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Gravitational field in the radiation regime: the expected behavior

@ In the early 60's, Bondi, Sachs, and Penrose proposed a set of boundary
conditions that are appropriate for gravitational fields in the radiation regime.

@ A somewhat simplified way to introduce their conditions is to assume the
existence of “asymptotically quasi-Minkowskian coordinates”
(x¥) = (t,z,y, z) in which

[(Ml/) (t - 07 ¢) L(“2/) (t -, 9a ¢)
+ 2
r r

Guv — Nuv = T ooo

where 7, is the Minkowski metric diag(—1,1,1,1), while (r, 8, ¢) stand for
the standard spherical coordinates on R3.
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@ The expansion above has to hold at, say, fixed value of t — r, while r — co.
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Gravitational field in the radiation regime: the expected behavior

@ In the early 60's, Bondi, Sachs, and Penrose proposed a set of boundary
conditions that are appropriate for gravitational fields in the radiation regime.

@ A somewhat simplified way to introduce their conditions is to assume the
existence of “asymptotically quasi-Minkowskian coordinates”
(x¥) = (t,z,y, z) in which

uv — Nuv =

[(Ml/)(t - 7",07¢) + L(“Q/)(t - T797¢)

+ ...
T r2

where 7, is the Minkowski metric diag(—1,1,1,1), while (r, 8, ¢) stand for
the standard spherical coordinates on R3.

@ The expansion above has to hold at, say, fixed value of t — r, while r — co.
@ As we will see later, there are results that support these expectations.

@ In the mid-1990s, it was discovered that the above formula may not give the
generic asymptotic behavior for radiative vacuum solutions.
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@ Indeed, many results from the mid-90's demonstrated that the correct formula,

instead of
(2

Guv — NMpv = W ‘L(L::/)(u707¢) +w2f,uu (u797¢) +..

1

where the replacements w =~ and u =t — r were used,
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@ Indeed, many results from the mid-90's demonstrated that the correct formula,

instead of
Guv — Nuv = W (u 0, ¢)+w f(2)(u,9,¢)+

where the replacements w = r~! and uw = ¢t — r were used, may be of the form,
involving a lot of logarithmic terms,

guu_nwzw{ ,51) [h(1 ) 10gw—|—h(12) log2w+...]}
+w { (2) h(21) logw+h(2 2), 10g2w+...]}+...

where the coefficients are assumed to be smooth functions of (u, 6, ¢).
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ional field in the radiation regime: with pol geneous expansions

@ Indeed, many results from the mid-90's demonstrated that the correct formula,
instead of

g nHV:w (U0¢)+UJ f(2)(u797¢)+
where the replacements w = r~! and uw = ¢t — r were used, may be of the form,

involving a lot of logarithmic terms,
Guv — Nuw :w{ ,5” [h(1 ) logw + h?. log2w+...]}
+w { (2) h(21) logw+h(2)log2w+...]}+...
where the coefficients are assumed to be smooth functions of (u, 6, ¢).

@ Using the I'Hopital rule:

log? d. log® b
hmwlog w= lim ~2 % _ |y, &8 _ 2 lim wlogb tw="---=0(!)
—0 w—0 w—a w—0 Oyw™ e a w—0
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@ Indeed, many results from the mid-90's demonstrated that the correct formula,
instead of
2
g nHV:w (U0¢)+UJ f( )(U,9,¢)+
where the replacements w = r~! and uw = ¢t — r were used, may be of the form,
involving a lot of logarithmic terms,

guu_nwzw{ ,51) [h(“) 10gw—|—h(12) log2w+...]}
+w { (2) h(21) logw+h(2)log2w+...]}+...
where the coefficients are assumed to be smooth functions of (u, 6, ¢).
@ Using the I'Hopital rule:

log? d. log® b
hmwlog w= lim ~2 % _ |y, &8 _ 2 lim wlogb tw="---=0(!)
—0 w—0 w—a w—0 Oyw™ e a w—0

@ But
aw(w logw) =logw +1

which is unbounded in the w — 0 limit!
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@ Spacetime: (M, gq,») smooth manifold M ... with a smooth metric ggp ...

@ Einstein’s equations: ‘ Eup = Gap — Gy = 0 ‘ ‘ Ve, =0 ‘

o In a more conventional setup: ‘ [Rab — % gab R] + A gab = 87 Tap ‘

where the energy-momentum tensor is T, and A is the cosmological constant:
Gap = 87 Tup — A gas (1) matter fields satisfying their field equations...
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Einstein's equations ~ the Cauchy problem

@ Spacetime: (M, gq,») smooth manifold M ... with a smooth metric ggp ...

@ Einstein’s equations: ‘ Eup = Gap — Gy = 0 ‘ ‘ Ve, =0 ‘

o In a more conventional setup: ‘ [Rab — % gab R] + A gab = 87 Tap ‘

where the energy-momentum tensor is T, and A is the cosmological constant:
Gap = 87 Tup — A gas (1) matter fields satisfying their field equations...

@ Yvonne Choquet-Bruhat (1952): Einstein’s equations as a coupled set of
quasi-linear wave equations: local existence & uniqueness of solutions...with Geroch
(1969) the existence of a maximal Cauchy development unique up to diffeos

@ the initial value problem is well-posed: 3 a map so that it is “one-to-one” &
continuous & causal

D'zl

future S
Cauchy development,

EVOLUTION

the space of
initial data

a continuous mapping

the space of
solutions
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@ Since there is no fixed background in GR, the topology of M is not necessarily R*
Cauchy problem: M is constructed together with the metric.
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“hyperboloidal ithout logarithmic singularities” :

@ Since there is no fixed background in GR, the topology of M is not necessarily R*
Cauchy problem: M is constructed together with the metric.

Initial data surface: Spacetime:
(2, hij, Kij) (M, gas)
(satisfying the constraints) (satisfying the Einstein equations)

(induced metric, extrinsic curvature)
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“hyperboloidal without logarithmic singularities”:

@ Since there is no fixed background in GR, the topology of M is not necessarily R*
Cauchy problem: M is constructed together with the metric.

Initial data surface: Spacetime:
(2, hij, Kij) (M, gas)
(satisfying the constraints) (satisfying the Einstein equations)

The constraints are projections: n®n’E,, = 0 & m;*n’Eq, =0

(G =0) | "R+ (Kih)? —KyK =0 & D [Kyj — hij (Kegh?)] =0 D;...
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@ To understand this, let us first look at Schwarzschild spacetime as a simple example.
ds® = — (1 - 2M) gi? 4 (1 — 2M) 7" @p? 442 (d6? + sin®0 d¢?)
@ By introducing the retarded time coordinate u =¢ —r — 2 M log(r — 2 M) we
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In 1963, Penrose introduced such a geometric treatment of generic, isolated,
self-gravitating systems that replaces the r» — oo limit with an w — 0 limit.

To understand this, let us first look at Schwarzschild spacetime as a simple example.
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By introducing the retarded time coordinate v =t —r — 2 M log(r — 2 M) we
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In 1963, Penrose introduced such a geometric treatment of generic, isolated,
self-gravitating systems that replaces the r» — oo limit with an w — 0 limit.

To understand this, let us first look at Schwarzschild spacetime as a simple example.
ds® = — (1 - 2M) gi? 4 (1 — 2M) 7" @p? 442 (d6? + sin®0 d¢?)
By introducing the retarded time coordinate v =t —r — 2 M log(r — 2 M) we

btai
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Could we work cleverly with the boundary at infinity?

In 1963, Penrose introduced such a geometric treatment of generic, isolated,
self-gravitating systems that replaces the r» — oo limit with an w — 0 limit.

To understand this, let us first look at Schwarzschild spacetime as a simple example.
ds® = — (1 - 2M) gi? 4 (1 — 2M) 7" @p? 442 (d6? + sin®0 d¢?)
By introducing the retarded time coordinate v =t —r — 2 M log(r — 2 M) we

btai
o ds? = — (1 — 2M) gu® — 2 dudr + 12 (d6° + sin®0 d¢)

Choosing Q = 7! = w the conformally rescaled “nonphysical’ metric reads as

d3® = Q%ds® = — (w? — 2Mw®) du® + 2 dudw + (d6” + sin0 d¢”)

7s=0 it ——— i =const.
7y = const.
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Could we work cleverly with the boundary at infinity?

In 1963, Penrose introduced such a geometric treatment of generic, isolated,
self-gravitating systems that replaces the r» — oo limit with an w — 0 limit.

To understand this, let us first look at Schwarzschild spacetime as a simple example.
ds® = — (1 - 2M) gi? 4 (1 — 2M) 7" @p? 442 (d6? + sin®0 d¢?)
By introducing the retarded time coordinate v =t —r — 2 M log(r — 2 M) we

btai
o ds? = — (1 — 2M) gu® — 2 dudr + 12 (d6° + sin®0 d¢)

e
Choosing Q = 7! = w the conformally rescaled “nonphysical’ metric reads as

d3® = Q%ds® = — (w? — 2Mw®) du® + 2 dudw + (d6” + sin0 d¢”)

t = const.
7y = const.
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o Consider a smooth spacetime (M, g) representing an isolated self-gravitating
system.
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o Consider a smooth spacetime (M, g) representing an isolated self-gravitating
system. Such a spacetime is called asymptotically simple if there exists a
smooth spacetime (M, g) with non-empty boundary .# # () such that M
can be diffeomorphically identified with the interior, M \ ., of M so that

‘§:Q2g on M‘
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@ All the g-null geodesics are complete in the directions as they approach .#.
@ This characterization does not refer to special coordinate systems.
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Asymptotically simple spacetimes & conformal compactification

o Consider a smooth spacetime (M, g) representing an isolated self-gravitating
system. Such a spacetime is called asymptotically simple if there exists a
smooth spacetime (M, g) with non-empty boundary .# # () such that M

can be diffeomorphically identified with the interior, M \ ., of M so that
‘@': 02g on M‘

where €2 is a smooth boundary defining function on M, ie.

Q>00on M\.# and Q=0 & d2#0 on .7

@ All the g-null geodesics are complete in the directions as they approach .#.
@ This characterization does not refer to special coordinate systems.

@ It brings . to a finite place in the non-physical spacetime.
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initial data without logarithmic singularities” :

Asymptotically simple spacetimes & conformal compactification

o Consider a smooth spacetime (M, g) representing an isolated self-gravitating
system. Such a spacetime is called asymptotically simple if there exists a
smooth spacetime (M, g) with non-empty boundary .# # () such that M
can be diffeomorphically identified with the interior, M \ ., of M so that

‘5:929 on M‘

where €2 is a smooth boundary defining function on M, ie.

Q>00on M\.# and Q=0 & d2#0 on .7

All the g-null geodesics are complete in the directions as they approach .#.
This characterization does not refer to special coordinate systems.

It brings .# to a finite place in the non-physical spacetime.

The degree of smoothness of the non-physical metric g is critical, since
the decay of the physical fields depends on this smoothness.
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@ Are the applied conditions compatible with the asymptotic behavior of a
“sufficiently large” class of physically realistic spacetimes?

Istvdn Racz (Wigner RCP) Wigner RCP, June 6, 2025



initial data without logarithmic singularities” :

How large is the space of asymptotically simple spacetimes?

@ Are the applied conditions compatible with the asymptotic behavior of a
“sufficiently large” class of physically realistic spacetimes?

@ One approach is to use the hyperboloidal initial value problem, where the initial
data are prescribed on a hypersurface > with boundary 9%, which is conceived as
a hypersurface in an asymptotically simple spacetime. This hypersurface intersects
future null infinity # " in 93, and is spacelike everywhere.
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How large is the space of asymptotically simple spacetimes?

@ Are the applied conditions compatible with the asymptotic behavior of a
“sufficiently large” class of physically realistic spacetimes?

@ One approach is to use the hyperboloidal initial value problem, where the initial
data are prescribed on a hypersurface > with boundary 9%, which is conceived as
a hypersurface in an asymptotically simple spacetime. This hypersurface intersects
future null infinity # " in 93, and is spacelike everywhere.

= = const

Wigner RCP, June 6, 2025
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How large is the space of asymptotically simple spacetimes?

@ Are the applied conditions compatible with the asymptotic behavior of a
“sufficiently large” class of physically realistic spacetimes?

@ One approach is to use the hyperboloidal initial value problem, where the initial
data are prescribed on a hypersurface > with boundary 9%, which is conceived as
a hypersurface in an asymptotically simple spacetime. This hypersurface intersects
future null infinity # " in 93, and is spacelike everywhere.

@ In the mid 80's Friedrich developed a powerful formalism for studying
asymptotically simple spacetimes. His conformal field equations were used to study
the evolution of suitably regular hyperboloidal initial data.
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initial data without logarithmic singularities” :

How large is the space of asymptotically simple spacetimes?

@ Are the applied conditions compatible with the asymptotic behavior of a
“sufficiently large” class of physically realistic spacetimes?

@ One approach is to use the hyperboloidal initial value problem, where the initial
data are prescribed on a hypersurface > with boundary 9%, which is conceived as
a hypersurface in an asymptotically simple spacetime. This hypersurface intersects
future null infinity # " in 93, and is spacelike everywhere.

@ In the mid 80’s Friedrich developed a powerful formalism for studying
asymptotically simple spacetimes. His conformal field equations were used to study
the evolution of suitably regular hyperboloidal initial data.

@ Friedrich proved that sufficiently smooth data evolve into solutions that satisfy the
requirements in the definition of asymptotically simple spacetimes. Moreover, these
developments admit a conformally regular point 3", analogous to the i* (timelike
infinity) of Minkowski spacetime, provided that the initial data are sufficiently close
to Minkowskian hyperboloidal data.

3
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“hyperboloidal initial data logarithmic singularities”

Solving the constraints:

@ For those interested in solving the conformal field equations, the first challenge is
acquiring as large variety of hyperboloidal initial data sets as possible and also
characterizing the space of initial data: in the vacuum case for (h;;, K;;) on &

“R 4+ (Kijh)? = Ki; K =0 & D' [Kij — hij (Kegh®?)] =0
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@ For those interested in solving the conformal field equations, the first challenge is
acquiring as large variety of hyperboloidal initial data sets as possible and also
characterizing the space of initial data: in the vacuum case for (h;;, K;;) on &

“R 4+ (Kijh)? = Ki; K =0 & D' [Kij — hij (Kegh®?)] =0

@ It is an underdetermined system, 4 equations for the 12 variables: | (hsj;, K;j;)

Andersson & Chrusciel '93, '94, '96: log-terms entered the discussion

o (hij, Kij)] +— ‘(@’,Eij;Klz,Xi,I?gT])‘ (the conformal (elliptic) method)
7 —2 7 e -[L —|TT

hij=¢'hy & Kiy—ihyK =¢°Ky; & Ky=K2+ K"

@ Andersson and Chrusciel proved that even if the free data is smooth,
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Solving the constraints:

@ For those interested in solving the conformal field equations, the first challenge is
acquiring as large variety of hyperboloidal initial data sets as possible and also
characterizing the space of initial data: in the vacuum case for (h;;, K;;) on &

“R 4+ (Kijh)? = Ki; K =0 & D' [Kij — hij (Kegh®?)] =0

@ It is an underdetermined system, 4 equations for the 12 variables: | (hsj;, K;j;)

Andersson & Chrusciel '93, '94, '96: log-terms entered the discussion

o (hij, Kij)] +— ‘(@’,Eij;Klz,Xi,I?gT])‘ (the conformal (elliptic) method)
7 —2 7 e -[L —|TT

hij=¢'hy & Kiy—ihyK =¢°Ky; & Ky=K2+ K"

@ Andersson and Chrusciel proved that even if the free data is smooth,

(1) in general, the constrained fields have poly-logarithmic expansions in
w ~ 71, where r denotes the "distance” from the isolated system

C=Co+Cw+Coul+... C=Co+X2 o [C+T0, clod 1ogjw”
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“hyperboloidal initial data logarithmic singularities”

Solving the constraints:

@ For those interested in solving the conformal field equations, the first challenge is
acquiring as large variety of hyperboloidal initial data sets as possible and also
characterizing the space of initial data: in the vacuum case for (h;;, K;;) on &

“R 4+ (Kijh)? = Ki; K =0 & D' [Kij — hij (Kegh®?)] =0

@ It is an underdetermined system, 4 equations for the 12 variables: | (hsj;, K;j;)

Andersson & Chrusciel '93, '94, '96: log-terms entered the discussion

o (hij, Kij)] +— ‘(@,Eij;Klz,Xi,I?Z[?T])‘ (the conformal (elliptic) method)
7 —2 7 e -[L —|TT

hij=6'hy & Kij—3hyK =¢7°K; & Ky=KP+EI"

@ Andersson and Chrusciel proved that even if the free data is smooth,

(1) in general, the constrained fields have poly-logarithmic expansions in
w ~ 71, where r denotes the "distance” from the isolated system

C=Co+Cw+Coul+... C=Co+X2 o [C+T0, clod 1ogjw”

(2) in non-generic cases, the initial data can be smooth (i.e., free of log-terms)
if certain tensorial expressions derived from the free data vanish at 9%.
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Facing the problems:

@ These conclusions were disappointing because they implied that the initial data
constructed by the conformal method is generally not regular enough for use in
Friedrich's existence theorems.
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Facing the problems:

@ These conclusions were disappointing because they implied that the initial data
constructed by the conformal method is generally not regular enough for use in
Friedrich's existence theorems.

@ Andersson and Chrusciel also showed that if the initial data involves logarithmic
terms, then the evolving metric will also contain log-terms.

@ —> In general, we cannot decompose the physical metric into a sufficiently smooth
non-physical metric and a sufficiently smooth conformal factor.

@ Given the definition of asymptotically simple spacetimes, it is natural to ask
whether Einstein's equations can be used to verify the smoothness assumptions.

@ The question is not whether C'™° should be replaced by C* for sufficiently large & in
the context of the physical spacetime. Rather, the question is whether solutions to
the field equations admit conformal extensions of class C*, where k can be chosen

large enough to make the concept of asymptotically simple spacetimes meaningful.
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Facing the problems:

@ These conclusions were disappointing because they implied that the initial data
constructed by the conformal method is generally not regular enough for use in
Friedrich's existence theorems.

@ Andersson and Chrusciel also showed that if the initial data involves logarithmic
terms, then the evolving metric will also contain log-terms.

@ —> In general, we cannot decompose the physical metric into a sufficiently smooth
non-physical metric and a sufficiently smooth conformal factor.

@ Given the definition of asymptotically simple spacetimes, it is natural to ask
whether Einstein's equations can be used to verify the smoothness assumptions.

@ The question is not whether C'™° should be replaced by C* for sufficiently large & in
the context of the physical spacetime. Rather, the question is whether solutions to
the field equations admit conformal extensions of class C*, where k can be chosen
large enough to make the concept of asymptotically simple spacetimes meaningful.

The positivists approach 1.:

® Friedrich emphasized that “before we can arrive at a conclusion we need to answer
the following questions: [VeKape® =0 & Kape® = Q1 Cupc”]
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@ These conclusions were disappointing because they implied that the initial data
constructed by the conformal method is generally not regular enough for use in
Friedrich's existence theorems.

@ Andersson and Chrusciel also showed that if the initial data involves logarithmic
terms, then the evolving metric will also contain log-terms.

@ —> In general, we cannot decompose the physical metric into a sufficiently smooth
non-physical metric and a sufficiently smooth conformal factor.

@ Given the definition of asymptotically simple spacetimes, it is natural to ask
whether Einstein's equations can be used to verify the smoothness assumptions.

@ The question is not whether C'™° should be replaced by C* for sufficiently large & in
the context of the physical spacetime. Rather, the question is whether solutions to
the field equations admit conformal extensions of class C*, where k can be chosen
large enough to make the concept of asymptotically simple spacetimes meaningful.

The positivists approach 1.:

® Friedrich emphasized that “before we can arrive at a conclusion we need to answer
the following questions: [VeKape® =0 & Kape® = Q1 Cupc”]

e what physical relevance do the data with logarithmic terms have,
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Facing the problems:

@ These conclusions were disappointing because they implied that the initial data
constructed by the conformal method is generally not regular enough for use in
Friedrich's existence theorems.

@ Andersson and Chrusciel also showed that if the initial data involves logarithmic
terms, then the evolving metric will also contain log-terms.

@ —> In general, we cannot decompose the physical metric into a sufficiently smooth
non-physical metric and a sufficiently smooth conformal factor.

@ Given the definition of asymptotically simple spacetimes, it is natural to ask
whether Einstein's equations can be used to verify the smoothness assumptions.

@ The question is not whether C'™° should be replaced by C* for sufficiently large & in
the context of the physical spacetime. Rather, the question is whether solutions to
the field equations admit conformal extensions of class C*, where k can be chosen
large enough to make the concept of asymptotically simple spacetimes meaningful.

The positivists approach 1.:

@ Friedrich emphasized that " before we can arrive at a conclusion we need to answer
the following questions: [ﬁeKabcE =0 & Kapet = Q_lCabce]
e what physical relevance do the data with logarithmic terms have,
e are they needed to model the systems of interest, and
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Facing the problems:

@ These conclusions were disappointing because they implied that the initial data
constructed by the conformal method is generally not regular enough for use in
Friedrich's existence theorems.

@ Andersson and Chrusciel also showed that if the initial data involves logarithmic
terms, then the evolving metric will also contain log-terms.

@ —> In general, we cannot decompose the physical metric into a sufficiently smooth
non-physical metric and a sufficiently smooth conformal factor.

@ Given the definition of asymptotically simple spacetimes, it is natural to ask
whether Einstein's equations can be used to verify the smoothness assumptions.

@ The question is not whether C'™° should be replaced by C* for sufficiently large & in
the context of the physical spacetime. Rather, the question is whether solutions to
the field equations admit conformal extensions of class C*, where k can be chosen
large enough to make the concept of asymptotically simple spacetimes meaningful.

The positivists approach 1.:

@ Friedrich emphasized that " before we can arrive at a conclusion we need to answer
the following questions: [VeKape® =0 & Kape® = Q Cabe®]
e what physical relevance do the data with logarithmic terms have,
e are they needed to model the systems of interest, and
e which are the systems of interest 7" {
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“hyperboloidal initial data logarithmic singularities”

@ At the stage of this difficulty Beyer and Ritchie [CQG,39,145012,(2022)]
came up with an interesting result:
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“hyperboloidal initial data logarithmic singularities”

@ At the stage of this difficulty Beyer and Ritchie [CQG,39,145012,(2022)]
came up with an interesting result:

o Assume that there exist smooth global solutions to the parabolic-hyperbolic
form of the constraints on a "hyperboloidal initial data surface” X. If these
solutions extend regularly up to some finite order to 9%, then they extend
smoothly to 0X.
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o Assume that there exist smooth global solutions to the parabolic-hyperbolic
form of the constraints on a "hyperboloidal initial data surface” X. If these
solutions extend regularly up to some finite order to 9%, then they extend
smoothly to 0X.

e "“The main thing we establish is that any solution that satisfies these a priori
regularity assumptions extends smoothly to 0%. This is important because it
means that such solutions are free of all log-terms in their expansions.”
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@ At the stage of this difficulty Beyer and Ritchie [CQG,39,145012,(2022)]
came up with an interesting result:

o Assume that there exist smooth global solutions to the parabolic-hyperbolic
form of the constraints on a "hyperboloidal initial data surface” X. If these

solutions extend regularly up to some finite order to 9%, then they extend
smoothly to 0X.

e "“The main thing we establish is that any solution that satisfies these a priori
regularity assumptions extends smoothly to 0%. This is important because it
means that such solutions are free of all log-terms in their expansions.”

o Beyer and Ritchie introduced an impressive Fuchsian-type argument, but
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“hyperboloidal initial data logarithmic singularities”

@ At the stage of this difficulty Beyer and Ritchie [CQG,39,145012,(2022)]
came up with an interesting result:

o Assume that there exist smooth global solutions to the parabolic-hyperbolic
form of the constraints on a "hyperboloidal initial data surface” X. If these
solutions extend regularly up to some finite order to 9%, then they extend
smoothly to 0X.

e "“The main thing we establish is that any solution that satisfies these a priori
regularity assumptions extends smoothly to 0%. This is important because it
means that such solutions are free of all log-terms in their expansions.”

o Beyer and Ritchie introduced an impressive Fuchsian-type argument, but

o they also made very strong assumptions about both the constrained and
the free data that went largely uncommented. In this way, Beyer and
Ritchie’s results came close to Andersson and Chrusciel's second claim on the
non-generic case.
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“hyperboloidal initial data logarithmic singularities”

The parabolic-hyperbolic form of the constraints & the spin-weighted variables

@ For (hij,Kij) on X

R+ (K;)? - Ki; K" =0
D;K’; — D;K?; =0
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The parabolic-hyperbolic form of the constraints & the spin-weighted variables

@ For (hij,Kij) on X

R+ (K;)? - Ki; K" =0
D;K’; — D;K?; =0
@ ASSUME: X can be foliated by a one-parameter family of topological two-spheres
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“hyperboloidal initial data logarithmic singularities”

The parabolic-hyperbolic form of the constraints & the spin-weighted variables

@ For (hij,Kij) on X

R+ (K;)? - Ki; K" =0
D;K’; — D;K?; =0
@ ASSUME: X can be foliated by a one-parameter family of topological two-spheres

e p: Y- R: 61'/) a.n. vanishes, n; ~ 6ip, aij =S 6ij — ﬁiﬁj, hi]' = aij —|—ﬁ¢ﬁ]
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“hyperboloidal initial data logarithmic singularities”

The parabolic-hyperbolic form of the constraints & the spin-weighted variables

@ For (hij,Kij) on X

R+ (K;)? - Ki; K" =0
D;K’; — D;K?; =0
ASSUME: ¥ can be foliated by a one-parameter family of topological two-spheres

p:2—R: 61'/) a.n. vanishes, n; ~ 8ip, aij =S 6ij — ﬁiﬁj, hi]' = aij —|—ﬁ¢ﬁ]

Choose a flow p* such that p®0,p = 1 and such that its integral curves intersect
each of the p = const level surfaces precisely once: p* = Nn' + N*
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“hyperboloidal initial data logarithmic singularities”

The parabolic-hyperbolic form of the constraints & the spin-weighted variables

@ For (hij,Kij) on X

R+ (K;)? - Ki; K" =0
D;K?; — D;K7; =0
ASSUME: ¥ can be foliated by a one-parameter family of topological two-spheres

p:2—R: 61'/) a.n. vanishes, n; ~ 8ip, aij =S 6ij — ﬁiﬁj, hi]' = aij —|—ﬁ¢ﬁ]

Choose a flow p* such that p®0,p = 1 and such that its integral curves intersect
each of the p = const level surfaces precisely once: p* = Nn' + N*

@ introduce spherical coordinates (6, ¢) and complex null dyad ¢%: gas = q(aGs) ON
some p = const and Lie-drag them along the flow p®
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“hyperboloidal initial data logarithmic singularities”

The parabolic-hyperbolic form of the constraints & the spin-weighted variables

@ For (hij,Kij) on X

R4 (K7;)? -~ KyK7 =0

D;K?; — D;K7; =0
ASSUME: ¥ can be foliated by a one-parameter family of topological two-spheres
p:2—R: 61'/) a.n. vanishes, n; ~ 8ip aij =S 6'j — ﬁzﬁ] hi]' = aij —|—ﬁ¢ﬁ]

Choose a flow p* such that p“dap = 1 and such that its mtegral curves intersect
each of the p = const level surfaces precisely once: p' = = N#a'+ N?

@ introduce spherical coordinates (6, ¢) and complex null dyad ¢%: gas = q(aGs) ON
some p = const and Lie-drag them along the flow p®

@ THEN: N = (ﬁzpl) o — (ﬁiﬁjKij)
N = ¢'(i;p°) k = ¢'(W'9:°Kjec)
a=30'T ¥ K = Ki;7"
b= 34'¢% Ky =d'd (Wie%fKef = 3% [Keﬁef])
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“hyperboloidal initial data logarithmic singularities”

The parabolic-hyperbolic form of the constraints & the spin-weighted variables

@ For (hij, Kij) on X @R 4 (ij)g B Kinij -0
D;K’; — D;K?; =0
@ ASSUME: X can be foliated by a one-parameter family of topological two-spheres
@ p: X — R: dip a.n. vanishes, i; ~ ip, ¥ = 84 —in?, hij = Yij + Ninj
@ Choose a flow p* such that p“d.p =1 and such that its mtegral curves intersect
each of the p = const level surfaces precisely once: p' = = N#a'+ N?

@ introduce spherical coordinates (6, ¢) and complex null dyad ¢%: gas = q(aGs) ON
some p = const and Lie-drag them along the flow p®

@ THEN: N = (ﬁzpl) o — (ﬁiﬁjKij)
N = ¢'(i;p°) k = ¢'(W'9:°Kjec)
a=30'T ¥ K = Ki;7"
b= 34'¢% Ky =d'd (Wie%fKef = 3% [Keﬁef])

A~ [e]
@ | (hab, Kap) +—  spin-weighted variables: (N,N,a,b;n,k,K,qu)‘
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (ﬁ,N,a,b;n,k,K,qu)
@ constrained fields (N, k,K); free data on &: (N, a, b; &, qq)
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e parabolic PDE for N
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e parabolic PDE for N
e symmetric hyperbolic system for (k, K)

Istvdn Racz (Wigner RCP) Wigner RCP, June 6, 2025 13 /20



“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (ﬁ,N,a,b;n,k,K,qu)
@ constrained fields (N, k,K); free data on &: (N, a, b; &, qq) [the coefficients]
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e symmetric hyperbolic system for (k, K)
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (ﬁ,N,a,b;n,k,K,qu)

@ constrained fields (N, k,K); free data on &: (N, a, b; &, qq) [the coefficients]

e parabolic PDE for N
e symmetric hyperbolic system for (k, K)

@ require initial data for (ﬁ, k,K) on .#, then integrate toward .#*
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (ﬁ,N,a,b;n,k,K,qu)

@ constrained fields (N, k,K); free data on &: (N, a, b; &, qq) [the coefficients]

e parabolic PDE for N
e symmetric hyperbolic system for (k, K)

@ require initial data for (ﬁ, k,K) on %, then integrate toward .# "
@ no direct control over the asymptotics apart from the falloff of the free data
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (N,N,a,b;n,k,K,IO(qq)

@ constrained fields (N, k,K); free data on 3: (N, a, b; &, qq) [the coefficients]

o parabolic PDE for N
e symmetric hyperbolic system for (k, K)

@ require initial data for (ﬁ, k,K) on %, then integrate toward .# "
@ no direct control over the asymptotics apart from the falloff of the free data

Asymptotically hyperboloidal data
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (N,N,a,b;n,k,K,qu)

@ constrained fields (N, k,K); free data on 3: (N, a, b; &, qq) [the coefficients]

o parabolic PDE for N
e symmetric hyperbolic system for (k, K)

@ require initial data for (ﬁ, k,K) on %, then integrate toward .# "
@ no direct control over the asymptotics apart from the falloff of the free data

Asymptotically hyperboloidal data

@ Andersson and Chrusciel introduced the notion of asymptotically hyperboloidal
data, comprised by (X, hsj;, K;;), which is not necessarily a solution to the
constraints, by requiring the following behavior close to the boundary:
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (N,N,a,b;n,k,K,IO(qq)

@ constrained fields (N, k,K); free data on 3: (N, a, b; &, qq) [the coefficients]

o parabolic PDE for N
e symmetric hyperbolic system for (k, K)

@ require initial data for (ﬁ, k,K) on %, then integrate toward .# "
@ no direct control over the asymptotics apart from the falloff of the free data

Asymptotically hyperboloidal data

@ Andersson and Chrusciel introduced the notion of asymptotically hyperboloidal
data, comprised by (X, hsj;, K;;), which is not necessarily a solution to the
constraints, by requiring the following behavior close to the boundary:

e Y is the interior of a compact manifold Y =X UdxT
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (N,N,a,b;n,k,K,IO(qq)

@ constrained fields (N, k,K); free data on 3: (N, a, b; &, qq) [the coefficients]

o parabolic PDE for N
e symmetric hyperbolic system for (k, K)

@ require initial data for (ﬁ, k,K) on %, then integrate toward .# "
@ no direct control over the asymptotics apart from the falloff of the free data

Asymptotically hyperboloidal data

@ Andersson and Chrusciel introduced the notion of asymptotically hyperboloidal
data, comprised by (X, hsj;, K;;), which is not necessarily a solution to the
constraints, by requiring the following behavior close to the boundary:

e Y is the interior of a compact manifold Y =X UdxT
o if w is a defining function for 8% then w?h;; and w(K;; — %hinll) extend
regularly to 9%,
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (N,N,a,b;n,k,K,IO(qq)

@ constrained fields (N, k,K); free data on 3: (N, a, b; &, qq) [the coefficients]
o parabolic PDE for N
e symmetric hyperbolic system for (k, K)

@ require initial data for (ﬁ, k,K) on %, then integrate toward .# "

@ no direct control over the asymptotics apart from the falloff of the free data

Asymptotically hyperboloidal data

@ Andersson and Chrusciel introduced the notion of asymptotically hyperboloidal
data, comprised by (X, hsj;, K;;), which is not necessarily a solution to the
constraints, by requiring the following behavior close to the boundary:

e Y is the interior of a compact manifold Y =X UdxT

o if w is a defining function for 8% then w?h;; and w(K;; — %hinll) extend
regularly to 9%,

o the trace K = Kijhij is bounded away from zero near 0%
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (N,N,a,b;n,k,K,IO(qq)

@ constrained fields (N, k,K); free data on 3: (N, a, b; &, qq) [the coefficients]
o parabolic PDE for N
e symmetric hyperbolic system for (k, K)

@ require initial data for (ﬁ, k,K) on %, then integrate toward .# "

@ no direct control over the asymptotics apart from the falloff of the free data

Asymptotically hyperboloidal data

@ Andersson and Chrusciel introduced the notion of asymptotically hyperboloidal
data, comprised by (X, hsj;, K;;), which is not necessarily a solution to the
constraints, by requiring the following behavior close to the boundary:

e Y is the interior of a compact manifold Y =X UdxT

o if w is a defining function for 8% then w?h;; and w(K;; — %hinll) extend
regularly to 9%,

o the trace K = Kijhij is bounded away from zero near 0%

@ A data set (X, hij, Kij;) is an asymptotically hyperboloidal one if the following
falloff conditions hold for the spin-weighted variables: w ~ p~*
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“hyperboloidal initial data logarithmic singularities”

Parabolic-hyperbolic form of constraints: (h;;; K;;) <> (N,N,a,b;n,k,K,IO(qq)

@ constrained fields (N, k,K); free data on 3: (N, a, b; &, qq) [the coefficients]
o parabolic PDE for N
e symmetric hyperbolic system for (k, K)

@ require initial data for (ﬁ, k,K) on %, then integrate toward .# "

@ no direct control over the asymptotics apart from the falloff of the free data

Asymptotically hyperboloidal data

@ Andersson and Chrusciel introduced the notion of asymptotically hyperboloidal
data, comprised by (X, hsj;, K;;), which is not necessarily a solution to the
constraints, by requiring the following behavior close to the boundary:

e Y is the interior of a compact manifold Y =X UdxT

o if w is a defining function for 8% then w?h;; and w(K;; — %hinll) extend
regularly to 9%,

o the trace K = Kijhij is bounded away from zero near 0%

@ A data set (X, hij, Kij;) is an asymptotically hyperboloidal one if the following
falloff conditions hold for the spin-weighted variables: w ~ p~*

N =Njw+ O(w?) K-2k = 0w) k= 0(1) .
a=w 240wt b=0(w?) N =0(w) Ky = O™
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The main strategy we used in our investigations:

The free data is assumed to be smooth on 3 U 0X: C"“([O,wo), C7°°(S2))

N = N; w4+ Ny w? 4+ 0(w?)

a=wltacyw t+ag+awtayw’+ 0w
b =b 1>w_1+b0+b1w+b2w2+ﬁ(w3)
K',—K,()-i-lilw-l-ligw —1—0( )

o

qu—qu< Hw +qu0+qu1w+qugw + 0w )
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The main strategy we used in our investigations:

The free data is assumed to be smooth on 3 U 0X: C“’“([O,wo), C’OO(Sz))

N = N; w4+ Ny w? 4+ 0(w?)

a=wltacyw t+ag+awtayw’+ 0w
b =b 1>w_1+bo+b1w+b2w2+ﬁ(w3)
IQ—I<,0+I£1(JJ+FL2&) —1—0( )

o

qu—qu( Hw +qu0+qu1w+qu2w + 0w )

Use the most general poly-logarithmic form of the constrained fields (N, K, k):

oo Nj [oe] Nj

ﬁzz ‘ IQI'Jer(IE;g]logjw], K=K0+Zwi[Ki+ZK£{§g]logjw]
i=1 =t i=1 j=1

k=ko+ Zw i+ k'%log’ w], where N1 = kg, Ko = 2k0, ko = kg ' Orig

Jj=1
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The main strategy we used in our investigations:

The free data is assumed to be smooth on 3 U 0X: C“X‘([O,wo).‘ COO(S2))

N = N; w4+ Ny w? 4+ 0(w?)

a=wltacyw t+ag+awtayw’+ 0w
b =b 1>w_1+bo+b1w+b2w2+ﬁ(w3)
K—R0+K1W+K2w —|—ﬁ( )

o

qu—qu( Hw +qu0+qu1w+qu2w + 0w )

Use the most general poly-logarithmic form of the constrained fields (N, K, k):

oo Nj [oe] Nj
N:Z ‘ lcT'Jer(TE;g]logjw], K:K0+Zwi[Ki+ZK£{§g]logjw]
i=1 =t i=1 j=1
k =ko+ Zw i+ k'%log’ w], where N1 = kg, Ko = 2k0, ko = kg ' Orig
j=1

We determined the restrictions on the coefficients, used in the above
asymptotic expansions, that follow from the assumptions that the system
admits well-defined Bondi mass and angular momentum, and that the
parabolic-hyperbolic form of the constraint equations holds.
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Our first main result: Theorem |.

o
@ Choose generic free data (N, a, b, k,Kqq) on X that satisfies the falloff
conditions relevant for asymptotically hyperboloidal data.

@ Suppose that (N, K, k) are smooth solutions of the parabolic-hyperbolic form of
the constraints on 3.

° (1/\\17 K, k) are also assumed to possesses the most general poly-logarithmic
expansion near 0% as indicated above.

@ Then the asymptotically hyperboloidal initial data set under consideration admits
well-defined Bondi mass and angular momentum if and only if all coefficients of
the logarithmic terms vanish up to order four and three for N, K and k,
respectively, and, in addition,

o

Kgg-1) =0, b1 =0, k1 =0.
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The finiteness of the Bondi mass (energy):

The Bondi mass can be given as the p — oo limit of the Hawking mass

mH:,/i 1+i/ eree] L o® —K+KN & A= e~ p?
167 167 J o, Z,
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The finiteness of the Bondi mass (energy):

The Bondi mass can be given as the p — oo limit of the Hawking mass

mH:,/i 1+i/ eree] L o® —K+KN & A= e~p
167 167 J o, Z,

It can be finite, and thus well-defined, if and only if for the expansion coefficients the
following relations hold

2
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The finiteness of the Bondi mass (energy):

The Bondi mass can be given as the p — oo limit of the Hawking mass

mH:,/i 1+i/ eree] L o® —K+KN & A= e~ p?
167 167 J o, Z,

It can be finite, and thus well-defined, if and only if for the expansion coefficients the

following relations hold
Ny =2K; ' Np=—[a_)Ko+2K]Ky>

Ny = (2(}(% —2) + Ko [a(_1) K1 — 2Ka] — K3 (2a9 — a%il) —b(_1yb_q) + 5 [0N; +§N1])) Ky®
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The finiteness of the Bondi mass (energy):

The Bondi mass can be given as the p — oo limit of the Hawking mass
1 )~ s =
mH:,/i 1+—/ oo e] L0 =K+KN ' & A= €~ p?
16w 167 /o S
P P
It can be finite, and thus well-defined, if and only if for the expansion coefficients the
following relations hold
Ny =2K; ' Np=—[a_;) Ko+2K;]Ky>
Ny = (2(}(% —2) + Ko [a_1) K1 — 2Kp] — K32 (289 — a%il) —b(_1yb_q) + 5 [0N; +§N1])) Ky
and also for all j =1,2,..., N
(Lo G llo lo
N[l,jg] — N[2,jg] — K[l,jg] =0
KL% =Ko (2K + KENYY) - [ac) Ko +4Kq |7
NI = 2 (2K} + KENIY) - (Ko [acy Ko +4K:]) ™"
v
A
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The finiteness of the Bondi mass (energy):

The Bondi mass can be given as the p — oo limit of the Hawking mass

= 1] 2L 1+i/ oMo e) L o® —K+KRN & A= [ e~
167 167 &, Zp

It can be finite, and thus well-defined, if and only if for the expansion coefficients the
following relations hold

-1 -2

N =2K; Np=—[a_q) Ko+2K1]Kj
Ny = (2(}(% —2) + Ko [a(_1) K1 — 2Ka] — K3 (2a9 — a%il) —b(_1yb_q) + 5 [0N; +§N1])) Ko

and also for all j =1,2,..., N

ﬁ[llfjg] _ ﬁ[zlj)jg] _ K[ll,ojg] -0

K[leg] =Ko (2K:[;Z-g] + K3 ﬁg;g]) . [a(—l) Ko +4K1]7
R = 2 (2KL% + KERLP) - (Ko [ Ko+ 41 ])

1

3

2
p

The finiteness of the Bondi angular momentum: arXiv: 2401.14251

The Bondi angular momentum cannot be finite, and thus well-defined, unless for all

i=1,2..,N;
ilos) = 1dio9) = 0 (s =m0 [ on2)
Zp

T = = =
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To obtain the desired restrictions, we substitute the updated form of the asymptotic
expansions into the parabolic-hyperbolic system and sort the terms with respect to
—1
powers of and also of log p. — 1 l 1 log] __
P g P N[ 09] N[QOQ] N[ 09] [ 09] =0

i
k[ll,ajg] _ k[Qlijg] _ kgl:?jg] =0, K[log] K! log K[log] K[log] 0
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To obtain the desired restrictions, we substitute the updated form of the asymptotic
expansions into the parabolic-hyperbolic system and sort the terms with respect to
-1
powers of p~ = and also of log p. — l l l log] __
¢ g F N[ 09] N[Qog] N[ og] _ N[ og] -0

3J 3,7
lo lo lo 1o lo 1o 1o
k[l,jg] = k[Qng] — kgng] = 0’ K[ 9] K2 g] I<:[3 ]g] KEI jg] 0

Our second main result: Theorem II.
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To obtain the desired restrictions, we substitute the updated form of the asymptotic
expansions into the parabolic-hyperbolic system and sort the terms with respect to

powers of p~* and also of log p. — N[log] N[210g] N[log] N[log] -0

3J 3,7
lo lo lo 1o lo 1o 1o
k[l,jg] = k[2,jg] — kgng] = 0’ K[ 9] K2 g] I<:[3 ]g] KEI jg] 0

Our second main result: Theorem II.

o
@ Choose generic free data (N, a, b, k,K4,) on X that satisfies the falloff

conditions relevant for asymptotically hyperboloidal data with ko being a strictly
positive smooth on 0X.
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To obtain the desired restrictions, we substitute the updated form of the asymptotic
expansions into the parabolic-hyperbolic system and sort the terms with respect to
-1
powers of p~* and also of log p. — 1 1 1 log] _
¢ 2 f N[ 09] N[Qog] N[ og] N[ og] -0

d
k[ll,ojg] _ k[Qlf)jg] _ k[31;>jg] =0, K[logl K! log K[log] Kth;g] 0

Our second main result: Theorem II.

o
@ Choose generic free data (N, a, b, k,K4,) on X that satisfies the falloff
conditions relevant for asymptotically hyperboloidal data with ko being a strictly
positive smooth on 0X.

@ Suppose that (N, K, k) are smooth [i.e., of class C>((0,wo), C>(S?))], solutions
on ¥ such that N > 0 there.
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To obtain the desired restrictions, we substitute the updated form of the asymptotic
expansions into the parabolic-hyperbolic system and sort the terms with respect to
-1
powers of p~ = and also of log p. — l l l log] __
¢ 2 f N[ 09] N[Qog] N[ og] N[ og] -0

d
k[ll,ojg] _ k[Qlijg] _ k[31;>jg] =0, K[logl K! log K[log] Kth;g] 0

Our second main result: Theorem II

|

@ Choose generic free data (N, a, b, k,K4,) on X that satisfies the falloff
conditions relevant for asymptotically hyperboloidal data with ko being a strictly
positive smooth on 0X.

@ Suppose that (N, K, k) are smooth [i.e., of class C>((0,wo), C>(S?))], solutions
on ¥ such that N > 0 there.

@ Then, the constrained fields (N, K, k) are also of class C™° ([0,wo), C>=(S?)) on

the whole of ¥ = Y U Y, i.e., no logarithmic singularities occur, if and only if
the asymptotically hyperboloidal initial data set under consideration admits
well-defined Bondi mass and angular momentum, and, in addition,

o

qu(_l)ZO & b(_1)=0 & K',1=O
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To obtain the desired restrictions, we substitute the updated form of the asymptotic
expansions into the parabolic-hyperbolic system and sort the terms with respect to
owers of p~! and also of log p. =— @ l l l
p ¢ g F N[IOJQ] N[20Jg] N[ og] N[ og] -0
k[ll,ojg] _ k[Qlijg] _ k[31;>jg] =0, Klogl _ K! log K[log] Kth;g] 0

1,5

Our second main result: Theorem II

|

@ Choose generic free data (N, a, b, k,K4,) on X that satisfies the falloff
conditions relevant for asymptotically hyperboloidal data with ko being a strictly
positive smooth on 0X.

@ Suppose that (N, K, k) are smooth [i.e., of class C>((0,wo), C>(S?))], solutions
on ¥ such that N > 0 there.

@ Then, the constrained fields (N, K, k) are also of class C™° ([0, wo),C*>*(S?)) on

the whole of £ = S U 9%, i.e., no logarithmic singularities occur, if and only if
the asymptotically hyperboloidal initial data set under consideration admits
well-defined Bondi mass and angular momentum, and, in addition,

o

K-y =0 & bry=0 & k1 =0
and also the following two relations

O
a1 =const & Kggo= 5 kKo 00 Koo

hold on 9.
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BN
The key steps in the Fuchsian argument .
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BN
The key steps in the Fuchsian argument .

@ Using the smoothness properties found in our first theorem, replace the constrained
variables in the parabolic-hyperbolic system with their respective Taylor series:
) ﬁ — NO +1/\\Ilw—|—1<12w2 +N3w3 +N4w4 —|—w4wﬁ(w)
e K Ko+ Kiw+Kow? +Kszw?® +Kyw? +w4wK(w)
o k — ko +kiw+ ko w? + kyw? +w3wk(w)
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BN
The key steps in the Fuchsian argument .

@ Using the smoothness properties found in our first theorem, replace the constrained
variables in the parabolic-hyperbolic system with their respective Taylor series:
) N — ﬁo +1/\\le—|—1(12w2 +ﬁ3w3 +N4w4 —|—w4wﬁ(w)
e K Ko+ Kiw+Kow? +Kszw?® +Kyw? +w4wK(w)
o k — ko +kiw+ ko w? + kyw? +w3wk(w)

0 wg(w), wk (W), wk(w), are of class C°([0,wo), C*(S?)) and vanish at 0%, thus
they can represent higher-order log-terms that may still occur.
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BN
The key steps in the Fuchsian argument .

@ Using the smoothness properties found in our first theorem, replace the constrained
variables in the parabolic-hyperbolic system with their respective Taylor series:
) N — ﬁo +1/\\le—|—1(12w2 +ﬁ3w3 +N4w4 —|—w4wﬁ(w)
e K Ko+ Kiw+Kow? +Kszw?® +Kyw? +w4wK(w)
o k — ko +kiw+ ko w? + kyw? +w3wk(w)

0 wg(w), wk (W), wk(w), are of class C°([0,wo), C*(S?)) and vanish at 0%, thus
they can represent higher-order log-terms that may still occur.

@ All the “coefficients in black” can be derived from the free data and the
coefficients (N4, ko, K1) which represent the asymptotic degrees of freedom.
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BN
The key steps in the Fuchsian argument .

@ Using the smoothness properties found in our first theorem, replace the constrained
variables in the parabolic-hyperbolic system with their respective Taylor series:
) N — ﬁ0+ﬁ1w+ﬁ2w2 +1/\\13w3 +N4w4+w4wﬁ(w)
e K Ko+ Kiw+Kow? +Kszw?® +Kyw? +w4wK(w)
o k — ko +kiw+ ko w? + kyw? +w3wk(w)

0 wg(w), wk (W), wk(w), are of class C°([0,wo), C*(S?)) and vanish at 0%, thus
they can represent higher-order log-terms that may still occur.

@ All the “coefficients in black” can be derived from the free data and the
coefficients (N4, ko, K1) which represent the asymptotic degrees of freedom.

@ If the last two algebraic conditions hold, then the following Fuchsian-type
(singular) equation holds for the vector-valued variable W = (wg, wk, wk)",
comprised of the residuals, for every p € .2 and for every 0 < w < wo:

0. W (w,p) = ~diag(0,~3,~1) W(w,p)

+ ﬂ (W,p; 1/\\14(]))7 ko (p)7 K, (p)7 E(%p), 6&7 Swa 68&) (*)
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BN
The key steps in the Fuchsian argument .

@ Using the smoothness properties found in our first theorem, replace the constrained
variables in the parabolic-hyperbolic system with their respective Taylor series:
) N — ﬁ0+ﬁ1w+ﬁ2w2 +1/\\13w3 +N4w4+w4wﬁ(w)
e K Ko+ Kiw+Kow? +Kszw?® +Kyw? +w4wK(w)
o k — ko +kiw+ ko w? + kyw? +w3wk(w)

0 wg(w), wk (W), wk(w), are of class C°([0,wo), C*(S?)) and vanish at 0%, thus
they can represent higher-order log-terms that may still occur.

@ All the “coefficients in black” can be derived from the free data and the
coefficients (N4, ko, K1) which represent the asymptotic degrees of freedom.

@ If the last two algebraic conditions hold, then the following Fuchsian-type
(singular) equation holds for the vector-valued variable W = (wg, wk, wk)",
comprised of the residuals, for every p € .2 and for every 0 < w < wo:

0. W (w,p) = ~diag(0,~3,~1) W(w,p)
+H (W,p; 1/\\14(]))7 ko (p)7 K (p)7 E(wap)7 6&7 Swa 68&) (*)

where H is a (lengthy, but explicitly known) vector-valued function that is smooth
in each of its arguments, and regularly extends to w = 0.
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L
The key steps in the Fuchsian argument |I.

1
aww(wip) = ;d’l’a‘g(o’ _37 —1)&(&), p)

+ H(w, p; Na(p), k2 (p), K1 (p), W(w, p), 0W,0W, 50W) (%)
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L
The key steps in the Fuchsian argument |I.

DLW (@, p) = ~diag(0,~3, ~1) W (w,)
+ Q(w, p; 1Q'él (P), ko (p)’ K (p)’ w(w, p)7 oW, Sw, aéw) (*)

@ The solution can then be given as

W (w,p) = diag[w73,w71,1} X / diag[s?’,s, 1] x H(s,p)ds ()
0
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L
The key steps in the Fuchsian argument |I.

0. W(w,p) = ~diag(0, ~3,~1) W (w,p)
w
+ H(w, p; Na(p), ka(p), K1(p), W (w, p), 0W, W, 5W)  (x)
@ The solution can then be given as
W(w,p) = diag [w73,w71, 1} X / diag [53,3, 1] x H(s,p)ds ()
0

@ Since the integrand regularly extends to s = 0, we can perform the integral
transformation by replacing s with the product w - 7, which yields

1
%E(w,p) = / diag[r®,7,1] x H(w - 7,p) dT (% * %)
0
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L
The key steps in the Fuchsian argument |I.

0. W(w,p) = ~diag(0, ~3,~1) W (w,p)
w
+ H(w,p; Na(p), ka2 (p), K1 (p), W (w, p), OW, W, 5W)  (x)
@ The solution can then be given as
W(w,p) = diag [w73,w71, 1} X / diag [33,3, 1] x H(s,p)ds ()
0

@ Since the integrand regularly extends to s = 0, we can perform the integral
transformation by replacing s with the product w - 7, which yields

1
%E(w,p) = / diag[r®,7,1] x H(w - 7,p) dT (% * %)
0

@ Since the integrand on the right-hand side is regular over the entire 3, the left-hand
side must also be regular there.
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L
The key steps in the Fuchsian argument |I.

0. W(w,p) = ~diag(0, ~3,~1) W (w,p)
w
+ H(w,p; Na(p), ka2 (p), K1 (p), W (w, p), OW, W, 5W)  (x)
@ The solution can then be given as
W(w,p) = diag [w73,w71, 1} X / diag [33,3, 1] x H(s,p)ds ()
0

@ Since the integrand regularly extends to s = 0, we can perform the integral
transformation by replacing s with the product w - 7, which yields

1
W)= [ diaglr® 1] x H(w rp)dr (%)
0

@ Since the integrand on the right-hand side is regular over the entire 3, the left-hand
side must also be regular there.

@ This then implies that both terms on the right hand side of (*) are regular on 3,
and, in turn, the first order w-derivative 0,7 of the vector-valued variable of the
residuals W (w,p) = (wK(w,p),wk(w,p),wﬁ(w,p))T is also regular at w = 0.
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L
The key steps in the Fuchsian argument |I.

0. W(w,p) = ~diag(0, ~3,~1) W (w,p)
w
+ H(w,p; Na(p), ka2 (p), K1 (p), W (w, p), OW, W, 5W)  (x)
@ The solution can then be given as
W(w,p) = diag [w73,w71, 1} X / diag [33,3, 1] x H(s,p)ds ()
0

@ Since the integrand regularly extends to s = 0, we can perform the integral
transformation by replacing s with the product w - 7, which yields

1
W)= [ diaglr® 1] x H(w rp)dr (%)
0

@ Since the integrand on the right-hand side is regular over the entire 3, the left-hand
side must also be regular there.

@ This then implies that both terms on the right hand side of (*) are regular on 3,
and, in turn, the first order w-derivative 0,7 of the vector-valued variable of the
residuals W (w,p) = (wK(w,p),wk(w,p),wﬁ(w,p))T is also regular at w = 0.

@ By repeating this process inductively we can also prove that the w-derivatives of
the vector-valued variable W (w, p) up to arbitrary order extend regularly to 93,
thereby, the constrained variables (N, K, k) extend smoothly to 9X.
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Summary:
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@ We proved that the existence of well-defined Bondi mass and angular
momentum, together with some mild restrictions on the free data, implies
that the generic solutions of the parabolic-hyperbolic form of the constraint
equations are smooth and entirely free of logarithmic singularities. This result
is a substantial generalization of a recent result of Beyer and Ritchie.
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@ We proved that the existence of well-defined Bondi mass and angular
momentum, together with some mild restrictions on the free data, implies
that the generic solutions of the parabolic-hyperbolic form of the constraint
equations are smooth and entirely free of logarithmic singularities. This result
is a substantial generalization of a recent result of Beyer and Ritchie.

@ Combining these results with those of the corresponding hyperboloidal initial
value problem [Friedrich,Frauendiener,Kroon,...] we can conclude that the
Cauchy developments of the corresponding asymptotically hyperboloidal
initial data specifications must admit smooth conformal boundary as assumed
in the original definition of asymptotically simple spacetimes by Penrose.

Istvdn Racz (Wigner RCP) Wigner RCP, June 6, 2025 20/20



@ We proved that the existence of well-defined Bondi mass and angular
momentum, together with some mild restrictions on the free data, implies
that the generic solutions of the parabolic-hyperbolic form of the constraint
equations are smooth and entirely free of logarithmic singularities. This result
is a substantial generalization of a recent result of Beyer and Ritchie.

@ Combining these results with those of the corresponding hyperboloidal initial
value problem [Friedrich,Frauendiener,Kroon,...] we can conclude that the
Cauchy developments of the corresponding asymptotically hyperboloidal
initial data specifications must admit smooth conformal boundary as assumed
in the original definition of asymptotically simple spacetimes by Penrose.

@ Hopefully, these results will spark the interest of experts who can prove the
existence of global solutions to the evolutionary form of constraint equations.
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@ We proved that the existence of well-defined Bondi mass and angular
momentum, together with some mild restrictions on the free data, implies
that the generic solutions of the parabolic-hyperbolic form of the constraint
equations are smooth and entirely free of logarithmic singularities. This result
is a substantial generalization of a recent result of Beyer and Ritchie.

@ Combining these results with those of the corresponding hyperboloidal initial
value problem [Friedrich,Frauendiener,Kroon,...] we can conclude that the
Cauchy developments of the corresponding asymptotically hyperboloidal
initial data specifications must admit smooth conformal boundary as assumed
in the original definition of asymptotically simple spacetimes by Penrose.

@ Hopefully, these results will spark the interest of experts who can prove the
existence of global solutions to the evolutionary form of constraint equations.

Thanks for your attention J
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