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INTRODUCTION
PROPERTIES & MOTIVATION

▶ Final evolutionary stage of stars M∗ ≲ 10M⊙

▶ Extremely high densities ρ ∼ 106 gcm−3

▶ Electron degeneracy pressure prevents collapse
▶ "Simply" cools down during rest of its evolution
▶ Chandrasekhar limiting mass ≈ 1.4 M⊙

▶ sub- and super-Chandrasekhar WD
▶ gravitational wave emission: binary systems or

rotating massive WD with axisymmetry breaking
Figure 1. Fig. 1. Chemical layering in a

representative model of a 0.6M⊙ H-dominated
atmosphere WD. The atmospheric layers,

located at q < −15, are not shown here. By
Saumon, Blouin, and Tremblay 2022.
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INTRODUCTION
HERTZSPRUNG-RUSSELL DIAGRAM

Figure 2. Observational Gaia color–magnitude Hertzsprung–Russell diagram for white dwarfs within 100 pc of the Sun. Taken
from Tremblay et al. 2019.

SOFÍA VIDAL WHITE DWARF COOLING 2 / 18



Part I

MASS-RADIUS RELATION
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MASS-RADIUS RELATION
SCALAR-TENSOR THEORY

▶ Action in Einstein frame

S =
1

16πG

∫
d4x
√
−g
[
R̃ − 2g̃µν ∂̃µφ̃∂̃νφ̃− V(φ̃)

]
+ Sm

(
A2(φ̃)g̃µν , χ

)
, (1)

▶ Field equations in Einstein frame with ds̃2 = − e2ϕ̃(r) dt2 + e2Λ̃(r) dr̃2 + r̃2dΩ2

2Λ̃′

r̃
= 8πGA4(φ̃)ρ e2Λ̃+

1 − e2Λ̃

r̃2 + φ̃′2 +
V(φ̃)

2
e2Λ̃ , (2)

2ϕ̃′

r̃
= 8πGA4(φ̃)p e2Λ̃−1 − e2Λ̃

r̃2 + φ̃′2 − V(φ̃)

2
e2Λ̃ , (3)

φ̃′′ =

[
4πGαA4(φ̃)(ρ− 3p) +

1
4

dV
dφ̃

]
e2Λ̃−

(
ϕ̃′ − Λ̃′ +

2
r̃

)
φ̃′ , (4)

p′ = −(ρ+ p)
(
ϕ̃′ + αφ̃′

)
(5)

▶ For a massive theory with

α(φ̃) =
d lnA(φ̃)

dφ̃
= α0 and V(φ̃) = 2m2

φ̃φ̃
2 . (6)
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MASS-RADIUS RELATION
CHANDRASEKHAR EQUATION OF STATE

Describes pressure p and energy density ρ of a fully degenerate, relativistic gas

p(x) =
πm4

e c5

3h3

[
(2x3 − 3x)

√
1 + x2 + 3 sinh−1 x

]
(7a)

ρ(x) =ρ0 + ϵkin/c2 (7b)

=
8πµemp(mec)3

3h3 x3 +
3πm4

e c3

h3

[
(2x3 + x)

√
1 + x2 − sinh−1 x

]
where x is related to the the Fermi momentum pF

x :=
pF

mec

Electron mass me, mean molecular weight per electron µe, Planck’s constant h, proton mass mp, speed of light c
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MASS-RADIUS RELATION
NUMERICAL RESULTS

▶ ODE Λ̃′, ϕ̃′, φ̃′′, p′

▶ EOS p(x), ρ(x)
▶ Boundary

conditions

ρ(r̃ = 0) = ρc

Λ̃(r̃ = 0) = 0
φ̃′(r̃ = 0) = 0
lim

r̃→∞
φ̃(r̃) = 0
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Figure 3. Mass-radius relation.
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MASS-RADIUS RELATION
NUMERICAL RESULTS – DENSITY PROFILE
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Figure 4. Radial density profile for pc = 7.2 × 1025g cm−1s−2.
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MASS-RADIUS RELATION
NUMERICAL RESULTS – SCALAR FIELD PROFILE

0 1 2 3 4 5
r [R]

0.8

0.6

0.4

0.2

0.0

 [1
0

3 ]

GR 0 = 1.0 0 = 2.0

m = 0
m = 1 × 104

m = 5 × 104

m = 2 × 105

Figure 5. Radial scalar field profile for pc = 7.2 × 1025g cm−1s−2.
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Part II

COOLING PROCESS
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COOLING AGE

Cool down from T(t = 0) = 108K to T(t0) = 106K

Figure 6. Artist’s impression of a white dwarf star in the process of solidifying. Credit: University of Warwick, Mark Garlick
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COOLING PROCESS
THERMAL ENERGY

▶ Luminosity by decrease of residual thermal energy

L = −dU
dt

= −c̄v
M

Amp

dT
dt

(8)

▶ Mean specific heat

c̄v =
1
M

∫ M

0
dm
(

cel
v + cion

v

)
(9)

▶ Specific heat of electrons per ion

cel
v =

3
2

kBπ
2

3
Z

kBT
ϵF

(10)

▶ Specific heat of ions

Γ < Γm : cion
v =

3
2

kB , (11)

Γ ≥ Γm : cion
v =

9kB

y3

∫ y

0
dx

x4ex

(ex − 1)2 , y := ΘD/T (12)

ΘD = 0.174 × 104 2Z
A

√
ρ

Constants: mean atomic weight A, charge Z; variables: Fermi energy ϵF, Debye temperature ΘD
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COOLING PROCESS
THERMAL ENERGY – SPECIFIC HEAT
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Figure 7. Specific heat of ions (upper) and electrons (lower panel) at temperature T = 107 K with Γm = 60 for a WD with
pc = 1.5 × 1026 gcm−1s−2.
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COOLING PROCESS
THERMAL ENERGY – MEAN SPECIFIC HEAT
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Figure 8. Mean specific heat for scalar-tensor theories and GR with Γm = 60 for a WD with pc = 1.5 × 1026 gcm−1s−2.
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COOLING PROCESS
CRYSTALLIZATION

▶ Liquid to solid phase transition at the center

Γ = 2.28 × 105 Z2

T

( ρ
A

)1/3
, Γm ∈ {60, 125}

▶ Additional energy loss through latent heat qkBT

Lq = qkBT
d
dt

(
ms

Amp

)
=

qkBT
Amp

dm
dr

dr
dρ

dρs

dT
dT
dt

(13)

▶ At critical point Γm

Lq = 3ρsqkB
M

Amp

1
M

[
dm
dr

dr
dρ

]
r=rs

dT
dt

(14)

▶ Total core luminosity: thermal energy (8) and latent heat (14)

Lcore =
3kBM
Amp

(
ρsq
M

[
dm
dr

dr
dρ

]
rs

− c̄v

3kB

)
dT
dt

(15)

Boltzmann constant kB, charge Z, mean atomic weight A, numerical constant q, proton mass mp.
Crystallized energy density ρs(T), crystallized mass ms, radius rs for which ρ(rs) = ρs(T).
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COOLING PROCESS
SURFACE LAYER STRUCTURE

▶ Nondegenerate surface layers

L = −4πr̃2 c
3κρ̃

d
dr̃

(
aT4
)

. (16)

▶ Kramer’s opacity κ = κ0ρT−3.5

dp
dT

=
4πGm 4ac
3LA4(φ̃)κ0

kB

µmu

{
r̃2c2

(
αφ̃′ +

r̃φ̃′2

2

)(
1 +

r̃3c2

4Gm
V(φ̃)

)(
1 − 2Gm

r̃c2

)−1
}

T6.5

p
. (17)

▶ Density ρ∗ and temperature T∗ at the transition layer

ρ∗kBT∗
µemu

= 1013
(
ρ∗
µe

)5/3

(18)

▶ Surface layer luminosity with C ≈ 2 × 106 ergs−1K−3.5

LSTT =
C

A4(φ̃s)

{
r̃2

s c2

GM

(
αφ̃′

s +
r̃sφ̃

′2
s

2

)(
1 +

r̃3
s c2

4GM
V(φ̃s)

)(
1 − 2GM

r̃sc2

)−1
}

M
M⊙

T3.5
∗ (19)

Constants: Boltzmann constant kB, mean molecular weight µ, atomic mass unit mu, gravitational constant G,
radiation constant a, Kramer’s opacity constant κ0
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COOLING PROCESS
COOLING AGE

▶ Total core luminosity

Lcore =
3kBM
Amp

(
ρsq
M

[
dm
dr

dr
dρ

]
rs

− c̄v

3kB

)
dT
dt

(20)

▶ Surface layer luminosity

Lsurf =
C

A4(φ̃s)

{
r̃2

s c2

GM

(
αφ̃′

s +
r̃sφ̃

′2
s

2

)(
1 +

r̃3
s c2

4GM
V(φ̃s)

)(
1 − 2GM

r̃sc2

)−1
}

M
M⊙

T3.5
∗ (21)

▶ Integrate numerically to obtain cooling age

Boltzmann constant kB, charge Z, mean atomic weight A, numerical constant q, proton mass mp.
Crystallized energy density ρs(T), crystallized mass ms, radius rs for which ρ(rs) = ρs(T).
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COOLING PROCESS
COOLING AGE
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Figure 9. Cooling age of WD with crystallization for scalar-tensor theories with scalar field mass mφ̃ = 2 × 105 and GR for
Γm = 60.
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CONCLUSIONS & OUTLOOK

▶ Massive Brans-Dicke theory
• Reduces Chandrasekhar mass

limit for WD
• Affects internal stellar properties
• Shortens cooling time and thus

cooling age
▶ Future improvements

• Salpeter equation of state
• More realistic cooling model

▶ Oscillations
Figure 10. Artist’s impression of a white dwarf star in the

process of solidifying. Credit: University of Warwick, Mark
Garlick
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EVOLUTIONARY TRACKS

Figure 11. Evolutionary tracks (gray lines) of C–O core DA white dwarf models. Depicted are the isochrones (red curves),
transition between neutrino and thermal cooling (filled circles), core crystallization (blue sections) and onset of convective

coupling (squares). Taken from Saumon, Blouin, and Tremblay 2022.
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MASS-DENSITY RELATION
NUMERICAL RESULTS FOR NEWTONIAN GRAVITY AND GR
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Figure 12. Mass-density relation for GR and Newtonian Gravity.
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MASS-DENSITY RELATION
NUMERICAL RESULTS FOR STT
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Figure 13. Mass-density relation.
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MASS-DENSITY RELATION
NUMERICAL RESULTS FOR STT – SCALAR FIELD
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Figure 14. Numerically obtained central values for the scalar field.
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COOLING PROCESS
COOLING AGE IN NEWTONIAN GRAVITY AND GR
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Figure 15. Cooling age of WD with and without crystallization for GR and Newtonian Gravity with Γm = 60.
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