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Some background of my involvement in the topic

e ey W o

My first public presentation of the topic with the Title: Beyond second order
theories of relativistic dissipative fluids was in 2009.
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Abstract

‘The recent notion of the perfect fluid created at the relativistic heavy ion collider

(RHIC) has been embraced by many experimentalists and theorists alike.

However, much of the evidence to this notion has been based on the success

of describing some y

or by small shear viscosity to entropy density ratio. Developments on viscous
Ived from (0+1) di (Bjorken scaling solution) over

e for Physics Seminar 2025 5/ 3¢



Some background on my involvement

Third order relativistic dissipative fluid dynamics

Azwinndini Muronga'?

icle Physics,

hy: Auckiand
Park, South Africa

3 University of Joh:
‘Soweto, South Africa

“Exploring QCD frontiers: from RHIC and LHC to EIC”
0 January - 3 February, 2012
Stellenbosch — Western Cape — South Africa

SQM2009

PHYSICAL REVIEW C 102, 034902 (2020)

‘Third order viscous hydrodynamics from the entropy four current
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Nonequilbrium dynamics fo rlaivistic luid or quark gluon plasma (QGP) have aleady been calculated
carier

ar based o thermodynamics pricipls. The cxpressions
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for third order disspatve fluxes have been derived
from equaton for entropy y Muronga. The
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ing coeflicents a5 compared o caculaions
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Bjorken (1-+ 1) o
equaions ae found to have slighly different valus for the couplis

coeffcents. The shear reaxation equaions derived in thid order heory are discussed term by term. Effects
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L INTRODUCTION ‘and had assumptions that the entropy four-current contains
only linear terms in dissipative quantites. Consequently we.
have Fourier-Navier-Stokes equations which might lead to
noncausality and propagate viscous and thermal signals with

High energy heavy ion collisions offer the opportunity o
study the properties of hot and dense quark gluon plasma
(QGP) [11. At the CERN Large Hadron Colider (LHC), rriestioed
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Motivation and Conclusions

@ Relativistic second order dissipative fluid dynamics (e.g., Israel-Stewart
formalism) is a very important scientific achievement of the last three
decades.
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Motivation and Conclusions

Relativistic second order dissipative fluid dynamics (e.g., Israel-Stewart
formalism) is a very important scientific achievement of the last three
decades.

It has inspired many authors to apply its methodology to the study of
heavy ion collisions and astrophysics.

In short it furnishes equations which are closed by imposing the entropy
principle up to second order, with respect to equilibrium.

First-order theories (the Navier-Stokes equations) break down at
relativistic speeds. Issues: Causality and stability problems in first-order
theories.

The second-order terms (e.g., relaxation times) help solve issues in
first-order theories.
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@ The reluctance to exploit higher-order terms in relativistic dissipative fluid
dynamics arises due to the complexity of calculations.
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@ The reluctance to exploit higher-order terms in relativistic dissipative fluid
dynamics arises due to the complexity of calculations.

@ However, pursuing these terms is essential for several reasons:
(1) Second-order approaches better connect relativistic and classical
cases.
(2) Higher-order terms depend on lower-order ones, potentially
impacting equilibrium conditions.
(3) Couplings between key dissipative processes (e.g., heat conduction
and viscosity) are only fully realized at the third order, making these
terms crucial for accurate modeling.

@ Despite the complexity, the inclusion of these terms greatly improves the
understanding of fluid dynamics.
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Basics & Formalism

The objective of relativistic dissipative fluid dynamics for one component fluid
is the determination of the 14 fields of

N“(xﬁ) net charge density — net charge flux vector
T (x") stress — energy — momentum tensor

T+ is assumed symmetric so that it has 10 independent components.

The 14 fields are determined from the field equations (fluid dynamical
equations)

OuN* =0 net charge (e.g., baryon, strangeness, etc ) conservation
o, T" =0 energy — momentum conservation
OnF** = P* balance law of fluxes

F# is completely symmetric tensor of fluxes and P** is its production
density such that

F* = m®N* and P2 =0 J

=) = = =
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Basics & Formulation

We then have a set of 14 independent equations ( net charge conservation
(1); energy-momentum conservation (4); balance of fluxes (9))

However, the dynamic equations cannot serve as the field equations for the
thermodynamic fields N* and T*”. Because the additional fields F*** and
P** have appeared.

Restriction on the general form of the constitutive functions F***(N*, T*#)
and P (N*, T*%) is imposed by

@ entropy principle —the entropy density—entropy flux vector S*(N*, T*#)
is a constitutive quantity which obeys the inequality

9,8" >0 for all thermodynamic process J

@ requirement of hyperbolicity — ensures that Cauchy problems of our
field equations are well-posed and all wave speeds are finite =—- our set
of field equations should be symmetric hyperbolic
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The 14 Fields and Tensor decomposition

Net charge 4-current N* = nu* J

n=+/NeN, = u,N* netcharge density in fluid rest frame,
N#
l/NV
— u" has 3 independent components

ut

the fluid 4-velocity,

v

uu, =

- Z
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14 Fields and Tensor decomposition

Stress—energy-momentum tensor T+ = su”u”—(p+ﬂ)A””+2q(“u”)+7r<“”>J

e = u,u, T  energy density in fluid rest frame,
p=p(e,n) pressure in fluid rest frame,

Mn bulk viscous pressure, (p+M)= —%AW ™

AMY = g — u*u” projection tensor onto 3-space, A*’u, = A*u, =0
g"" =diag(+1,—1,—1,—1) metric tensor

g = AusT*?  heat flux 4-current,

g“u, =0 = g" has 3 independent components

x = T shear stress tensor

oy, = 0y, =0, wij =0 = 7" has 5 independent components
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14 Fields and Tensor decomposition

Production densities tensor P** = Pnll (A‘“’3u“u”)+2qu(“u“)+7>ﬁ7r<““>J

The functions Pn, Py, P~ are related to the bulk viscosity, heat conductivity
and shear viscosity and thus may be determined from measurements of
these coefficients

Liu, I-Shih; Mdiller, I.; Ruggeri, T.; Relativistic thermodynamics of gases.
Annals of Physics, 169 (1986) 191 - 219

Azwinndini Third-order relativistic fluid dynamics HUN-REN Wigner Research Centre for Physics Seminar 2025 14/3



14 Fields and Tensor decomposition

Fpu)\

Tensor of fluxes (up to 2nd order)

%Jﬂog("”u” 4 %J-"g (g(””u*) - 2u“u”uA)

+Fn (A(WUA) = u“u”u*) + F2 (A(“”q*) = 5u(“u”q”)

L ) )

+F2n? (A(‘“’u” —ut u”u*) + F5 (—q“quA(‘“’u” — 3u(“’q”q”>
—720°Qa (A(””u” = u“u”uk) + 72 (3u“w2<”> = 7r2<‘“*>u“u”u*)
| F2p2lec) (A(wun B UuuvuA) L2 <q(u7r<v)\>) oyl g
+ 75 (AW g, — 5uru a7 q, ) + FEMU RO

+F2N (Awq” - 5q(”u"u”)

Zeroth order (Equilibrium) + First order + Second order
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14 Fields and Tensor decomposition

Entropy 4-current (up to 3rd order)
st = ShyH
+Sinu* + slg*
+(SIN° - $3G°ga + SE Yu
+82Ng" + S2nt q,
n (s?n3 — 83MGag® + S3Na%e®) 4 S3q.qent®® + 5§w3<w>) u*

+ (S8 — $2Gaq” + 5352 ) g + SIMH) o + S g,

v

Zeroth order (Equilibrium) + First order + Second order +Third order
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Parentheses around some indices denote symmetrization, while angular
brackets around two indices denote skew-symmetrization

1
(nv) — ( MY Vu)
a a a
=3 aF

1

) = (AE;Ag) - EA‘“’AQB)aaﬁ

The space-time derivative will be split into time and spatial components as
follows

O, =u,D+V, J

with D = u®0d, convective (comoving) time derivative
and V, = A*”9, spatial gradient

a' = Da =u"d,a” convective (comoving) time derivative of a
0 = V,uu*=09,u" expansion scalar (divergence of 4-velocity)
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Equilibrium

Equilibrium is defined as a process in which production densities vanish
and/or the entropy production vanishes

PLY 0 v

EZ' = O}:>nEq‘:o’ U =0, 7y’ =0
Fr> = 1ﬂg(“”u*) 4+ 1]Eg(g(*”’u” = 2u“u"uA)
Eq 27 2

Sg. = S(e.nmu”

The energy-momentum tensor reduces to

TE, = eu"u” — pA*” J

In the ideal “perfect” fluid limit one has 5 independent fields
(p(n, e)(2),u"(3)) and 5 field equations

Azwinndini Third-order relativistic fluid dynamics
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14-Fields Theory of Relativistic Dissipative Fluid Dynamics :

In dissipative(non-ideal) fluid dynamics one needs 9 additional equations for
the dissipative fluxes. The 14 fields p(n, ¢), N, u®, g%, =¢“?’ are governed by

the following fields equations

DuN"

Aop 0, TH
U0, T

Uy Uy, Oy FH
AL u, O5F

v 1 v (o3
(alay - g% Bag )5 FP

0

0

0
—'Pr||-|
Pqq”

fPTrﬂ.(HV)

For all thermodynamic processes the entropy principle holds

9,8" >0
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Dissipative fluxes: Zeroth order: Equilibrium

| Mgy =0
qa = ng. =0
pleB) 71_[(_:3@ -0
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Dissipative fluxes: First order

nY = MNg=—(Vau®
oT
qo‘“) = qg = H,TAO(M<VT - Ua)
a@O M = pleB) _op APy g

Relativistic versions of the laws of Navier-Stokes and Fourier
first derived by Eckart, Landau-Lifshitz.
¢ is the bulk viscosity, « is the thermal conductivity,  is the shear viscosity

@ simple algebraic expressions of dissipative fluxes
@ may lead to acausal and unstable equations of motion
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Dissipative fluxes: Second order

Miiller-lsrael-Stewart (MIS) equations: F*** linear (first-order) in dissipative
fluxes and S* quadratic (second-order) in dissipative fluxes
Resulting equations causal and hyperbolic

n® = MNus= —C[ZS?I‘I + vaaq"]
e [n(s’f + SEVaU®) + g% (VaSE — sfu(,)}
¢"® = Gl = KTA™[253Ga + S{Val + SEV 0]
+xTA [qa (82 4+ SEV,U") + N(VaS? — S2ila)
(s (VESE — sguﬁ)]
@ = i) = 2nA A (28 ey + SEV ()]

+2T}AL¥HA/?U [ﬂ'mm (832 a4 S;?V)\U/\)

+9(a(V5) S5 — 3§Uﬁ>)]
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Dissipative fluxes

@ The terms in red are neglected in the original MIS formulation. Terms of
the general form M9, u*, NMoxn, Noxre, a0 U*, GuOAN, GuOrE, T(apyOu U,
T(ap)yOAN, T(ap3)Oxe have been considered non-linear and thus ignored.
These terms have been shown to be important in heavy ion collisions.
They will be even more important at low energies and high densities.

@ Derivations of the equations from kinetic theory reveals terms that are
not explicit from phenomenological considerations (e.g., vorticity terms)
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Dissipative fluxes: Third order: Bulk equation

ne® — _¢ [Ss?h + 28300 q™ + 2857 (0 P!
+83(MVag” + G Val) + S3(x*P Vags + g5 Var )]
— [ﬂz(s}a + 8 Val®) = 4%Ga(SS + SEVaU™)

7B (83 + 83V .u”)

NG (VaSE — S2aa) + 87 qs(VaSS — SSaa)]
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Dissipative fluxes: Third order: Heat equation

g"® = kTA [782(2I'Ic'1a + Gal1) + S2(28° 10y + @ 7 (apy)
+288MVaN - 253G°Vaqs + SS(MVP 7 (ap) + Tiapy V)
+2S$07r<,3,/>va71'<5y>]
ap 53 3 v B 53 3 v
+xTA [an(SZ +S;Vou )-|- q 7T<a5>(34 +S,Vou )
+(n2v(18é3 - qu)\vaS? + 772<>\>\>Va$g)

N7 a5y (VPSS — S§2°) + 1oy (VESTo — SHod’)

+58 qnq*aA]

Azwinndini Third-order relativistic fluid dynamics HUN-REN Wigner Research Centre for Physics Seminar 2025



Dissipative fluxes: Third order: Shear equation

r# O = A AP [S3(@Mir(ag) + T(ap ) + 253G(aGp)
+3837(an) T + Sam(apy) VG + S3(MV (aGs) + Gta Vi)
+850(as VT ay + 7r<x(a>VACIB)]
12onAcH APV [nmam ($3 + S3vaut)
+q(aGs) (53 + SIVALY) + mary ™ (S8 + SEVAL?)
705y @ (VASs — Sgar) + Nqs(Va) Ss — SSany)

+7(ar T (V) ST — Shoas))]
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Entropy from Kinetic Theory

We derive the third order entropy 4-current as well the non-classical
coefficients by going beyond Israel-Stewart entropy 4-current expression in
kinetic theory. The kinetic expression for entropy, can be written as

s = [ dwp lf(x.p)
where
I X, p)] = £(x, p) {InfAg ' f(x, p)] = 1}

and f(x, p) is the out of the equilibrium distribution function. Expanding «(f)
around (f°?) up to third order we get,

B = )+ (N — 1) ()~ 1)

_’_%w///(feq)(f_ feq)s TR

with student Fhumulani Nemulodi, MSc (Physics): Third order relativistic
dissipative fluid dynamics for heavy-ion collisions., 2011 Unpublished MSc
Dissertation, University of Cape Town,

Extension of the work by W. Israel and J. M. Stewart, Transient relativistic
thermodynamics and kinetic theory, Annals Phys. 118 (1979) 341-372.
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Entropy from kinetic theory

g _ 4

T

]
@ = Zpu [sfnz — S820°qa + sé‘w”%m} +8 [s[fq“n n sgqan“a] ,

1 (a7 ro ro 1% «
§O = LB {SIN°+ NG G + SN 7o + 53, Gan” + SEmsamhm’ |
1 (e ro «
—580" { S + 539° g — S3n* " | — BSINIGar™

1 ro
+§/35130C7a7T wﬁ,

compare with phenomenology results above, now with relaxation and
coupling coefficients calculated from 1-pdfs integrals
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Third order coefficients

As function of m/ T, in the large temperature limit

82 =
2 5
82 = 4?5
8§ = 4 ¢ = Second order coefficients known
§2 =
2 _ 1

Third order coefficients

S = o0, SE=00, SE=c0

2
3 _ 6 3_ 3 _ S3 3 _
84 - 2 852_4,32_?7 Sg =
3 _ 2 _0nSh 3 _ 27 3 _
S7 = 37277 88732p27 Sy = 00
83 _ 9
10 — 32
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Third order coefficients

compare with those in
@ A. Muronga, Relaxation and Coupling Coefficients in Third Order
Relativistic Fluid Dynamics , Acta Phys. Polon. Supp. 7 (2014) 197

@ Teboho Moloi and AM Thermodynamic coefficients in third-order
relativistic dissipative fluid dynamics, in preparation
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Applications

@ Chattopadhyay, C., Jaiswal, A., & Heinz, U. (2018). Higher-order and
non-linear effects in relativistic hydrodynamics. Physical Review C,
97(3), 034910.

@ Diles, S.M., Miranda, A.S., Mamani, L.A.H. et al. Third-order relativistic
fluid dynamics at finite density in a general hydrodynamic frame. Eur.
Phys. J. C 84, 516 (2024).
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Simple scaling solution

After simplification and keeping all the terms, the final
equations for shear pressure for third order viscous and mass-
less fluids is found to be

7 1xm 3e& Sm. 3x?

T=TL T27 107 " 8e° 2st
27 72 127
LI Y 29
+ 8 828 5 e” 29

Also in (1 4+ 1) dimensional Bjorken flow, the energy and
number density equations calculated from Eqgs. (8) and (9) are
similarly given by

f=— +I oa=-I. (30)
T T T

The shear differential equation shown in Eq. (28) has an order

by order implication on the final output or calculated energy

and entropy densities. The effects due to the inclusion of

various orders on the solutions of dissipative equations will

be discussed in the next section.
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Simple scaling solution

THIRD ORDER VISCOUS HYDRODYNAMICS ...

PHYSICAL REVIEW C 102, 034902 (2020)

g s -
PO

Pressure Isotropy, P, /P
=
s

—T T —T —T

o T 1
-
A 0.8
=
& sl
g o
=3
= 04t /) e
® K4 — 3" ord.
= 4 S " |
2 02/ Z‘ord.f
E . 4 - 1%ord.
3
T, = 0.0 GeV/fm’, 7, = 0.4 fm/c, T, = 500 MeV /s =0.2, 7, = P, 7, = 0.4 fm/c, T, = 500 MeV
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Proper time,t (fm/c)

FIG. 1. Pressure isotropy of relativistic fluid using second and

third order shear equations with 7y = 0.

Pressure isotropy evolution

fluid dynamics

0 1 2 3 4 5 6 7 8 9 10 11 12
Proper time, T (fm/c)

FIG. 2. Pressure isotropy of relativistic fluid using second and
third order shear equations with 7y = Pp.
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Simple scaling solution

MOHAMMED YOUNUS AND AZWINNDINI MURONGA PHYSICAL REVIEW C 102, 034902 (2020)
T T T T T T 73 T T T T
T, = 0.0 GeV/fm’, T, = 0.4 fm/c, T, = 500 MeV
= 1F /s =0.07] -1l
A &
A 08 A 0.8
g g
g 0.6 e 0.6
° b
] 3
: 041 : 04
8 al g
g o 2 02
& &
o i ol
Ty = 0.0 GeV/fms, T,= 0.4 fm/c, Tf’ =500 MeV
T A TN SN T TR
2 1 2 3 4 5 6 7 8§ 9 10 11 12 -0.2 0.5 1 & 25 3 35 4
Proper time, T (fm/c) Proper time, T (fm/c)
FIG. 3. Comparison of models on time evolution of pressure FIG. 5. Comparison pressure isotropy ration from AM third or-

isotropization for different 7/s values. Muronga et al. (AM) denotes  der theory with BAMPS transport calculation for different n/s.
inclusion of 9,52 and 9;S? terms in the third order equation.

Comparison with other model calculations
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Simple scaling solution

ot
%
T
>,

Pressure Isotropy P, /P,
s
b
T

Shear pressure to energy density ratio, T/e

04
2l
02 -
s - B s

ns=04,1,=0 GeVi/fm®, %= 0.4 fm/c, T, =500 MeV = q‘o GeV/fm’, 1, = 0.4 fm/c, T, =500 MﬁV
v N T v i
l)'20 1 2 3 4 s 6 7 8 0 1 12 1 . 10

Proper time, T (fm/c) Proper time, T (fm/c)
FIG. 7. Time evolution of pressure isotropy for various terms in FIG. 8. Time evolution of shear pressure to energy density ratio
shear pressure differential equation. for various 2 values at Ty = 500 MeV and 7, = 0.4 fm/c.
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Simple scaling solution

THIRD ORDER VISCOUS HYDRODYNAMICS ... PHYSICAL REVIEW C 102, 034902 (2020)
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FIG. 6. (a) Energy density solution for Maxwell-Cattaneo-like equations, Muller-Israel-Stewart theory, and Muronga et al. second and
third order equations. (b) Solutions for shear pressure for the models mentioned.
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In closing - from cold Minnesota days. Al/ML might help!
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Conclusions

In a one-component fluid, there are three main mechanisms of entropy
production: one associated with dynamic pressure, one due to heat flux,
and one related to shear stress.

For non-negative entropy production, the coefficients corresponding to
bulk viscosity, shear viscosity, and heat flux must satisfy specific
inequality relations.

Third-order relativistic fluid dynamics introduces couplings and
relaxation times not present in second-order theories.

The numerous identities encountered in deriving the equations suggest
the possibility of constraining lower-order known functions, such as the
equation of state and transport, relaxation, and coupling coefficients.
The equations derived here remain consistent, whether approached
through divergence theory or kinetic theory.

The relaxation and coupling coefficients are not entirely new parameters
but can be determined from the equation of state.
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