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Introduction
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What is the question if the answer is particle physics?

The question: what is the world made of and
what holds it together, i.e., what are the laws of
Nature governing the smallest length scales?

• What are the basic building blocks of
matter?

• What is the nature of interactions between
them?

Our best answer so far: the Standard Model of
elementary particle physics

• 12 elementary fermions (6 leptons + 6
quarks)

• 3 basic gauge interacions (electromagnetic,
weak, strong) + Higgs mechanism

[Source: Wikipedia]
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The challenge

The Standard Model is very successful at describing a wide array of particle physics
phenomena.
Yet, it cannot be the final description of Nature, since it leaves unanswered some great
questions:

• How does gravity work at microscopic scales?
• What is dark matter and dark energy?
• Why are we made of matter and not antimatter (baryogenesis)?
• Why are neutrinos so light?
• What is the origin of flavor and CP violation?
• Is our vacuum stable on cosmological time scales?
• . . .

What lies beyond the Standard Model?
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Where do we stand?

Large Hadron Collider (LHC):
spectacular confirmation of the SM!

• Basic processes (W , Z production)
measured to sub-percent accuracy

So far no direct signs of beyond Standard
Model (BSM) physics

• Typically huge backgrounds

However, we have only seen a small
amount of the total expected data

• HL-LHC: increase integrated
luminosity by a factor of 10 beyond
LHC design value

• We have gathered only ∼ 10% of all
data foreseen for the complete LHC
program

4-10

3-10

2-10

1-10

1

10

210

310

410

510 [p
b]

s
Pr

od
uc

tio
n 

C
ro

ss
 S

ec
tio

n,
  

CMS PreliminarySeptember 2020

All results at: http://cern.ch/go/pNj7

W

n jet(s)³

Z

n jet(s)³

gW gZ WW WZ ZZ VVV WWW WWZ WZZ ZZZ gWV ggZ ggW

µll, l=e,®, Znl®: fiducial with Wgg,WggEW,Z
qqW
EW qqZ

EW
WW
®gg

gqqW
EW

ssWW
 EW

gqqZ
EW

qqWZ
EW

qqZZ
EW tt

=n jet(s)

t-cht tW s-cht gtt tZq ttZ gt ttW tttt
sD in exp. HsDTh. 

ggHqqH
VBF VH WH ZH ttH tH HH

CMS 95%CL limits at 7, 8 and 13 TeV

)-1 5.0 fb£7 TeV CMS measurement (L 
)-1 19.6 fb£8 TeV CMS measurement (L 
)-1 137 fb£13 TeV CMS measurement (L 

Theory prediction

5



Direct detection vs. indirect signals

How do we best exploit the physics potential of LHC?

• Two Higgs Doublet Models
(2HDM) are a well-motivated class
of BSM models

• They generally predict new
elementary scalar particles ⇒ direct
searches

• Higgs couplings can deviate from
their SM values ⇒ precision
measurements

• At the LHC the two search
strategies are complementary:
they are sensitive in different
regions of parameter space. [ATLAS coll., ATL-PHYS-PUB-2022-018]

New Physics can show up directly or in precision measurements: precision is key!
6



A recent lesson

Early measurements of the pp → WW cross section at LHC
• ATLAS @ 8 TeV [ATLAS-CONF-2014-033]

σ(pp → WW ) = 71.4+1.2
−1.2(stat)+5.0

−4.4(syst)+2.2
−2.1(lumi) pb

• Standard Model predictions at NLO
σNLO(pp → WW ) = 58.7+3.0

−2.7 pb

• Similar discrepancy at CMS and at 7 TeV

∆(data/NLO, ATLAS+CMS) ∼ 3σ

Combining the three measurements, the measured total WW cross section is

s tot
WW = 71.4 +1.2

�1.2(stat) +5.0
�4.4(syst) +2.2

�2.1(lumi) pb,

where the statistical uncertainty is determined from a likelihood fit where all nuisance parameters are
fixed to their fitted values; the luminosity uncertainty is obtained by fixing the luminosity nuisance
parameter to ±1 standard deviation and finally the systematic uncertainty is obtained by the quadratic
difference of the total, statistical and luminosity uncertainties. The total uncertainty for the combined
total cross section is ⇠ 7.5%.
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Figure 7: Left: Comparison between predicted WW production cross section using CT10 PDF and the
measured cross section in eµ , ee, µµ and combined channels. The yellow and green shaded bands
represent the PDF and total theoretical uncertainties respectively. The filled symbols show the measured
total cross section with the statistical and total uncertainty. Right: Comparison between the measured
combined WW production cross section (red+blue line with gray shading) and the predictions using
different PDF sets. The filled symbols show the theoretical prediction with different PDF sets for the
total cross section with the statistical and total uncertainty.

The left hand side of Figure 7 shows the cross sections measured in the individual channels as well
as the combined cross section and compares them to the standard model prediction obtained using the
CT10 PDF. As can be seen, the individual channels are compatible within their uncertainties. All mea-
surements lie above the standard model prediction. The statistical significance of the observed enhance-
ment of the cross section is +2.1s for the e±µ⌥ channel, +1.1s for the e+e�channel and +1.3s for the
µ+µ�channel. The measured combined cross section differs from the SM prediction computed using
CT10 PDF by +2.1s using the standard PDF and scale uncertainties.

On the right hand side of Figure 7, the combined cross section is compared to theoretical predictions
obtained with different PDF sets, namely MSTW2008, CT10, NNPDF2.3 and ATLAS-epWZ12. The
predicted cross sections using different PDF sets can differ by up to 5%. This was already shown in
Table 3, where the predictions for different PDFs are listed. The choice of PDF can have an effect on the
total theoretical cross section ranging from +0.7% to +5% compared to the value obtained using CT10.

There are further effects that can enhance the measured cross section with regard to the SM pre-
diction. As already discussed in Section 2, various contributions to the total cross section have been
neglected here and might cause an increase of a few percent to the predicted cross section.

20

Great! Signal of a new particle (supersymmetric chargino) being produced.
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FIG. 3: The total SM prediction (signal + background) from the LHC8 CMS W+W� study [3], with additional contributions
from a 125 GeV SM higgs and chargino pair production in the best-fit chargino NLSP scenario (m

�̃+
1

= 110 GeV) shown. The

gray hashed bands represent the uncertainty of the SM prediction. The legend is the same as for Figure 2

trilepton signal is suppressed (though not completely ab-
sent, due to the non-negligible �±

1 -�0
2 mass di↵erence),

but chargino-neutralino production produces a signifi-
cant amount of same-sign dilepton signal, making con-
straints from new ATLAS dilepton searches [23, 24] rele-
vant. We simulated the signal produced by our scenario
in these searches [6, 7, 23, 24, 28, 29] using the same
Monte-Carlo setup as for the W+W� cross section mea-
surement. Each search is still consistent well within one
sigma, though it could be possible for same-sign dilep-
ton searches to discover this scenario with the full 8 TeV
LHC data set.

GAUGE BOSON PHENOMENOLOGY

Given the current bounds on trilepton [6] signatures,
any new physics must primarily a↵ect only the W+W�

cross section, leaving W±Z and W±� mostly una↵ected.

To illustrate this, consider the gravity mediated sce-
nario discussed in the previous section, with Winos al-
ways decaying to a Bino-like neutralino LSP via on-shell
W ’s and Z’s. In this case the trilepton bounds push the
allowed mass of the Winos to m�±

1
& 190 GeV, which

makes the wino pair production cross section so small
that the �2/Ndof improvement of the W+W� measure-
ment is negligible, less than ⇠ 5%.

Since our chargino NLSP scenario evades these trilep-

ton bounds there is no a↵ect on multi-gauge boson phe-
nomenology other than multi-W . There will be signa-
tures of same-sign W gauge boson production with addi-
tional soft jets or leptons arising from �±�0 production
and decay. As discussed in the previous section, same-
sign dilepton searches [23, 24] are not yet sensitive enough
to rule out this signal.

The possibly viable gravity mediated scenario with in-
termediate sleptons [13] could feature additional “gauge
boson” signatures, because in addition to producing
``+MET final states (even though no W ’s are involved)
there is also the possibility for `+MET production, show-
ing up in single W -measurements.

HIGGS PHENOMENOLOGY

Modifying the e↵ective W+W� cross section through
BSM contributions could significantly a↵ect h !
W+W� measurements since both ATLAS [32] and CMS
[33] searches use data-driven techniques to estimate
W+W� background. The Monte Carlo output is normal-
ized to fit the data in a control region, and that “renor-
malization” is carried over into the signal region.

However, we find that generically the Higgs search sen-
sitivities are not modified. In a BSM scenario like ours,
where the kinematics are very similar to W+W�, the
control and signal regions are contaminated in proportion

[Phys. Rev. D 87 (2013) 3, 031701]

• contribution from chargino pair
production

• m(χ±) = 110 GeV

BUT! Is the theoretical modelling precise
enough?
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A recent lesson

Theoretical developments

• Including some new contributions previously neglected in the computation (NNLO
QCD corrections) increases the prediction by ∼ +10%.

[Phys. Rev. Lett. 113 (2014) 21, 212001]

�inclusive [fb] �/�NLO � 1
p

s 8 TeV 13 TeV 8 TeV 13 TeV

LO 425.41(4) +2.8%
�3.6% 778.99 (8) +5.7%

�6.7% �31.8% �35.4%

NLO 623.47(6) +3.6%
�2.9% 1205.11(12) +3.9%

�3.1% 0 0

NLO0 635.95(6) +3.6%
�2.8% 1235.82(13) +3.9%

�3.1% + 2.0% + 2.5%

NLO0+gg 655.83(8) +4.3%
�3.3% 1286.81(13) +4.8%

�3.7% + 5.2% + 6.8%

NNLO 690.4(5) +2.2%
�1.9% 1370.9(11) +2.6%

�2.3% +10.7% +13.8%

Table 2: Total inclusive cross sections at di↵erent perturbative orders and relative di↵erences with
respect to NLO. The quoted uncertainties correspond to scale variations as described in the text,
and the numerical integration errors on the previous digit(s) are stated in brackets; for the NNLO
results, the latter include the uncertainty due the rcut extrapolation (see Section 2.4).

O(↵2
S) corrections to the qq̄ channel§ amount to about +6% (+7%). Neglecting PDF e↵ects, we

find that the loop-induced gg contribution corresponds to only 37% (38%) of the total O(↵2
S) e↵ect,

i.e. of �NNLO � �NLO0 , with the remaining 63% (62%) being due to genuine NNLO corrections.

These results are in line with the inclusive on-shell predictions of Ref. [46], where the relative
weight of the gg contribution was found to be 35% (36%), and the small di↵erence is due to the
chosen PDFs. We also find by up to about 2% larger NNLO corrections than stated in Ref. [46],
which can also be attributed to the chosen PDF sets. Indeed, repeating the on-shell calculation
of Ref. [46] using the input parameters of Section 3.1 (with �W = �Z = 0), we find that the
relative corrections agree on the level of the statistical error when the same PDF sets are applied.
Moreover, comparing the results of Table 2 with this on-shell calculation allows us to quantify
the size of o↵-shell e↵ects, which turn out to reduce the on-shell result by about 2% with a very
mild dependence (at the permille level) on the perturbative order and the collider energy. The
results for the two considered collider energies confirm that the size of relative corrections slightly
increases with the centre-of-mass energy, as in the on-shell case.

We add a few comments on the theoretical uncertainties of the above results. As is well known,
scale variations do not give a reliable estimate of the size of missing higher-order contributions at
the first orders of the perturbative expansion. In fact, LO and NLO predictions are not consistent
within scale uncertainties, and the same conclusion can be drawn by comparing NLO or NLO0+gg
predictions with their respective scale uncertainties to the central NNLO result. This can be
explained by the fact that the qg (as well as q̄g) and gg (as well as qq(0), q̄q̄(0) and qq̄0) channels open
up only at NLO and NNLO, respectively. Since the NNLO is the first order where all the partonic
channels are contributing, the NNLO scale dependence should provide a realistic estimate of the
uncertainty from missing higher-order corrections. The loop-induced gluon–gluon channel, which

§Here and in what follows, all NNLO corrections that do not stem from the loop-induced gg ! W+W� channel
are denoted as genuine O(↵2

S) corrections or NNLO corrections to the qq̄ channel. Besides qq̄-induced partonic
processes, they actually contain also gq and gq̄ channels with one extra final-state parton as well as gg, qq(0), q̄q̄(0)

and qq̄0 channels with two extra final-state partons.

12

[JHEP 08 (2016) 140]

• These previously neglected terms also play an important role in the proper modelling
of other aspects of the analysis (e.g., the jet veto used to suppress backgrounds).
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A recent lesson

The final comparison at 8 TeV and 13 TeV J
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Figure 8. Comparison of the measured fiducial cross sections with various theoretical predictions.
The comparison is made for all final states, eµ (top left), ee (top right) and µµ (bottom left).
The bottom right figure shows the measured and predicted fiducial cross sections normalised to
the respective measured values for all final states. Theoretical predictions are indicated as black
markers with grey error bands, while the central value of the measured cross sections is indicated by
a blue line with red lines showing the statistical uncertainty and blue bands for the total uncertainty
including statistical and systematic uncertainties.

Tables 13 to 18 in the appendix give an overview of the measured unfolded differen-

tial cross sections and the statistical, experimental and background uncertainties in the

measurement. The bin-to-bin correlations are preserved for each source of systematic un-

certainty and the correlation matrices are made available in the appendix. The systematic

uncertainties are treated as fully correlated. This includes the background uncertainties,

except the uncertainties due to the limited statistics of the MC simulation and the un-

certainties related to the W+jets estimate, specifically the uncertainties on the measured

fake lepton efficiencies and the sample dependence, since both these uncertainties have

a large statistical component. The background uncertainties are added in quadrature to

the statistical and experimental uncertainties to obtain the total uncertainty in each bin.

The total uncertainties range from 10% to 30%. Normalised unfolded differential cross-

section distributions are also measured, as these are more suited to analysis of the shapes

of differential distributions. Results and tables are made available in the appendix.

– 30 –

[JHEP 09 (2016) 029]
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Figure 5: Comparison of the measured fiducial cross-section with various theoretical predictions. Theoretical
predictions are indicated as points with inner (outer) error bars denoting PDF (PDF+scale) uncertainties. The central
value of the measured cross-section is indicated by a vertical line with the narrow band showing the statistical
uncertainty and the wider band the total uncertainty including statistical and systematic uncertainties.

A comparison between the fiducial cross-section measurement and fixed-order theoretical calculations is
shown in Figure 5. The measurement is compared with the NNLO QCD MATRIX predictions including
the full set of QCD and EW corrections, discussed in detail in Section 8. The predictions agree well with
the measurement.

The measured fiducial cross-sections as a function of the jet-veto pT thresholds are shown in Figure 6.
The fiducial cross-section rises by about 30% when accepting events containing jets with a transverse
momentum of up to 60 GeV, as compared with 30 GeV. The measurement is compared to NNLO
predictions from MATRIX (Figure 6, left), and to NLO+PS predictions from P�����-B��+P����� 8,
P�����-B��+H�����++ and S����� 2.2.2 for qq̄-initiated states, combined with S�����+O���L����
(LO+PS) for the gg initial states (Figure 6, right). All three qq̄ NLO+PS predictions are normalized to the
NNLO theoretical prediction for the total cross-section, with the gg LO+PS contribution normalized to
NLO. With increasing jet-veto pT threshold, the fiducial cross-section rises as it becomes more inclusive.
All predictions agree within uncertainties with the data, but are consistently at the lower bound of these.

The measured fiducial cross-sections as a function of plead `
T , meµ, peµT , |yeµ |, ��eµ and | cos ✓⇤ | are shown

in Figures 7 and 8. They are compared with the NNLO QCD predictions from MATRIX, including
NLO corrections for gg ! WW production and extra NLO EW corrections, as well as with the same
qq̄ NLO+PS predictions as stated above (combined with gg LO+PS) normalized to the NNLO (NLO)
theoretical prediction for the total cross-section. All of these predictions provide a fair description of the
data, except for low values of the pT of the leading lepton as well as low values of invariant mass meµ

and ��eµ < 1.8. For the plead `
T distribution, P�����-B��+P����� 8 and S����� 2.2.2 underestimate

the cross-section by up to 15%–20%. For the other two distributions, all predictions display similar
underestimates of the measured di�erential cross-section but to slightly varying degrees, depending on the
size of their uncertainties. The most consistent di�erence is observed at around ��eµ ⇡ 1.5. A similar
underprediction of the data, shifted slightly to lower ��eµ values (around ⇡ 0.5–1.0) was seen in both
the ATLAS and CMS measurements at 8 TeV [6, 8] when compared with the predictions from a variety
of MC generators. Global �2 comparisons are carried out for all the predictions. They do not display

20

[Eur. Phys. J. C 79 (2019) 10]

We did not find a new particle, but we did learn important lessons:

• Precise and properly controlled theoretical predictions are of essential importance.
• Terms that are neglected at the usual theoretical accuracy of NLO (i.e.,

higher-order perturbative corrections) can play a pivotal role.
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The theory challenge

The High Luminosity LHC program (3 ab−1 integrated luminosity per experiment) is
expected to measure Higgs boson production cross sections and couplings to an accuracy
of ∼ 2–4%.

• This is precise enough to constrain
the parameter spaces of many
BSM models.

• The forecasts in the presented
figures assume a substantial
decrease of current theoretical
uncertainties.

• The role of theoretical
uncertainties is especially
noteworthy for the couplings to t-
and b-quarks and gluons.
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Figure 1: Summary plots showing the total expected uncertainties on (a) the per-production-mode cross-sections
normalised to the SM predictions and (b) the coupling modifier parameters (^), for the combination of ATLAS and
CMS extrapolations. For each measurement, the total uncertainty is indicated by a grey box while the statistical,
experimental and theory uncertainties are indicated by a blue, green and red line respectively. In addition, the
numerical values are also reported. [3]

2.1.2 Di�erential measurements

Di�erential measurements can significantly extend the sensitivity of the LHC data to the Higgs boson
mechanism beyond the reach of inclusive measurements of the product of production modes and branching
ratios. Extrapolations of the di�erential distributions of gluon-gluon fusion production cross-sections
in the // , WW and 11̄ final states as a function of the Higgs boson transverse momentum ?�) , angular
distributions of decay products, and number of jets can be found in Refs. [36, 41]. In the higher ?�) region,
the precision will improve as the dataset grows but will remain limited by statistical uncertainties at the
HL-LHC. Improved analysis techniques exploiting jet substructure tools to reconstruct the decay products
of the Higgs boson produced with large ?�) can significantly enhance the sensitivity of these analyses.

With the larger samples available, rarer production modes will become accessible for in-depth studies. A key
example is CC̄� where the measurements will be limited by theoretical uncertainties in signal and background
modeling, particularly in the � ! 11̄ mode. The large dataset will enable precise measurements of the
di�erential cross-sections in ?�) bins, at the level of 20–40% with the � ! WW channel as shown by CMS
in Ref. [42]. In channels where the Higgs boson 4-momentum can be reconstructed (CC̄�,� ! WW and
CC̄�,� ! 11), a measurement of the ?�) spectrum can further improve the constraint on the top quark
Yukawa coupling. Projections also show that a sensitivity close to the SM cross-section could be reached
for the top-Higgs (C�) associated production [36].

9

[ATLAS coll., ATL-PHYS-PUB-2022-018]
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The theory challenge

The uncertainty budget for Higgs production in gluon fusion as a function of energy

• δ(PDF + αS) and δ(PDF − TH):
uncertainties related to our
knowledge of proton structure

• δ(scale) and δ(EW): uncertainties
coming from uncalculated
higher-order corrections in theory
predictions

• δ(1/mt) and δ(t, b, c): uncertainties
associated with neglecting quark
masses in the theory predictions

2.2.1.1 Gluon fusion

In this section we document cross section predictions for a standard model Higgs boson produced through
gluon fusion in 27 TeV pp collisions. To derive predictions we include contributions based on pertur-
bative computations of scattering cross sections as studied in Ref. [47]. We include perturbative QCD
corrections through next-to-next-to-next-to-leading order (N3LO), electroweak (EW) and approximated
mixed QCD-electroweak corrections as well as effects of finite quark masses. The only modification
with respect to YR4 [45] is that we now include the exact N3LO heavy top effective theory cross section
of Ref. [48] instead of its previous approximation. The result of this modification is only a small change
in the central values and uncertainties. To derive theoretical uncertainties we follow the prescriptions
outlined in Ref. [47]. We use the following inputs:

ECM 27 TeV
mt(mt) 162.7 GeV
mb(mb) 4.18 GeV

mc(3 GeV) 0.986 GeV
↵S(mZ) 0.118

PDF PDF4LHC15_nnlo_100 [49]

(5)

All quark masses are treated in the MS scheme. To derive numerical predictions we use the program
iHixs [50].

Sources of uncertainty for the inclusive Higgs boson production cross section have been assessed
recently in refs. [47, 51, 52, 45]. Several sources of theoretical uncertainties were identified.
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Fig. 1: The figure shows the linear sum of the different sources of relative uncertainties as a function
of the collider energy. Each coloured band represents the size of one particular source of uncertainty as
described in the text. The component �(PDF+↵S) corresponds to the uncertainties due to our imprecise
knowledge of the strong coupling constant and of parton distribution functions combined in quadrature.

– Missing higher-order effects of QCD corrections beyond N3LO (�(scale)).
– Missing higher-order effects of electroweak and mixed QCD-electroweak corrections at and be-

yond O(↵S↵) (�(EW)).
– Effects due to finite quark masses neglected in QCD corrections beyond NLO (�(t,b,c) and �(1/mt)).
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How to decrease the theoretical uncertainty?
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QCD @ LHC

In order to fully exploit the physics potential of LHC, QCD (and EW) must be
understood and modelled as best as possible: many aspects of precision

• Incoming protons are beams of partons:
parton distribution functions (PDFs)

• Primary hard scattering: fixed-order
perturbation theory, resummation

• Partonic evolution: parton showers

• Hadronization and heavy hadron decay

• Multiple parton interactions and underlying
event

[A Sherpa artist]

Diverse market of uncertainties, but higher orders are very important!
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Higher-order corrections
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QCD cross sections at the LHC

Hadronic cross sections can be computed as convolutions of parton distribution functions
(PDFs) with hard scattering partonic cross sections: collinear factorization theorem

dσAB =
∑
a,b

∫
dxa

∫
dxb fa/A(xa, µF )fb/B(xb , µF )︸ ︷︷ ︸

PDFs

× dσab(xa, xb , µF )︸ ︷︷ ︸
partonic x-sect

[
1 + O

(
Λn

QCD
Qn

)]

• fa/A(xa, µF ), fb/B(xb , µF ): non-perturbative PDFs, to be measured in experiment or
computed on the lattice

• dσab(xa, xb , µF ): hard partonic cross section, can be computed in perturbative QCD
• Collinear factorization is valid at high Q (recall ΛQCD ∼ 300 MeV), value of n is not

predicted (believed to be n = 2 for many cases)
• Factorization scale dependence (µF ): separation of long and short distance physics

14



The partonic cross section in perturbation theory

High-energy parton scattering can be described in QCD via perturbation theory.

• The hard partonic cross section computed as a power series of the strong coupling αS

dσab(µF ) = αp
S(µR)

(
dσLO

ab + αS(µR)dσNLO
ab (µR , µF )︸ ︷︷ ︸

O(10%)

+ α2
S(µR)dσNNLO

ab (µR , µF )︸ ︷︷ ︸
O(1%)

+ . . .

)
The strong coupling

• The basis for the applicability of
perturbation theory in QCD is asymptotic
freedom: the strength of the interaction
decreases with increasing energy.

• αS(MZ ) ≈ 0.118 ⇒ roughly NLO ∼ O(10%),
NNLO ∼ O(1%), etc., but naive counting
can be off by an order of magnitude.

• Scale dependence (µR): due to truncation
of the perturbative series ⇒ indicates size of
missing higher orders.

• Note: α/αS ≈ 0.1 but beware ln
(

M2
Z

Q2

)
!

35 9. Quantum Chromodynamics

more than three jets in the final state. A selection of results from inclusive jet [429, 443, 600–605],
dijet [451], and multi-jet measurements [385, 387, 388, 429, 606–610] is presented in Fig. 9.3, where
the uncertainty in most cases is dominated by the impact of missing higher orders estimated through
scale variations. From the CMS Collaboration we quote for the inclusive jet production at

Ô
s = 7

and 8 TeV, and for dijet production at TeV the values that have been derived in a simultaneous
fit with the PDFs and marked with “*” in the figure. The last point of the inclusive jet sub-field
from Ref. [605] is derived from a simultaneous fit to six datasets from di�erent experiments and
partially includes data used already for the other data points, e.g. the CMS result at 7 TeV.

The multi-jet –s determinations are based on 3-jet cross sections (m3j), 3- to 2-jet cross-section
ratios (R32), dijet angular decorrelations (RdR, RdPhi), and transverse energy-energy-correlations
and their asymmetry (TEEC, ATEEC). The H1 result is extracted from a fit to inclusive 1-, 2-,
and 3-jet cross sections (nj) simultaneously.

All NLO results are within their large uncertainties in agreement with the world average and
the associated analyses provide valuable new values for the scale dependence of –s at energy scales
now extending up to almost 2.0 TeV as shown in Fig. 9.4.

αs(MZ2) = 0.1179 ± 0.0009

August 2021
α s
(Q
2 )

Q [GeV]

τ decay (N3LO)
low Q2 cont. (N3LO)
HERA jets (NNLO)

Heavy Quarkonia (NNLO)
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Figure 9.4: Summary of measurements of –s as a function of the energy scale Q. The respective
degree of QCD perturbation theory used in the extraction of –s is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to-leading order; NNLO+res.: NNLO matched to a
resummed calculation; N3LO: next-to-NNLO).

11th August, 2022

[PDG Review of Particle Physics (2022)]
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Ingredients of a fixed-order calculation

Beyond leading order, we must account for extra radiation, both virtual as well as real.

Lo
op

s

Legs

LO2

Born

NLO3

real (R)

NNLO4

RR

N3LO5

RRR

NLO2

virtual (V)

NNLO3

RV

N3LO4

RRV

NNLO2

VV

N3LO3

RVV

N3LO2

VVV

• Virtual radiation: loops
• Real radiation: extra particles in the final

state. They can appear because the extra
particles can be unresolved, which
conceptually is the same as being
reabsorbed in the process, like in loops.

• Real issue is not the growing number of
diagrams, but the presence of singularities.
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Unresolved partons

We call a parton unresolved if its energy is much smaller than the typical energies of the
rest of the partons (soft limit) or if its momentum is nearly collinear with the momentum
of another parton (collinear limit).

Figuratively, if p partons are unresolved in an n + p-parton event, then the n + p-parton
momentum configuration is indistinguishable from the momentum configuration of an
n-parton event. In this case we speak of a p-fold unresolved configuration.

At LO, all partons are resolved (by definition), at NLO at most one parton can become
unresolved, at NNLO single and double unresolved configurations can occur.
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Unresolved partons

We call a parton unresolved if its energy is much smaller than the typical energies of the
rest of the partons (soft limit) or if its momentum is nearly collinear with the momentum
of another parton (collinear limit).

Figuratively, if p partons are unresolved in an n + p-parton event, then the n + p-parton
momentum configuration is indistinguishable from the momentum configuration of an
n-parton event. In this case we speak of a p-fold unresolved configuration.

At LO, all partons are resolved (by definition), at NLO at most one parton can become
unresolved, at NNLO single and double unresolved configurations can occur.

Examples:

• 5 resolved partons, 0 unresolved partons
• all momenta “well-separated” and “hard”
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Unresolved partons

We call a parton unresolved if its energy is much smaller than the typical energies of the
rest of the partons (soft limit) or if its momentum is nearly collinear with the momentum
of another parton (collinear limit).

Figuratively, if p partons are unresolved in an n + p-parton event, then the n + p-parton
momentum configuration is indistinguishable from the momentum configuration of an
n-parton event. In this case we speak of a p-fold unresolved configuration.

At LO, all partons are resolved (by definition), at NLO at most one parton can become
unresolved, at NNLO single and double unresolved configurations can occur.

Examples:

• 4 resolved partons, 1 unresolved parton
• one pair of momenta is collinear, pi ||pr

prpi
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Unresolved partons

We call a parton unresolved if its energy is much smaller than the typical energies of the
rest of the partons (soft limit) or if its momentum is nearly collinear with the momentum
of another parton (collinear limit).

Figuratively, if p partons are unresolved in an n + p-parton event, then the n + p-parton
momentum configuration is indistinguishable from the momentum configuration of an
n-parton event. In this case we speak of a p-fold unresolved configuration.

At LO, all partons are resolved (by definition), at NLO at most one parton can become
unresolved, at NNLO single and double unresolved configurations can occur.

Examples:

• 4 resolved partons, 1 unresolved parton
• one momentum is soft, pr → 0

pr
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Unresolved partons

We call a parton unresolved if its energy is much smaller than the typical energies of the
rest of the partons (soft limit) or if its momentum is nearly collinear with the momentum
of another parton (collinear limit).

Figuratively, if p partons are unresolved in an n + p-parton event, then the n + p-parton
momentum configuration is indistinguishable from the momentum configuration of an
n-parton event. In this case we speak of a p-fold unresolved configuration.

At LO, all partons are resolved (by definition), at NLO at most one parton can become
unresolved, at NNLO single and double unresolved configurations can occur.

Examples:

• 3 resolved partons, 2 unresolved partons
• two pairs of momenta are collinear, pi ||pr

and pj ||ps

pi

pspj

pr
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Unresolved partons

We call a parton unresolved if its energy is much smaller than the typical energies of the
rest of the partons (soft limit) or if its momentum is nearly collinear with the momentum
of another parton (collinear limit).

Figuratively, if p partons are unresolved in an n + p-parton event, then the n + p-parton
momentum configuration is indistinguishable from the momentum configuration of an
n-parton event. In this case we speak of a p-fold unresolved configuration.

At LO, all partons are resolved (by definition), at NLO at most one parton can become
unresolved, at NNLO single and double unresolved configurations can occur.

Examples:

• 3 resolved partons, 2 unresolved partons
• one pair of momenta is collinear, a third

momentum is soft pi ||pr and ps → 0

pi

ps

pr
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Perturbation theory in practice

The application of perturbation theory in particle collisions raises two basic issues.

1. We must evaluate the mathematical expressions corresponding to the diagrams
describing the process ⇒ multi-loop integrals

LO2

+
(

NLO2

+

NLO3

)
+

(
NNLO2

+

NNLO3

+

NNLO4

)
+ . . .

2. The various contributions must be summed. Although the sum of contributions is
finite at each order, the separate contributions are naively infinite due to the
presence of IR singularities ⇒ IR pole treatment

LO2 = finite
NLO2 + NLO3 = finite BUT NLO2,3 = ∞

NNLO2 + NNLO3 + NNLO4 = finite BUT NNLO2,3,4 = ∞

Note: both issues understood at NLO for general processes ⇒ automation of solutions
lead to the NLO revolution of the 2010s.
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Where do the infinities come from?

Recall that in order to obtain physical quantities, i.e., cross sections, we must perform
some momentum integrals:

σ =
∫

|M|2dϕ
• over loop momenta to obtain |M|2 (loop integrals)
• over real momenta to obtain σ (phase space integrals)

It turns out that integrations over momenta of unobserved particles, either in loops or in
real radiation lead to divergent integrals!
Two distinct sources:

1. Divergences “at infinity”, i.e., p → ∞: UV divergences, removed by suitable
redefinitions of the parameters of the theory (renormalization); only in loops

2. Divergences “at zero”, i.e., p → 0 (zero energy) or p1||p2 (zero angle): IR
divergences, cancel in properly defined physical quantities; in real radiation and
loops

Technically, UV divergences are (much) easier to handle: renormalization can be
performed once and for all at a given perturbative order. On the other hand, IR
divergences manifest in each new calculation even after UV renormalization has been
implemented.
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Sources of IR singularities

The NNLO correction to a generic m-jet observable is the sum of three terms

σNNLO
ab =

∫
m+2

dσRR
ab Jm+2 +

∫
m+1

(
dσRV

ab + dσC1
ab

)
Jm+1 +

∫
m

(
dσVV

ab + dσC2
ab

)
Jm

Double real (RR)

• Tree level squared MEs
with m + 2-parton kine-
matics

• MEs diverge as one or
two partons become un-
resolved

• phase space integral di-
vergent (up to O(ε−4)
poles from PS integra-
tion in dim. reg.)

• no loops, so no explicit ε

poles in dim. reg.

Real-virtual (RV)

• One-loop squared MEs
with m + 1-parton kine-
matics

• MEs diverge as one par-
ton becomes unresolved

• phase space integral di-
vergent (up to O(ε−2)
poles from PS integra-
tion in dim. reg.)

• one loop, explicit ε

poles up to O(ε−2)
from loop integration in
dim. reg.

Double virtual (VV)

• Two-loop squared MEs
with m-parton kinemat-
ics

• jet function screens di-
vergences in MEs as par-
tons become unresolved

• phase space integral is fi-
nite

• two loops, explicit ε

poles up to O(ε−4)
from loop integration in
dim. reg.
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Perturbation theory in practice – the problem

Clearly, the infinities that appear must be treated in a consistent way before any explicit
calculation can be performed.

How to perform computations in practice beyond NLO?

21



The basic idea of the subtraction method

One general approach to dealing with the infrared divergences that appear in higher-order
perturbative computations is the so-called subtraction method.

Idea

Using appropriately chosen subtraction terms, reshuffle divergences between each
contribution of the full higher-order correction in such a way that each contribution is
finite after the reshuffling!

22



The subtraction method in practice - a caricature

Suppose we want to evaluate (at ε → 0)

σ =
∫ 1

0
σNLO

3 (x , ε)dx + σNLO
2 (ε) where

σNLO
3 (x , ε) = x−1−εR(x) ,

σNLO
2 (ε) =

V−1
ε

+ V0 + V1 ε + . . . ,

with R(0) = R0 < ∞, and V−1 = R0 (such that σ is finite).

• Define the counterterm
σNLO,A

3 (x , ε) ≡ x−1−εR0

• Use it to reshuffle singularities between the contributions

σ =
∫ 1

0

[
σNLO

3 (x , ε) − σNLO,A
3 (x , ε)

]
dx

∣∣∣
ε=0

+
[

σNLO
2 (ε) +

∫ 1

0
σNLO,A

3 (x , ε)dx
]

ε=0

=
∫ 1

0

[R(x) − R0
x1+ε

]
dx

∣∣∣
ε=0

+
[V−1

ε
+ V0 + V1 ε + . . . −

R0
ε

]
ε=0

=
∫ 1

0

R(x) − R0
x

dx + V0 , recall V−1 = R0!

The two terms on the last line are both finite!
23



The CoLoRFulNNLO scheme

24



CoLoRFulNNLO

CoLoRFulNNLO: a local, analytic subtraction scheme for NNLO

• Exact perturbative result without slicing parameters
(reduced source of numerical uncertainty)

• Point-by-point subtraction in phase space including spin and color correlations
(no integrals that are finite in d dims., but undefined in 4 dims.)

• Analytic computation of integrated subtraction terms
(rigorously show cancellation of virtual poles)

• Explicit and general expressions
(coding, automation)

25



General subtraction procedure

Consider the NkLO partonic cross section: total of k extra emissions

σNk LO
ab =

k∑
l=0

∫
m+k−l

(
dσ

Rk−l Vl
ab + dσ

Cl
ab

)
Jm+k−l =

k∑
l=0

Rk−l Vl

• dσ
Rk−l Vl
ab : the l-loop contribution with (k − l) extra real emissions

• dσ
Cl
ab : the l-loop collinear remnant from PDF renormalization. E.g., (P(0) is the

standard space-like splitting function)

dσC1
ab =

αS
2πε

(
P(0)

ac ⊗ dσB
cb + dσB

ac ⊗ P(0)
cb

)
At NNLO, we have

σNNLO
ab =

∫
m+2

dσRR
ab︸ ︷︷ ︸

≡R2V0

+
∫

m+1

(
dσRV

ab + dσC1
ab

)
︸ ︷︷ ︸

≡R1V1

+
∫

m

(
dσVV

ab + dσC2
ab

)
︸ ︷︷ ︸

≡R0V2

The CoLoRFul scheme to regularize IR singularities proceeds in 3 steps
26



General subtraction procedure

Step 1: subtract all IR singularities from k-fold real emission

• Construct an approximation to RkV0 valid when all k real emissions are unresolved.
Denote this as Ak [RkV0]. Then the difference

(1 − Ak)[RkV0]

is free of singularities as k partons become unresolved.
• However, it is still singular as (k − 1) partons become unresolved, hence construct

Ak−1(1 − Ak)[RkV0]. Now the expression

(1 − Ak−1)(1 − Ak)[RkV0]

is free of singularities as k or (k − 1) partons become unresolved.
• Iterate the above procedure until all singularities are removed. The expression

(1 − A1)(1 − A2)(1 − A3) · · · (1 − Ak)[RkV0] =
[ k∏

i=1

(1 − Ai )
]

[RkV0]

is free of all IR singularities.
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General subtraction procedure

Step 2: integrate the subtractions over unresolved emissions and add back

• Specifically, all terms that involve taking a j-fold limit will involve integrations over j
unresolved emissions. These terms are precisely

(1 − A1)(1 − A2)(1 − A3) · · · (−Aj )[RkV0] =
[ j−1∏

i=1

(1 − Ai )
]

(−Aj )[RkV0]

• After integration, they must be grouped with Rk−j Vj . After this rearrangement we
have

σNk LO
ab =

[ k∏
i=1

(1 − Ai )
]

[RkV0] +
k∑

j=1

{
Rk−j Vj −

∫
j

[ j−1∏
i=1

(1 − Ai )
]

(−Aj )[RkV0]

}
• The first term is free of IR singularities, but the j-th term of the sum in the second

term still has singularities as up to j − k partons become unresolved.

28



General subtraction procedure

Step 3: iterate the first two steps until all IR singularities are removed

• The final result of this iteration can be written in a compact form

σNk LO
ab =

k∑
l=0

[ k−l∏
i=1

(1 − Ai )
] l∑

j=0

{
δlj 1

+
∑

π∈P(l−j)

|π|∏
m=1

∫
π(m)

[ π(m)−1∏
nm=1

(1 − Anm )
]

Aπ(m)

}
[Rk−j Vj ]

• Here P(l − j) denotes the set of ordered partitions of the integer (l − j) and
π = {π(1), π(2), . . . , π(|π|)} is a particular element of length |π| of this set.
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General subtraction procedure

LO (k = 0):

σLO
ab = R0V0 =

∫
m

dσB
abJm

NLO (k = 1):

σNLO
ab = (1 − A1)[R1V0] + R0V1 +

∫
1

A1[R1V0]

=
∫

m+1

[
dσR

abJm+1 − dσ
R,A1
ab Jm

]
+

∫
m

[
dσV

ab + dσC1
ab +

∫
1

dσ
R,A1
ab

]
Jm ,

• On the second line we have introduced the notation

A1[R1V0] = A1
[
dσR

abJm+1
]

= dσ
R,A1
ab Jm

• Notice that A1 also acts on the measurement function J.
• Infrared and collinear safety of the observable ensures that A1[Jm+1] = Jm so the

integrated subtraction term can be combined with the virtual contribution.
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General subtraction procedure

NNLO (k = 2):

σNNLO
ab = (1 − A1)(1 − A2)[R2V0]

+ (1 − A1)[R1V1] + (1 − A1)
∫

1
A1[R2V0]

+ R0V2 +
[∫

2
(1 − A1)A2 +

∫
1

A1

∫
1

A1

]
[R2V0] +

∫
1

A1[R1V1]

• Following the notation introduced above

σ
NNLO
ab =

∫
m+2

[
dσ

RR
ab Jm+2 −dσ

RR,A1
ab Jm+1 −dσ

RR,A2
ab Jm +dσ

RR,A12
ab Jm

]
+

∫
m+1

{[
dσ

RV
ab +dσ

C1
ab +

∫
1

dσ
RR,A1
ab

]
Jm+1 −

[
dσ

RV,A1
ab +dσ

C1,A1
ab +

(∫
1

dσ
RR,A1
ab

)A1
]

Jm

}
+

∫
m

{
dσ

VV
ab +dσ

C2
ab +

∫
2

[
dσ

RR,A2
ab −dσ

RR,A12
ab

]
+

∫
1

[
dσ

RV,A1
ab +dσ

C1,A1
ab

]
+

∫
1

(∫
1

dσ
RR,A1
ab

)A1
}

Jm
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General subtraction procedure

Role of individual terms



dσ
RR,A1
ab

dσ
RR,A2
ab

dσ
RR,A12
ab

dσ
RV,A1
ab

dσ
C1,A1
ab(∫

1 dσ
RR,A1
ab

)A1



regularizes



dσRR
ab

dσRR
ab

dσ
RR,A2
ab , dσ

RR,A1
ab

dσRV
ab

dσC1
ab∫

1 dσ
RR,A1
ab



as



1

2

1 , 2

1

1

1



partons are
unresolved
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The dual role of A12

To define dσ
RR,A12
ab , we can set

• dσ
RR,A12
ab ≡ A1

[
dσ

RR,A2
ab

]
• dσ

RR,A12
ab ≡ A2

[
dσ

RR,A1
ab

]
Whichever option one chooses, the other becomes a constraint on the construction

dσRR
ab dσ

RR,A2
ab

dσ
RR,A1
ab dσ

RR,A12
ab

Fine print:

• Internal cancellations within each piece to avoid multiple subtraction (see below).
• Spurious single unresolved singularities in dσ

RR,A1
ab regularized by dσ

RR,A12
ab .
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RR,A12
ab .

33



The dual role of A12

To define dσ
RR,A12
ab , we can set

• dσ
RR,A12
ab ≡ A1

[
dσ

RR,A2
ab

]
• dσ

RR,A12
ab ≡ A2

[
dσ

RR,A1
ab

]
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• Internal cancellations within each piece to avoid multiple subtraction (see below).
• Spurious single unresolved singularities in dσ

RR,A1
ab regularized by dσ

RR,A12
ab . 33



Constructing the subtraction terms

In the CoLoRFul scheme, subtraction terms are built from IR factorization formulae

Uj |Mab,m+j ({p}m+j )|2l−loop =
(

αS
2π

)j l∑
i=0

Sing(i)
j × |Mâb̂,m({p̂}m)|2(l−i)−loop︸ ︷︷ ︸

j partons removed

..

..
...

︸ ︷︷ ︸
l−loop

−→
l∑

i=0

..
..

...

︸ ︷︷ ︸
(l−i)−loop

× ...

︸︷︷︸
i−loop

• Uj : formal operator that takes some j-fold unresolved limit
• Sing(i)

j : universal (independent of M) IR singular structure for i-loop, j-fold
unresolved emission

• |M
âb̂,m

({p̂}m)|2(l−i)−loop: (l − i)-loop reduced matrix element with j partons removed
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Known ingredients

Explicit forms of all Sing(i)
j relevant at NNLO are known.

• Tree-level three-parton splitting functions and double soft gg and qq̄ currents

[Campbell, Glover 1997; Catani, Grazzini 1998;
Del Duca, Frizzo, Maltoni 1999; Kosower 2002]

• One-loop two-parton splitting functions and soft gluon current

[Bern, Dixon, Dunbar, Kosower 1994; Bern, Del Duca, Kilgore, Schmidt
1998-9; Kosower, Uwer 1999; Catani, Grazzini 2000; Kosower 2003]

Are we done? Just set Aj = Uj !

Unfortunately NO!
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From limits to subtraction terms

Issues

1. Unresolved regions in phase space overlap ⇒ care must be taken to avoid multiple
subtraction in overlapping regions

2. IR limit formulae are only well-defined in the strict limits ⇒ definitions must be
carefully extended over the full phase space away from the limits

3. Subtraction terms must be integrated over the momenta of unresolved radiation ⇒
see Pooja Mukherjee’s talk next week
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From limits to subtraction terms

1. Overlapping singularities can be addressed by the inclusion-exclusion principle:
subtract each limit once, add back pairwise overlaps, subtract triple overlaps and so
on. E.g., at NLO

A1 =
∑

ir

Cir +
∑

r

Sr −
∑
{ir,r}

Cir ∩ Sr

2. In order to obtain true subtraction terms, two additional steps are needed

• Make |M
âb̂,m

({p̂}m)|2(l−i)−loop well-defined ⇒ specify precisely the momenta
entering the reduced matrix elements via momentum mappings that implement
momentum conservation and mass-shell conditions

{p}m+j → {p̃}m , j = 1, 2

• Make Sing(i)
j well-defined ⇒ the various quantities entering the singular

structures such as momentum fractions, transverse momenta and eikonal
factors need to be precisely specified.

The adopted definitions must be such that they respect the structure of cancellations
in all overlapping limits, which is a constraint for the entire construction.
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From limits to subtraction terms

After these definitions are fixed, the IR limit formula can be promoted to a (sum of)
true subtraction term(s) that is unambiguously defined at any point in phase space,

Uj |Mab,m+j ({p}m+j )|2l−loop →
l∑

i=0

U (i,l−i)
j

where
U (i,l−i)

j =
(

αS
2π

)j
S̃ing

(i)
j × |Mãb̃,m({p̃}m)|2(l−i)−loop

• S̃ing
(i)
j represents the expression of the corresponding singular structure incorporating

the precise definitions of momentum fractions, eikonal factors and so on.
• The matrix element is evaluated over the set of mapped momenta, {p̃}m.
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CoLoRFulNNLO for color-singlet production: A1

For color-singlet production in hadron-hadron collisions, hA + hB → X , we have

dσ
RR,A1
ab = dϕX+2({p}X+2)A(0)

1

where

A(0)
1 =

∑
r∈F

[
S(0,0)

r +
∑
i∈F
i ̸=r

(1
2

CFF (0,0)
ir − CFF

ir S(0,0)
r

)
+

∑
c∈I

(
CIF (0,0)

cr − CIF
cr S(0,0)

r

)]

• I and F denote the sets of initial-state and final-state partons
• The various subtraction terms correspond to the limit implied by the notation
• The (0, 0) superscript signals that these terms originate from IR limit formulae that

involve tree-level singular structures multiplying tree-level reduced matrix elements
• Each term is explicitly defined and can be evaluated in any point of the double real

emission phase space
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CoLoRFulNNLO for color-singlet production: A2

For color-singlet production in hadron-hadron collisions, hA + hB → X , we have

dσ
RR,A2
ab = dϕX+2({p}X+2)A(0)

2

where

A(0)
2 =

1
2

∑
r∈F

∑
s∈F
s ̸=r

{
S(0,0)

rs +
∑
c∈I

[
CIFF (0,0)

crs − CIFF
crs S(0,0)

rs +
∑
d∈I
d ̸=c

(
CIF ,IF (0,0)

cr,ds + CIF ,IF
cr,ds S(0,0)

rs

)]}

• Again, various counterterms correspond to the limit implied by the notation
• Notice no triple collinear-double collinear overlap: general feature at NNLO
• Notice no soft-collinear terms: these cancel for color-singlet production due to the

precise definitions we adopt
• Each term is explicitly defined and can be evaluated in any point of the double real

emission phase space
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CoLoRFulNNLO for color-singlet production: A12

For color-singlet production, we have dσ
RR,A12
ab = dϕX+2({p}X+2)A(0)

12 where

A(0)
12 =

∑
s∈F

[
A(0)

2 Ss +
∑
r∈F
r ̸=s

(1
2

A(0)
2 CFF

rs − A(0)
2 CFF

rs Ss

)
+

∑
c∈I

(
A(0)

2 CIF
cs − A(0)

2 CIF
cs Ss

)]
with

A(0)
2 Ss =

∑
r∈F
r ̸=s

[
S(0,0)

rs Ss +
∑
c∈I

(
CIFF (0,0)

crs Ss − CIFF
crs S(0,0)

rs Ss

)]
A(0)

2 CFF
rs = S(0,0)

rs CFF
rs +

∑
c∈I

(
CIFF (0,0)

crs CFF
rs − CIFF

crs S(0,0)
rs CFF

rs

)
A(0)

2 CFF
rs Ss =

∑
c∈I

CIFF (0,0)
crs CFF

rs Ss

A(0)
2 CIF

cs =
∑
r∈F
r ̸=s

(
CIFF (0,0)

csr CIF
cs +

∑
d∈I
d ̸=c

CIF ,IF (0,0)
cs,dr CIF

cs

)
A(0)

2 CIF
cs Ss =

∑
r∈F
r ̸=s

(
S(0,0)

rs CIF
cs Ss + CIFF (0,0)

csr CIF
cs Ss − CIFF

csr S(0,0)
rs CIF

cs Ss

)
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Full set of double real subtraction terms

Representative example: gg → Hgg as double real for gg → H∫
m+2

[
dσ

RR
ab Jm+2 −dσ

RR,A1
ab Jm+1 −dσ

RR,A2
ab Jm +dσ

RR,A12
ab Jm

]

Types Terms Counter
events

Master
integrals

A(0)
1 5 13 7 11

A(0)
2 5(11) 9(29) 5 42

A(0)
12 13(23) 39(81) 17 104

Total 23(39) 61(123) 29 157

• Numbers shown with(without) accounting for cancellation of soft-collinear type
terms
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Full set of real-virtual subtraction terms

Representative example: gg → Hg as real-virtual for gg → H∫
m+1

{[
dσ

RV
ab +dσ

C1
ab +

∫
1

dσ
RR,A1
ab

]
Jm+1 −

[
dσ

RV,A1
ab +dσ

C1,A1
ab +

(∫
1

dσ
RR,A1
ab

)A1
]

Jm

}

Types Terms Counter
events

Master
integrals

A(1)
1 2 3 2 24

AΓ
1 3 6 2 10

AI
1 5 13 2 65

Total 10 22 2 99

• In the real-virtual contribution only single unresolved real radiation ⇒ construction of
subtraction terms is only “NLO complexity” (integrals are NNLO complexity though)
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Explicit structure of cancellations in RR

Delicate structure of cancellations between matrix element and subtraction terms

• gg → Hgg

1

2

3

4

5

• Interplay of terms
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Explicit structure of cancellations in RR

Delicate structure of cancellations between matrix element and subtraction terms

• gg → Hgg
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Explicit structure of cancellations in RR

Delicate structure of cancellations between matrix element and subtraction terms

• gg → Hgg
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Explicit structure of cancellations in RR

Delicate structure of cancellations between matrix element and subtraction terms

• gg → Hgg
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Explicit structure of cancellations in RR
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Explicit structure of cancellations in RR
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Explicit structure of cancellations in RR

Delicate structure of cancellations between matrix element and subtraction terms
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Explicit structure of cancellations in RR

Delicate structure of cancellations between matrix element and subtraction terms

• gg → Hgg
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The NNLOCAL code

NNLOCAL: a proof-of-concept Monte Carlo program implementing the described scheme

• Architecture based on MCFM-4.0 (note current version is 10.3) written in
Fortran77. (Have ensured that this is tolerated by the authors!)

• Publicly available, only external dependency is LHAPDF.

https://github.com/nnlocal/nnlocal.git

Proof-of-concept code:

• Gluon fusion Higgs production in HEFT (mt → ∞) with no light quarks (nf = 0):
not a restriction on the structure of the subtraction scheme, on the contrary, all
possible IR singularities for color-singlet production are present.

• Minimal optimisation only (especially in VV part): some issues with numerical
cancellations in integrated subtraction terms handled by dynamical switching to
quadruple precision.

• Many features to support checking/validation.
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The NNLOCAL code

Main features

• Publicly available local analytic subtraction code at NNLO.
• Computation of any infrared and collinear-safe observables via user defined analysis

routine.
• Support for parallel running if desired (managed by shell scripts).
• Support for efficient building and monitoring of Monte Carlo integration grids (via

parallel running and scripts for visualisation).
• Support for checking cancellation of kinematical singularities through dedicated

phase space routines.
• Support for checking cancellation of ε-poles order by order.
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Code validation

Validate cancellation of kinematical singularities in double real emission (R =
∑

A/|M|2)
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Check cancellation of ε-poles
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Code validation

Tuned comparison of inclusive cross section to n3loxs [Baglio, Duhr, Mistlberger, Szafron 2022]

(modified to exclude quark channels and use same αS running as NNLOCAL)

mH [GeV] n3loxs (gg) NNLOCAL (gg)

100 65.72 pb 65.74(4) pb

125 42.94 pb 42.94(2) pb

250 9.730 pb 9.733(5) pb

500 1.626 pb 1.626(1) pb

1000 173.7 fb 173.7(1) fb

2000 8.794 fb 8.790(5) fb

• Several choices of µR , µF checked, shown values are for µR = µF = mH .
• Runtime per mass value: ∼ 20 mins. on a MacBook Pro M2 with 8 CPUs.
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Differential result

Rapidity distribution of a Higgs boson of mass mH = 125 GeV at the 13 TeV LHC
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• Error shown is estimated Monte Carlo integration uncertainty.
• Runtime ∼ 1 hr 15 mins. on a MacBook Pro M2 with 8 CPUs.
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Conclusions and outlook
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Conclusions and outlook

Precision is key

• Understand subtle features of the Standard Model.
• First signs of New Physics might very well be indirect.
• Exact higher-order calculations required beyond NLO.

CoLoRFulNNLO at work for cancelling initial state singularities

• Completely local subtraction terms.
• Fully analytic integrated subtraction terms.

Implemented in NNLOCAL

• Gluon fusion Higgs production in HEFT has very simple matrix elements but
otherwise all essential features.

• Quark channels, full mass dependence will be available in the near future.
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Conclusions and outlook

Outlook

• NNLOCAL: from proof-of-concept to useful tool.
(all channels, more color-singlet processes, optimisation)

• The inclusion of final-state jets and heavy quarks in hadron collisions appears
feasible in our methodology.

• Extension to next order (N3LO) for color-singlet appears conceivable.

Thank you for your attention!
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