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Spin chains and numerical techniques
Spin chain with N sites

Vi: dimH,=d = dimH =dV
d
e the pure state of the system: [|¢)) = > P2 IN ) ® |ag) ® ... @ )
a1,009,...,a =1

> dV  pieces of 12N = exact calculations are limited

e can we find a more efficient way to describe these states?

Area law and Schmidt states
—t % H=HieHp  |))eH

X
Schmidt decomposition: 1) = Y Agla); ®|a)p , where Va: Ay >0

a=1
SAZ=1
87

e entanglement entropy: S = - ZA(QX 10%(/\(21)
@8

X
earea law: Y Agla)p®la)p~ ) , where x < dV
a=1

== This property allows for the Matrix Product State (MPS) representation of one-dimensional quantum states. _
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Spin chains and numerical techniques

py="3 Al gl2152 | ANIIN 50 )
i

e linear algebra theorem — Alnlin = plnlinpln]
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Jlsed N

e if the spin chain is infinite and translational invariant: ./\A, AB, FA, K2

A B A B A B A
Y R VR YR L YR LY R YR,
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Time evolution with infinite Time Evolving Block Decimation (iTEBD) algorithm

N .
[H(Ndt)) = q U(5t) [10(0)), where U(3t) = e 110

and 0t € R or 0t =—-idT (07 € R)

e imaginary time evolution — define ground state

e real time evolution — post-quench dynamics 5 /17




Blume—Capel spin chain and E; quantum field theory

Blume—Capel spin-1 quantum chain

Hpc = f;[a(Sx)2+[3Sz+w(Sz)2 Sy z+1] spins: 0, £1
1=

e = 0,910207(4)
e tricritical point: [, =0,415685(6)  [G. von Gehlen, 1989

=0
010 10 0
e matrices: S = \/L_ 101y, 5°=100 0
010/, 00-1/,
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Blume—Capel spin-1 quantum chain Phase diagram

2.0 -
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Blume—Capel spin-1 quantum chain Phase diagram

2.0 '
] HL — PM phase
9 9 ) - pert
Hpc = gz[awm) +BSF+9(S)° =SS, spins: 0,£1 L, — FM phase

1=1 1.5__ ..................... ...........

ate = 0,910207(4) - - .
e tricritical point: By =0,415685(6)  [G. von Gehlen, 1989] ™ 104 R
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! 12" order P
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e matrices: 5" = 1101 S*=100 0 ‘

! 15¢ order PT
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() S S N S S—
0.0 0.5 1.0 1.5 2.0 2.5

The relation between the scaling limit of the spin chains and the field theories
e spin chains: 1D quantum systems — special property: critical points can be described with CFT

e scaling limit: at a critical point, the correlation length is divergent, so the lattice spacing becomes irrelevant, and
the spin chain converges to a continuous quantum field theory in the scaling limit.

== T his connection makes it possible to obtain field theory results from a spin chain.

e measurable quantities (spin chain operators) «— QFT operators <= symmetries+dimensional analysis
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Blume—Capel spin chain and E; quantum field theory

FE~ quantum field theory
N

field name weights | 7

o |leading magnetic field (%,%) —0 | L

€ thermal field (%,%) € | —€

HE7: HTlI\/l +5\fd33€($)

exact numerical parity excitation
my 1 odd  kink

mo = 2mq cos ?—g 1.285(6) even particle
ms3 = 21my cos g 1.879(4) odd  kink

M4 = 21 COS {g 1.969(6) even particle

ms = 41my cos g COS 51—% 2.532(1) even particle
meg = 4m cos%”cosg 2.879(4) odd kink
my7 = 4mjcosqgcosg 3.701(7) even particle

7/ 17



weights

Blume—Capel spin chain and E; quantum field theory

FE~ quantum field theory Phase diagram
N
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Ml
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Blume—Capel spin chain and E; quantum field theory

field name

FE~ quantum field theory Phase diagram
N ;

weights

U

o |leading magnetic field (é%? 83_0) —0 | L
' 1
€ thermal field (E7 E) € | —€
HE7 = HTlI\/l + 5\[ dZIJE(,I)

exact numerical parity excitation
my 1 odd  kink
mo = 2mq cos ?—g 1.285(6) even particle
ms3 = 21my cos g 1.879(4) odd  kink
my = 2mq cos 17T—8 1.969(6) even particle
ms = 41my cos g COS 1 2.532(1) even particle
meg = 4m cos 29 cosg 2.879(4) odd  kink
my7 = 4mjcosqgcosg 3.701(7) even particle

2.0
' Héert — PM phase
Héert — M phase

TE\¥ T
%\ 1.0_: ......................... ......................

054 R W 0 T —

The perturbation

HE7 f{Z[Oztc(Sx)z+ﬁ SZ Sw z+1]+)\Hl}

Z hi = Z (—sin (9(537)2 +cos0S7)

W|th tanf ~ 2.224
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Blume—Capel spin chain and E; quantum field theory

FE~ quantum field theory Phase diagram
N ;

field

name weights | 1
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HE7: HTlI\/l +5\fdxe(x)

exact

numerical parity excitation

mi

Mo = 2M COS ?—g 1.285(6)
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Operator correspondences

o(z =na) = a=1055%

e(r =na) = a~1/Peg, ~ a_1/5éh7i1

2.0
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Q) 1.0-

0.5
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0.

Héert — PM phase
Héert — M phase

15t ordelé“ PT

0 0.5 1.0 15 2.0 2.5

The perturbation

Hp7=¢

{Z[atc(Sx)2+5 S7 - S¥ Z+1]+)\Hi}
Zhl Z( SlHH(Sx)2+COS@SZ)

W|th tanf ~ 2.224
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e in real systems the parameters change over time
e cquilibrium — non-equilibrium dynamics
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Post-quench dynamics

The time evolution of the expectation value of an operator after a global quench
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Post-quench dynamics

The time evolution of the expectation value of an operator after a global quench

Ao (F(%(Q)) PO
/Q_Aq / ’ ’
AO by [ 2 ow 1
= = 2| 00" +CO(q)Z—2-Ff(q)-Ff-cos(mat) +... | +0(5})
O A A a Ta J

N it doesn't matter, because we don't know the normalization

- Fc? _ _post (QQO0) [&1) - we put an a-type particle
“ O post (21 O(0) [2) vost (2] O(0) |2) in the vacuum with energy &

post

post

Quench protocol on the spin chain E7 - E7 quench

041746 _
e pre q UenCh Ha mi |ton Hpre o HTBC + )‘OHpert 0.41744 —‘— pre — quench ............ e )\_ )\Q+OO5)\@
P pOSt q UenCh H ami |tOﬂ HpOSt — HTBC 4 )\Hpert 0.41742: _._ épOSt — QLélel’lCh ............ .................................. ............. (Qd,ﬁ) ...........................
0.41740_: .................................. ................................. ..................................
where A =Xg+0) with 0y =0.05) @ omms] H— H— L -/
Y SRS N
: : : 0.41736 0 g
* we define the ground state of Hpre by using the ITEBD algorithm | [ ()~ A Z%M% ..............
® af-ter the quench We tlme evolve thlS grou nd State Wlth Hpost 041732 .............................. .................. ............................. ....................... 1nt ...... e ......... pase
— we can stud ost-auench dvnamics 0’4175’%138'0 ool om0 ool 0'91;40'0 o 0'91;40'5 091410
y post-q y a




Form factor bootstrap program

Sap(8) = (=1)°% [T (=fa(0))Pe,

aeAp
tanh% (9 + iﬂ%)
tanh% (9 - iw%)

foz(‘g) =
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Form factor bootstrap program

— Smatix
Sap(8) = (=1)°% [T (=fa(0))Pe,

aeAq
tanh% (9 + i?’(‘%)
tanh% (9 - iﬂ%)

n@_ng_n%)

foz(‘g) =

ugb = arccos
2memy,

1
Lap = \/; Resg-iue, Sab(0)

Aa(0a) Ap(6h)
U
Lo
Ac(6:)
Lo
Aa(0a) Ap(6s)

S-matrix amplitudes in £~ field theory

ab Sab

34 <1115><g>2<7>2<9>

35 (16)(10)3(4)(6)?
36| (16)(12)%(8)(4)?
57 (ID)(13')(7)(9)
4 4 (12)(10)3(4)(2)?
45 (125)(1§)3(77)3(9)
46| (IDAE))()
17 (16)11)3(6)1(3)"
55 (2P Q)
56 (16)(14)3(6)4(8)4
57 <17><15)3<11>5<5>4<9>3
66 (14)3(10)5(12)4(16)2
6 7| (17)(15)*(13)5(5)5(9)°
77 (1%)3(12)5(15)7(8)8

ab Sab

11 (10)(2)
12 (13)(7)
13 (14)(10)(6)
14 (IDADE)O)
15 (14)(8)(6)?
16| (16)(12)(4)(10)2
17 (165)2(9)25)25(7)2
20 (1))
23 (15)(1)(3)(9)
24| (I)E)(6)
25 (I ()E) )
26 (15)(D6)0)
27| (16)(10)*(4)2(6)?
33] (14)(2)(3)2(12)?

= (@)

- pole a with multiplicity p, corresponds to the bound state A,

10 / 17




Form factor bootstrap program

What are the form factors and why we need to calculate them?

(0(00,0) =3 | L T {OO(0,0)]Aay (61) - Agy (B) P N D mecosh
n=0 "1

>0o>>0, 2T

FS 0 (01, 00) = (0[0(0,0)[Ag, (61) . . Aa, (61))

p o)

Aqy Agy Aq

n
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Form factor bootstrap program

What are the form factors and why we need to calculate them?
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01>09>->0,, 2 27
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p o)

Aqy Agy Aq

n

Form factor axioms
e theory = Lorentz invariance = dependence only on the rapidity differences

e S-matrix = monodromy properties:
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Form factor bootstrap program

What are the form factors and why we need to calculate them?

(O(2,1)0(0,0)) = f L T {OO(0,0)]Aay (61) - Agy (B) P N D mecosh
01>09>->0,, 2 27

a1, a, (015, 0n) =(0]0(0,0)[Ag, (01) . . - Ag,, (On))

Aqy Agy Aq

n

Form factor axioms
e theory = Lorentz invariance = dependence only on the rapidity differences

e S-matrix = monodromy properties:
exchange property

O
Fal...aiaiﬂ...an(ela 00 s 76i7 9i+17 00 C 7971) =

= Saiai+1(ei_9i+1)Fg...ai+1ai...an(917 s 79i+17 eia s 7‘971)

01 0; 0 0, O 010, 0Oy

1 1 /| 1=
J.J./ 11
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What are the form factors and why we need to calculate them?

(O(2,1)0(0,0)) = f L T {OO(0,0)]Aay (61) - Agy (B) P N D mecosh
01>09>->0,, 2 27

Fa (015, 07) = (0]0(0,0)| Aqy (61) . . . Aq,,(6n))

Aqy Agy Aq

n

Form factor axioms
e theory = Lorentz invariance = dependence only on the rapidity differences

e S-matrix = monodromy properties:

exchange property CyC“C property / crossing symmetry
Fg...aiaiﬂ...an(ela---79i79i+17--°7‘9n) = Fga (91_'_27‘-2.76)27"‘76)”) -
= SCL@CLHl(Hi_ei-i-l)Fg...ai+1ai...an(917 T 79i+17 eia Tt 7‘971) = ch .a a1(927 s 797% 6)1)

h 0,01 0, 01 010, 0O, 2mi + 6y 05 0, 05 0, 01

1 1 /| 1=
J.J./ 11



Form factor bootstrap program

Form factor residue equations

o [Fs satisfy a set of equations which specify their monodromy properties (Watson's equations) and their pole
structure (residue equations) — altogether, these equations are enough to (almost) entirely fix the FFs
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Form factor bootstrap program

Form factor residue equations
o [Fs satisfy a set of equations which specify their monodromy properties (Watson's equations) and their pole
structure (residue equations) — altogether, these equations are enough to (almost) entirely fix the FFs

bound state double pole

—1 Resﬁab:iugb Fc?b(eab) - FZ[;FCO -l 1blr_n>z¢(9ab Z¢)F (eab) FC chCg(iﬁ)

—z Res —z Res
(Lb Zu ab Z
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Form factor bootstrap program

Form factor residue equations
o [Fs satisfy a set of equations which specify their monodromy properties (Watson's equations) and their pole
structure (residue equations) — altogether, these equations are enough to (almost) entirely fix the FFs

bound state double pole
—1 Resﬁab:iugb Fc?b(eab) = FZbFCO —1 1;£n>z¢(‘9ab Z¢)F (eab) FC chCg(iﬁ)
—zReS —1 Res
Oup = 1S, O =1P
Aq

kinematical pole

—i lim (6 - ) FY oD (9+i7r,9,91,...,9n):( QWZMCLHS@%(H 9)) 0 an (015, 0n)

4 4 4
—1 Res = -
=40
0 0, 0, 0 0, 0, 0 0 0,
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Form factor bootstrap program

Two-particle form factors

e in integrable models: n-particle FFs — two-particle FFs

o
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Form factor bootstrap program

Two-particle form factors

e in integrable models: n-particle FFs — two-particle FFs

e monodromy equations = Fg’gin(ﬁ) (free from poles)
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D b(@)Fab (0)’ Qab(0)7 Dab(e) : polynomials in coS
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= general solution: Fg)(@) =
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Form factor bootstrap program

Two-particle form factors

e in integrable models: n-particle FFs — two-particle FFs

e monodromy equations = Fggin(ﬁ) (free from poles)
O

Qab(e)Fngn(e) ’

Dab(‘g) ¢

e D ;(0): fixed by the singularities of the S-matrix

= general solution: Fg)(@) = Qg)b(ﬁ), D (0) : polynomials in cosh
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Form factor bootstrap program

Two-particle form factors

e in integrable models: n-particle FFs — two-particle FFs

e monodromy equations = Fggi”(ﬁ) (free from poles)
O

Qab(e)Fmin

Dab(‘g) ab

e D ;(0): fixed by the singularities of the S-matrix

= general solution: Fg(@) = (6), Qg)b(@), D (0) : polynomials in cosh

o Q%(é’): fixed by the asymptotic behavior of the form factor of the operator O:

lim Fg)(@) ~ evold| yo < Ap  (conform dimension)

0] =00

— this is the only term in the FF that contains information about the operator

o
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—
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Form factor bootstrap program

Two-particle form factors

e in integrable models: n-particle FFs — two-particle FFs

e monodromy equations = Fggi”(ﬁ) (free from poles)

(9
( ) mZ’rL
D 5 () ab
e D ;(0): fixed by the singularities of the S-matrix

(6), Qg)b(@), D ;(0) : polynomials in cosh 8

= general solution: Fg)(@)

o Qc%(é’): fixed by the asymptotic behavior of the form factor of the operator O:

lim F (0) ~ evold| yo < Ap  (conform dimension)

0] — o0
— this is the only term in the FF that contains information about the operator

cluster equation

O}Lngo Fala a, 1(6’1 a0+, 004) =

—— useful for instance to fix the value of the
= CL a(ela"'a(gT)FaOC .a (9T+17°°'79T+l) ' '
L 1G] one-particle FF from the asymptotics

of the two-particle FF

91 + Hr + 697a+1 97~+1 01 07“ 9r+1 0r+l

—
ON)
—
—
=




Results |.

What did we calculate?
AQ

—_
) —

L—)O:O' € o —> ST

)

/ \ € — leert

FFs were known

N | 000 002 co0 0
T C +C ZT—QF& - - cos(mgt)
a a
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Results |

a

o— ST

1

€ — Hpert

FFs were known

—

e simulations for various A-s = extrapolate to the scaling limit

0.8551 — A =0.0105
MWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWW ra Ve Ve e U Ua Ve W Ue We UWe Ve We We We Wa W
0.8351 — X = 0.006825
NVVWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWA AN NN NN VN NN INANAININANANANNNN
™~ 0.8151 — A =0.003675
TAVAVAVAVAVAVAV A VAV AV VAV AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAY Ve Ve Ve e e We We We W We UWe Ve UWe Ve We WaN
7 0.7951 — A =0.0021
7aVaVaVaVaVaVeVaVaVaVeVaVaVaVaVaVaVaVaVeVaVeVeVeVeVeVy ra Ve Ue e W W W W U Ue W Ve We Wa Wa WaN
0.7751 — A =0.00105
NN NN\NMNN\ NN NMNMaAN\AANAIN\AIANAINANANNANN
0.755 1 | | | | | | | | | | |
0 40 80 120 160 200 240 280 O 13 20 39 H2 65
t mlt
_ 5/9
- my = & AP/

78

Ao /5 x 10°

3.7

oo
Ut

=2
o

Go
—_

N
©

What did we calculate?

0,00 O () 2 ~O@)  ~0
C +CO 5 £ - B - cos(mgt)
a a

scaling limit

1.4

23 92.75

mlt

1.85 3.9
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Results 1.

Entropy and replica trick

A
. — H=H,®Hp

1
G =
—n

nth Rényi entropy: log Tr 494

Neumann entropy: Sle = 1im1 S{;,lB
n—
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Entropy and replica trick
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nth Rényi entropy: S48 = ;
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log Tr 404

Neumann entropy: Sle = lim S{;lB

n—1
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T, is the branch point twist field
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with conformal dimension: A7n = N
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Results 1.

Entropy and replica trick

A
. — H=H,®Hp

1
G
—n

nth Rényi entropy: log Tr 494

IH

Neumann entropy: Sle = 1im1 Sf;lB
n— Oit1(z)

Replica trick = Tryp's = (Tn(2)70(0)) o
T, is the branch point twist field

I ||

1
with conformal dimension: ATn = 2—2 (n — —) Oi(z)
n
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—
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Results [1.

Entropy and replica trick

A
. — H=H,®Hp
SAB: 1
n

nth Rényi entropy: log Trap'y

Neumann entropy: SAB = lim SAB

n—1
Replica trick = Tryp's = (Tn(2)70(0))
Ty, is the branch point twist field

1
with conformal dimension: ATr = = (n — —)
24 n

Branch point twist field form factors

K s, - new kin. poles
Q5152 (9:n) Fln (6;n) "1 "
T a1a2 min|(s1,a1)(s2,a2) D - S-matrix poles
F(Slaal)(827a’2)(0) - 2 K (9 )5a1a2D (9 n)53182 Fﬂl ( . ) o P
NP s15\U3 T apaz\“ min|(s1,a1)(s2,a9) V0" Qa1a2 from asymptotics
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Results [1.

Entropy and replica trick

A
. — H=H,®Hp
SAB: 1
n

nth Rényi entropy: log Trap'y

Neumann entropy: SAB = lim SAB

n—1

Replica trick = Tryp's = (Tn(2)70(0))
Ty, is the branch point twist field

1
with conformal dimension: ATr = = (n — —)
24 n

Branch point twist field form factors

K, s, - new kin. poles

-
S S F n (9
F% ((9) _ CL%CLZQ(H ) o m|n|(81,a1)(82,a2)( 7n) Da1a2 - S-matrix po|e5
51,41 )(S2,a - . 5a a . 53 S 7;1 P
) ez) 20 sy5,(0; 1) 1% Dy 0y (05 1) 75172 Fm|n|(81,a1)(82,a2)(m’n) Qa1a2 from asymptotics
e TFFF bootstrap " ! s & !
n _ _ _1)\2
srogram for ATn from A-theorem |0.056170(n — 1) + O((n - 1)?) 0.043278 0.078553 | 0.107572
n=1,2,3,4 exact result from CFT 0.058333(n —1) + O((n —1)2)| 0.04375 0.0777780.109375
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Results 1.

Post-quench dynamics for entropies
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Results [1.

Post-quench dynamics for entropies
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Results [1.

Post-quench dynamics for entropies

—07 _ 451 00 05 10 15 N 200 25 30 35
T T 0 5 1 15 % % %
o i - i O | CY€ theory| CY: fit
. j
0.5 0.5 ° o FM 0.04167 | 0.04053
=N 3 e FM | 0.11111 | 0.10301
X _ol X __'2_ e PM 0.11111 0.11030
ilf —2.5 ﬁ iz Ti PM | —=0.06482 | —0.06624
o -31 To PM|  0.04861 | 0.04957
4 —48] | T3 PM | 0.08642 | 0.08674
0 5 10 15 20 25 30 S T T R R R T, PM| 0.12153 | 0.12164
mqt mqt
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Work in progress

e calculation of dynamical structure factors to verify the odd particles of the £z model

e cxamination of the confinement on the spin chain to verify kinks

Future plans

e define the Kramers-Wannier duality in the Blume—Capel model
= determine the right perturbation operator

= find the exact tricritical point
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