙⊥

′ 𝑡𝑏𝑉 𝒙⊥ 𝑡𝑎 𝑈𝑏𝑎(𝒚⊥)  

𝜖𝜆𝛼𝑤𝑃ℎTr 𝑖𝛾5𝜎−𝑖 𝛾+𝛾5

𝑃ℎ

𝑧2
𝛾𝜆𝑇𝑞𝑔𝛼 𝒌⊥, 𝑧1, 𝑧2 = −16

𝑃ℎ
+

𝑧1
𝜖𝑖𝑗

𝑃ℎ
𝑧1

− 𝑘
𝑗

𝑃ℎ⊥
𝑧1

− 𝑘⊥

2

trc 𝑉† 𝒙⊥
′ 𝑡𝑏𝑉 𝒙⊥ 𝑡𝑎 𝑈𝑏𝑎(𝒚⊥) =

1

2
𝑁𝐶

2𝒮 𝒚⊥, 𝒙⊥
′ 𝒮 𝒙⊥, 𝒚⊥ − 𝒮 𝒙⊥, 𝒙⊥

′ Imaginary part vanishes under
transverse integration: NO ODDERON

Benić and EAV, 2501.12847



• After calculation of the mirror diagram (gluon on right side of the cut):

• Fourier transforms of Pomeron and Odderon:

• As a function of 𝑏⊥, Odderon peaks around 𝑅𝐴 (small Δ⊥ approximation)

dΔ𝜎

d𝑦ℎd2𝑷ℎ⊥
=

𝑀𝑁

2𝜋2

𝑁𝐶
2

𝑁𝐶
2 − 1

න
d𝑧1d𝑧2

𝑧1
2𝑧2

2 𝑃
1

𝑧2
−

1

𝑧1

−1

𝑥𝑞ℎ1 𝑥𝑞 Re 𝐸𝐹 𝑧1, 𝑧2

න
𝒌⊥,𝒓⊥,𝒃⊥,𝒓⊥

′
𝑒𝑖𝒌⊥⋅𝒓⊥ 𝑒

𝑖
𝑷ℎ⊥
𝑧2

⋅𝒓⊥
′

ℋ 𝑧1, 𝑧2, 𝒌⊥ 𝒫 𝒓⊥, 𝒃⊥ 𝒪 𝒓⊥
′ , 𝒃⊥

′ + 𝒫 𝒓⊥
′ , 𝒃⊥

′ 𝒪 𝒓⊥, 𝒃⊥

ℋ 𝑧1, 𝑧2, 𝒌⊥ =
z2

𝑧1

𝜖𝑖𝑗𝑆⊥𝑖
𝑃ℎ
𝑧1

− 𝑘
𝑗

𝑷ℎ⊥
𝑧1

− 𝒌⊥

2

𝒪 𝜿⊥, 𝚫⊥ = න
𝒓⊥,𝒃⊥

𝑒𝑖𝜿⊥⋅𝒓⊥𝑒𝑖𝚫⊥⋅𝒃⊥ 𝒪 𝒓⊥, 𝒃⊥𝒫 𝜿⊥, 𝚫⊥ = න
𝒓⊥,𝒃⊥

𝑒𝑖𝜿⊥⋅𝒓⊥𝑒𝑖𝚫⊥⋅𝒃⊥ 𝒫 𝒓⊥, 𝒃⊥

ℋ = ℋ Δ⊥ = 0 + Δ⊥

𝜕ℋ

𝜕Δ⊥
Δ⊥ = 0

Vanishes under angular 
integral due to Odderon 
cosine modulation ℋ 1

dΔ𝜎

d𝑦ℎd2𝑷ℎ⊥
=

𝑀𝑁

2𝜋2

𝑁𝐶
2

𝑁𝐶
2 − 1

න
d𝑧1d𝑧2

𝑧1
2𝑧2

2 𝑃
1

𝑧2
−

1

𝑧1

−1

𝑥𝑞ℎ1 𝑥𝑞 Re 𝐸𝐹 𝑧1, 𝑧2

න
𝜿⊥,𝚫⊥

ℋ 1 𝜿⊥, 𝚫⊥ 𝒫
𝑷ℎ⊥

𝑧2
, 𝚫⊥ 𝒪 𝜿⊥, 𝚫⊥ − 𝒫 𝜿⊥, 𝚫⊥ 𝒪

𝑷ℎ⊥

𝑧2
, 𝚫⊥

Benić, Horvatić, Kaushik, and EAV, PRD, 2023.

Benić, EAV, 2501.12847 



• We assume separable form of Pomeron and Odderon:

• After performing angular integrations 𝜙𝜅  and 𝜙Δ cross section becomes:

Separable Pomeron and Odderon

𝒫 𝒓⊥, 𝒃⊥ = 𝒫 𝑟⊥ 𝑇(𝑏⊥)

𝒪 𝒓⊥, 𝒃⊥ = 𝑅𝐴𝒪 𝑟⊥

𝑑𝑇(𝑏⊥)

𝑑𝑏⊥
cos 𝜙𝑟𝑏

න
𝒃⊥

𝑇 𝑏⊥ = 𝜋𝑅𝐴
2

𝑇 𝑏⊥  is a profile function normalized as:

𝐹 𝜅⊥ =
𝜋𝑅𝐴

2

2𝜋 2 න
𝒓⊥ 

𝑒𝑖𝜿⊥⋅𝒓⊥𝒫 𝑟⊥ 𝑖 cos 𝜙𝜅Δ 𝐺 𝜅⊥ =
𝜋𝑅𝐴

2

2𝜋 2 න
𝒓⊥

𝑒𝑖𝜿⊥⋅𝒓⊥𝒪 𝑟⊥ cos 𝜙𝑟Δ

dΔ𝜎 

d𝑦ℎd2𝑷ℎ⊥
= −

𝑀𝑁

2

𝑁𝐶
2

𝑁𝐶
2 − 1

𝜖𝑖𝑗𝑆⊥𝑖𝑃ℎ𝑗

𝑃ℎ⊥
3

1

𝜋2𝑅𝐴
3 න

0

∞

Δ⊥
3 𝑇2 Δ⊥ dΔ⊥

න
𝑧𝑚𝑖𝑛

1 d𝑧2

𝑧2
2 න

𝑧2

∞ d𝑧1

𝑧1
2 𝑃

1

𝑧2
−

1

𝑧1

−1

Re 𝐸𝐹 𝑧1, 𝑧2 𝑥𝑞ℎ1 𝑥𝑞 𝑧2𝐺
𝑃ℎ⊥

𝑧2
𝑧1 න

0

𝑃ℎ⊥
𝑧1

𝜅⊥𝐹 𝜅⊥ d𝜅⊥

Jeon and Venugopalan, PRD, 2005.

Lappi and M ሷantysaari, PRD, 2013.

Benić, Vivoda, 2501.12847 



• Due to support properties of twist-3 FFs we approximate:

• Remaining 𝑧1 dependence is of the form to use QCD EOM relation:

• For the profile function we take the Gaussian form: 𝑇 𝑏⊥ = 𝑒−𝑏2/𝑅𝐴
2

In numerical calculations:  Chiral-quark model

Pomeron and Odderon obtained from solutions of BK equation

Setup for numerical calculations

𝑧1 න
0

𝑃ℎ⊥
𝑧1

𝜅⊥𝐹 𝜅⊥ d𝜅⊥ ≈ 𝑧2 න
0

𝑃ℎ⊥
𝑧2

𝜅⊥𝐹 𝜅⊥ d𝜅⊥

Ƹ𝑒1 𝑧2

𝑧2
= − න

𝑧2

∞ d𝑧1

𝑧1
2 𝑃

1

1/𝑧2 − 1/𝑧1
Re 𝐸𝐹 𝑧1, 𝑧2

dΔ𝜎 

d𝑦ℎd2𝑷ℎ⊥
= 𝑀𝑁

𝑁𝐶
2

𝑁𝐶
2 − 1

𝜖𝑖𝑗𝑆⊥𝑖𝑃ℎ𝑗

𝑃ℎ⊥
3

1

𝑅𝐴
3 න

𝑧𝑚𝑖𝑛

1 d𝑧

𝑧
Ƹ𝑒1 𝑧, 𝑃ℎ⊥

2 𝑥𝑞ℎ1 𝑥𝑞 , 𝑃ℎ⊥
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