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Einstein gravity
Einstein �eld equations

Rµν −
1

2
gµνR + Λgµν = 8πκTµν

without cosmological constant, Λ = 0, and in vacuum Tµν = 0:

Rµν −
1

2
gµνR = 0

⇓

Rµν = 0

Rµν = Γρ
µν,ρ − Γρ

ρµ,ν + Γρ
ρσΓ

σ
µν − Γρ

σµΓ
σ
ρν

Γρ
µν =

1

2
gρσ (gσµ,ν + gσν,µ − gµν,σ)
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Schwarzschild solution

Minkowski spacetime

ds2 = −dt2 + dx2 + dy2 + dz2

= −dt2 + dr2 + r2
(
dϑ2 + sin2 ϑdφ2

)︸ ︷︷ ︸
dΩ2

(2)

Schwarzschild spacetime

ds2 = −
(
1+

a

r

)
dt2 +

dr2

1+
a

r

+ r2dΩ2
(2)

a = −2κM

K. Schwarzschild: On the gravitational �eld of a mass point according to

Einstein's theory, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys.) 1916,

189-196 (1916).
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Schwarzschild solution

D. Finkelstein: Past-Future Asymmetry of the Gravitational Field of a Point

Particle, Phys. Rev. 110, 965-967 (1958).

M. D. Kruskal: Maximal extension of Schwarzschild metric, Phys. Rev. 119,

1743-1745 (1960).
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Black holes
Event Horizon Telescope Collaboration: First M87 Event Horizon Telescope

Results. I. The Shadow of the Supermassive Black Hole, Astrophys. J. Lett.

875, 17 (2019).

Event Horizon Telescope Collaboration: First Sagittarius A* Event Horizon

Telescope Results. I. The Shadow of the Supermassive Black Hole in the

Center of the Milky Way, Astrophys. J. Lett. 930, 21 (2022).
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Extra dimensions

Kaluza�Klein theory

Th. Kaluza: On the Uni�cation Problem in Physics, Int. J. Mod. Phys. D 27,

No. 14 (2018) 1870001 (translation); Sitzungsber. Preuss. Akad. Wiss. Berlin

(Math. Phys.) 1921, 966-972 (original).

L. Randall, R. Sundrum: A Large Mass Hierarchy from a Small Extra

Dimension, Phys. Rev. Lett. 83, 3370-3373 (1999).

string theory

E. Witten: Strong Coupling Expansion Of Calabi-Yau Compacti�cation, Nucl.

Phys. B 471, 135-158 (1996).
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Vacuum solution
ansatz with n extra dimensions ζA = ζ1, ..., ζn:

ds2 = −f (r)αdt2 + f (r)βdr2 + r2dΩ2
(2) + f (r)γδAB dζAdζB︸ ︷︷ ︸

extra

Ricci tensor Rµν :

R00 = αf α−βF1 Rrr = F2 Rϑϑ = F3

Rφφ = F3 sin
2 ϑ RAB = −γf γ−βF1δAB

F1 =
1

r

f ′

f
+

1

4
(α− β + nγ − 2)

(
f ′

f

)
2

+
1

2

f ′′

f

F2 = β
1

r

f ′

f
+

1

4
[α (−α+ β + 2) + nγ(β − γ + 2)]

(
f ′

f

)
2

− 1

2
(α+ nγ)

f ′′

f

F3 = 1− f −β

[
1+

1

2
(α− β + nγ) r

f ′

f

]

Peter Mészáros 7/31



Vacuum solution
ansatz with n extra dimensions ζA = ζ1, ..., ζn:

ds2 = −f (r)αdt2 + f (r)βdr2 + r2dΩ2
(2) + f (r)γδAB dζAdζB︸ ︷︷ ︸

extra

Ricci tensor Rµν :

R00 = αf α−βF1 Rrr = F2 Rϑϑ = F3

Rφφ = F3 sin
2 ϑ RAB = −γf γ−βF1δAB

F1 =
1

r

f ′

f
+

1

4
(α− β + nγ − 2)

(
f ′

f

)
2

+
1

2

f ′′

f

F2 = β
1

r

f ′

f
+

1

4
[α (−α+ β + 2) + nγ(β − γ + 2)]

(
f ′

f

)
2

− 1

2
(α+ nγ)

f ′′

f

F3 = 1− f −β

[
1+

1

2
(α− β + nγ) r

f ′

f

]

Peter Mészáros 7/31



Vacuum solution

F3 = 1− f −β

[
1+

1

2
(α− β + nγ) r

f ′

f

]
= 0

⇓

f = (1+ arq)−1/β q =
2β

α− β + nγ

exception: α− β + nγ = 0 ⇒ f = 1 ⇒ Minkowski spacetime

the rest is then

F1 = C1Φ F2 = (C2 + C3ar
q)Φ where:

Φ =
1

(α− β + nγ)2
arq−2

(1+ arq)2

C1 = −α− β − nγ

C2 = 2β2 + β (α+ nγ)− (α+ nγ)2

C3 = 2β2 − α2 − nγ2 − (α+ nγ)2
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Vacuum solution(s)
algebraic equations

C1 = −α− β − nγ

C2 = 2β2 + β (α+ nγ)− (α+ nγ)2

C3 = 2β2 − α2 − nγ2 − (α+ nγ)2

can be solved by α = −β − nγ ⇒ C1 = 0,C2 = 0 ⇒

C3 = −nγ [2β + (n + 1) γ]

possible solutions are:
• γ = 0 → α = −β:
f α = 1+ a

r f β =
(
1+ a

r

)−1
f γ = 1

trivial extension of the Schwarzschild spacetime
• 2β+(n + 1) γ = 0 → α/β = (n− 1)/(n+ 1), γ/β = −2/(n+ 1):

f α = (1+ a
r )

− n−1

n+1 f β =
(
1+ a

r

)−1
f γ = (1+ a

r )
2

n+1

nontrivial extension
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Vacuum solutions

trivial extension

ds2 = −
(
1+

a

r

)
dt2 +

(
1+

a

r

)−1
dr2 + r2dΩ2

(2) +

+ δABdζ
AdζB

nontrivial extension

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2 +

(
1+

a

r

)−1
dr2 + r2dΩ2

(2) +

+
(
1+

a

r

) 2

n+1
δABdζ

AdζB

existence of horizon for a < 0 at r = |a| !!!
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Size of extra dimensions

trivial extension

gAB = δAB

nontrivial extension

gAB =
(
1+

a

r

) 2

n+1
δAB

Peter Mészáros 11/31



Size of extra dimensions

(
1+

a

r

) 2

n+1

one Sun mass, n = 1

109 Sun masses, n = 1

109 Sun masses, n = 2

109 Sun masses, n = 5

10-35 10-30 10-25 10-20 10-15 10-10
r [meters]

10-24

10-19

10-14

10-9

10-4

Size of extra dims. [meters]

n = 1, a < 0

n = 1, a > 0

n = 2, a < 0

n = 2, a > 0

n = 5, a < 0

n = 5, a > 0

0 1 2 3 4 5

r

a

1

2

3

4

5

Size of extra dims.

Planck lenght
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Newtonian limit

ds2 ≈ −(1+ 2ϕ)dt2 + (1− 2ψ)δijdx
idx j

g00 ≈ −(1+ 2ϕ) ϕ = −κM
r

trivial extension

g00 = −
(
1+

a

r

)
⇒ ϕ =

1

2

a

r
⇒ M = − a

2κ

nontrivial extension

g00 = −
(
1+

a

r

)− n−1

n+1 ⇒ ϕ = −n − 1

n + 1

a

2

1

r
⇒ M =

n − 1

n + 1

a

2κ
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Horizon
Schwarzschild spacetime

ds2 = −
(
1+

a

r

)
dt2 +

dr2

1+
a

r

+ r2dΩ2
(2)

a = −2κM

has only the central singularity

Kretschmann scalar proves it

K = RµνρσRµνρσ =
12a2

r6

Rµνρσ =
1

2
(gµσ,νρ + gνρ,µσ − gµρ,νσ − gνσ,µρ) + gαβ

(
Γα
µσΓ

β
νρ − Γα

µρΓ
β
νσ

)
Γρ
µν =

1

2
gρσ (gσµ,ν + gσν,µ − gµν,σ)
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Kretschmann scalar

trivial extension

ds2 = −
(
1+

a

r

)
dt2 +

(
1+

a

r

)−1

dr2 + r2dΩ2

(2) + δABdζ
AdζB

K =
12a2

r6
the same as original Schwarzschild

nontrivial extension

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2+

(
1+

a

r

)−1

dr2+r2dΩ2

(2)+
(
1+

a

r

) 2

n+1
δABdζ

AdζB

K =
12a2

r6

[
1− 1

3

n(n − 1)

(n + 1)3

(
1+

r

a

)−2
(
3

4
n + 1+ (n + 1)

r

a

)]
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Kretschmann scalar

dimensionless radial coordinate σ =
r

a
for both a > 0 and a < 0

1

12
r4K =

1

σ2

[
1− 1

3

n(n − 1)

(n + 1)3
1

(1+ σ)2

(
3

4
n + 1+ (n + 1)σ

)]

n = 0,1

n = 2

n = 5

n → ∞

-2 -1 0 1 2

0.1

1

10

100

1000

1

12
r 4K

σ

for a < 0 there is horizon singularity at r = |a| !!!
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Kaluza�Klein bubble - �bubble of nothing�
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Kaluza�Klein bubble - �bubble of nothing�

Weyl formalism:

H. Weyl: �Zur gravitationstheorie� , Ann. Phys. 54, 117 (1917),
[The theory of gravitation, DOI: 10.1007/s10714-011-1310-7].

R. Emparan, H. S. Reall: Generalized Weyl Solutions, Phys. Rev.
D 65, 084025 (2002), [arXiv:hep-th/0110258].

H. Elvang, T. Harmark, N. A. Obers: Sequences of Bubbles and
Holes: New Phases of Kaluza-Klein Black Holes, JHEP 01, 003
(2005), [arXiv:hep-th/0407050].
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Weyl solutions
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Generalized Weyl solutions

ansatz

ds2 = −e2U1(r ,z)dt2 +
D−2∑
a=2

e2Ua(r ,z)dϕ2a + e2ν(r ,z)(dr2 + dz2),

vacuum solutions satisfy(
∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2

)
Ua = 0,

D−2∑
a=1

Ua = lnr ,

⇒ Laplace's equation with rod source −→ �rod diagrams�

∂ν

∂r
= − 1

2r
+
r

2

D−2∑
a=1

[(
∂Ua

∂r

)2

−
(
∂Ua

∂z

)2
]
,

∂ν

∂z
= r

D−2∑
a=1

∂Ua

∂r

∂Ua

∂z
.
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Generalized Weyl solutions

D = 4 Minkowski spacetime
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Generalized Weyl solutions

D = 4 Schwarzschild spacetime
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Generalized Weyl solutions

D = 5 Schwarzschild�Tangherlini spacetime
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Generalized Weyl solutions

D = 5 black string
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Generalized Weyl solutions

D = 5 Kaluza�Klein bubble
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Weyl form of the nontrivial extension
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Conserved energy
Landau�Lifshitz stress-energy pseudotensor

conserved D-momentum in D − 1 dimensional space region Ω

Pµ =

∮
∂Ω

hµ0νdΣν

where hµνλ =
1

16πκ

[
(−g)

(
gµνgλσ − gµλgνσ

)]
,σ

choice of ∂Ω such that dΣi = dSi and dΣA = 0

only P0 = E is nonzero

E =

∮
∂Ω

h00idSi
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Conserved energy

def.: E =
∮
∂Ω

h00idSi h00i =
1

16πκ

[
(−g)

(
g00g iσ − g0ig0σ

)]
,σ

trivial extension

E = − a

2κ

nontrivial extension

E = − a

2(n + 1)κ
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Physical properties

horizons singularities Newt. lim. mass cons. energy
1. Mink. (a = 0) none none M = 0 E = 0
2. trivial (a > 0) none r = 0 M = −a

2κ
< 0 E = M < 0

3. trivial (a < 0) r = −a r = 0 M = −a
2κ

> 0 E = M > 0

4. nontriv. (a > 0) none r = 0 M = n−1

n+1
a
2κ

> 0 E = −a
2(n+1)κ

< 0

5. nontriv. (a < 0) r = −a r = {0,−a} M = n−1

n+1
a
2κ

< 0 E = −a
2(n+1)κ

> 0
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Maximal extension
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Maximal extension
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Work in progress

• more than 1+ 3 standard dimensions (straightforward)

ds2 = −
(
1+

a

rq−1

)− n−1

n+1
dt2 +

(
1+

a

rq−1

)−1
dr2+

+r2dΩ(q)
2 +

(
1+

a

rq−1

) 2

n+1
δABdζ

AdζB

• nonzero cosmological constant (complicated)

Rµν =
2Λ

n + q
gµν
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Summary

• Schwarzschild: ds2 = −
(
1+ a

r

)
dt2 +

(
1+ a

r

)−1
dr2 + r2dΩ2

(2)

• nontrivial vacuum solution with n extra dimensions:

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2 +

(
1+

a

r

)−1

dr2 + r2dΩ2

(2) +
(
1+

a

r

) 2

n+1
δABdζ

AdζB

• peculiar properties

Thank You for listening!
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