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Motivation
What is our goal?

● statistical physics: systems with many degrees of freedom Ð→ exponential complexity

● the microscopical description unmanageable

● goal: collective, universal behavior Ô⇒ spin chains: 1D quantum systems
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Spin chains and numerical techniques
Spin chain with N sites

1. N.
H = H1 ⊗H2 ⊗ ...⊗HN

∀i ∶ dimHi = d ⇒ dimH = dN

● the pure state of the system: ∣ψ⟩ =
d

∑
α1,α2,...,αN=1

ψα1α2...αN ∣α1⟩ ⊗ ∣α2⟩ ⊗ ...⊗ ∣αN⟩

↪ dN pieces of ψα1α2...αN ⇒ exact calculations are limited

● can we find a more efficient way to describe these states?

Area law and Schmidt states
L R H = HL ⊗HR ∣ψ⟩ ∈ H

Schmidt decomposition: ∣ψ⟩ =
χ

∑
α=1

Λα ∣α⟩L ⊗ ∣α⟩R , where ∀α ∶ Λα ≥ 0

∑
α
Λ2α = 1

● entanglement entropy: S = −∑
α
Λ2α log(Λ2α)

● area law:
χ

∑
α=1

Λα ∣α⟩L ⊗ ∣α⟩R ≈ ∣ψ⟩ , where χ≪ dN

Ô⇒ This property allows for the Matrix Product State (MPS) representation of one-dimensional quantum states.
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Spin chains and numerical techniques
Matrix product state

∣ψ⟩ = ∑
j1,...,jN

A[1]j1A[2]j2.....A[N]jN ∣j1, ..., jN⟩

● linear algebra theoremÐ→ A[n]jn = Γ[n]jnΛ[n]

⇒ ∣ψ⟩ = ∑
j1,...,jN

Γ[1]j1Λ[1]Γ[2]j2Λ[2]...Γ[N]jNΛ[N] ∣j1, j2, ..., jN⟩

● if the spin chain is infinite and translational invariant: ΛA, ΛB, ΓA, ΓB

. . . . . .

ΓA ΓB ΓA ΓB ΓA ΓB ΓA
ΛB ΛA ΛB ΛA ΛB ΛA

Time evolution with infinite Time Evolving Block Decimation (iTEBD) algorithm

∣ψ(Nδt)⟩ =
N

∏
i=1
U(δt) ∣ψ(0)⟩ , where U(δt) = e−iHδt

and δt ∈ R or δt = −iδτ (δτ ∈ R)
● imaginary time evolution Ð→ define ground state

● real time evolution Ð→ post-quench dynamics
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Blume–Capel spin chain and E7 quantum field theory

Blume–Capel spin-1 quantum chain

HBC = ξ
N

∑
i=1
[α(Sxi )

2 + βSzi + γ(S
z
i )

2 − Sxi S
x
i+1] , spins: 0,±1

αtc = 0, 910207(4)
● tricritical point: βtc = 0, 415685(6)

γ = 0
[G. von Gehlen, 1989]

● matrices: Sxi =
1√
2

⎛
⎜
⎝

0 1 0
1 0 1
0 1 0

⎞
⎟
⎠
i

, Szi =
⎛
⎜
⎝

1 0 0
0 0 0
0 0 −1

⎞
⎟
⎠
i

Phase diagram

0.0 0.5 1.0 1.5 2.0 2.5

α

0.0

0.5

1.0

1.5

2.0

β

1st order PT

2nd order PT

H⊥pert − PM phase

H⊥pert − FM phase

H
‖
pert

tricritical point

The relation between the scaling limit of the spin chains and the field theories
● spin chains: 1D quantum systems Ð→ special property: critical points can be described with CFT

● scaling limit: at a critical point, the correlation length is divergent, so the lattice spacing becomes irrelevant, and
the spin chain converges to a continuous quantum field theory in the scaling limit.

Ô⇒ This connection makes it possible to obtain field theory results from a spin chain.

● measurable quantities (spin chain operators) ←→ QFT operators ⇐Ô symmetries+dimensional analysis
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Blume–Capel spin chain and E7 quantum field theory
E7 quantum field theory

field name weights η N

σ leading magnetic field ( 380,
3
80) −σ µ

ϵ thermal field ( 110,
1
10) ϵ −ϵ

HE7 =HTIM + λ̃∫ dx ϵ(x)

exact numerical parity excitation
m1 1 odd kink
m2 = 2m1 cos

5π
18 1.285(6) even particle

m3 = 2m1 cos
π
9 1.879(4) odd kink

m4 = 2m1 cos
π
18 1.969(6) even particle

m5 = 4m1 cos
π
18 cos

5π
18 2.532(1) even particle

m6 = 4m1 cos
2π
9 cos π9 2.879(4) odd kink

m7 = 4m1 cos
π
18 cos

π
9 3.701(7) even particle

Phase diagram

0.0 0.5 1.0 1.5 2.0 2.5

α

0.0

0.5

1.0

1.5

2.0

β

1st order PT

2nd order PT

H⊥pert − PM phase

H⊥pert − FM phase

H
‖
pert

tricritical point

Operator correspondences

σ(x = na) = a−3/40s̄Sxn

ϵ(x = na) = a−1/5ēEn ≈ a−1/5ēh⊥n

The perturbation

HE7 = ξ {∑
i

[αtc(Sxi )
2 + βtcSzi − S

x
i S

x
i+1] + λH

⊥}

H⊥ = ∑
i
h⊥i = ∑

i

(− sin θ(Sxi )
2 + cos θSzi )

with tan θ ≈ 2.224
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Post-quench dynamics
Why study quantum quenches?

● in real systems the parameters change over time
● equilibrium → non-equilibrium dynamics

● quench = controlled, well-defined non-equilibrium protocol

The derivation of the post-quench dynamics of expectation value of an operator in the QFT
Hpre =HCFT + λ̃ ∫ dx O(q)(x) Ð→ ground state: ∣Ω⟩pre

Hpost =HCFT + (λ̃ + δ̃λ) ∫ dx O(q)(x) Ð→ ∣Ψ(t)⟩ = e−iHpostt ∣Ω⟩pre

Hpre =Hpost + (−δ̃λ) ∫ dx O(q)(x)

small

Ô⇒ Rayleigh-Schrödinger perturbation theory ∶ ∣Ω⟩pre = ∣Ω⟩post + 2πδλ∑
l≠Ω

δ(ppost
l
)

E
post
l

(FO(q)l )
∗
∣l⟩post +O(δ2λ) ,

post ⟨Ω∣O(q)(0) ∣l⟩post

where ∑
l≠Ω
∶=
∞
∑
n=0
∫
p1<p2<⋅⋅⋅<pn

n

∏
j=1

dpj

2π ⋅ ẽ(pj)
= ∑

a
∫

dpa
2π ⋅ ẽ(pa)

+∑
a,b
∫

dpa
2π ⋅ ẽ(pa)

dpb
2π ⋅ ẽ(pb)

+ . . .

What we want to calculate: ⟨O(t)⟩post = ⟨Ψ(t)∣O(0) ∣Ψ(t)⟩
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2π ⋅ ẽ(pb)

+ . . .

What we want to calculate: ⟨O(t)⟩post = ⟨Ψ(t)∣O(0) ∣Ψ(t)⟩

8 / 17



Post-quench dynamics
Why study quantum quenches?

● in real systems the parameters change over time
● equilibrium → non-equilibrium dynamics

● quench = controlled, well-defined non-equilibrium protocol

The derivation of the post-quench dynamics of expectation value of an operator in the QFT
Hpre =HCFT + λ̃ ∫ dx O(q)(x) Ð→ ground state: ∣Ω⟩pre

Hpost =HCFT + (λ̃ + δ̃λ) ∫ dx O(q)(x) Ð→ ∣Ψ(t)⟩ = e−iHpostt ∣Ω⟩pre

Hpre =Hpost + (−δ̃λ) ∫ dx O(q)(x)

small

Ô⇒ Rayleigh-Schrödinger perturbation theory ∶ ∣Ω⟩pre = ∣Ω⟩post + 2πδλ∑
l≠Ω

δ(ppost
l
)

E
post
l

(FO(q)l )
∗
∣l⟩post +O(δ2λ) ,

post ⟨Ω∣O(q)(0) ∣l⟩post

where ∑
l≠Ω
∶=
∞
∑
n=0
∫
p1<p2<⋅⋅⋅<pn

n

∏
j=1

dpj

2π ⋅ ẽ(pj)
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Post-quench dynamics
The time evolution of the expectation value of an operator after a global quench

∆O
Ō =

δ̃λ

λ̃
⋅ [CO,O(q) + CO(q)∑

a

2

r2a
⋅ F̂O(q)a ⋅ F̂Oa ⋅ cos(mat) + . . . ] + O(δ̃2λ)

∆O
2 −∆q

it doesn’t matter, because we don’t know the normalization

F̂Oa =
FOa

post ⟨Ω∣O(0) ∣Ω⟩post
= post ⟨Ω∣O(0) ∣E1⟩a

post ⟨Ω∣O(0) ∣Ω⟩post

we put an a-type particle
in the vacuum with energy E1

(F̂O(q)ab )
∗
⋅ F̂Oab

Quench protocol on the spin chain
● pre-quench Hamilton: Hpre =HTBC + λ0H⊥pert

● post-quench Hamilton: Hpost =HTBC + λH⊥pert,

where λ = λ0 + δλ with δλ = 0.05λ0
● we define the ground state of Hpre by using the iTEBD algorithm

● after the quench we time evolve this ground state with Hpost

⇒ we can study post-quench dynamics

E7 → E7 quench

0.91380 0.91385 0.91390 0.91395 0.91400 0.91405 0.91410

α

0.41730

0.41732

0.41734

0.41736

0.41738

0.41740

0.41742

0.41744

0.41746

β

(α0, β0)
λ0

(α, β)
λ = λ0 + 0.05λ0

5% quench
in the PM phase

pre− quench

post− quench
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Form factor bootstrap program
S-matrix

Sab(θ) = (−1)δab ∏
α∈Aab

(−fα(θ))pα ,

fα(θ) =
tanh 1

2 (θ + iπ
α
18)

tanh 1
2 (θ − iπ

α
18)

ucab = arccos
⎛
⎝
m2
c −m2
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Form factor bootstrap program
What are the form factors and why we need to calculate them?

⟨O(x, t)O(0, 0)⟩ =
∞
∑
n=0
∫
θ1>θ2>⋅⋅⋅>θn

dθ1
2π

. . .
dθn
2π
× ∣⟨0∣O(0, 0)∣Aa1(θ1) . . .Aan(θn)⟩∣2e

−∣N ∣∑nk=1mk cosh θk

FOa1,...,an(θ1, . . . , θn) = ⟨0∣O(0, 0)∣Aa1(θ1) . . .Aan(θn)⟩

O

Aa1 Aa2 Aan

. . .

Form factor axioms
● theory ⇒ Lorentz invariance ⇒ dependence only on the rapidity differences

● S-matrix ⇒ monodromy properties:
exchange property

FOa1...aiai+1...an(θ1, . . . , θi, θi+1, . . . , θn) =

= Saiai+1(θi−θi+1)FOa1...ai+1ai...an(θ1, . . . , θi+1, θi, . . . , θn)

O

θ1 θi θi+1 θn

. . .. . .

= O

θ1 θi+1 θi θn

. . .. . .
Si,i+1

cyclic property / crossing symmetry

FOa1...an(θ1 + 2πi, θ2, . . . , θn) =

= FOa2...ana1(θ2, . . . , θn, θ1)

O

2πi + θ1 θ2 θn

. . .

= O

θ1θ2 θn

. . .
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Form factor bootstrap program
Form factor residue equations

● FFs satisfy a set of equations which specify their monodromy properties (Watson’s equations) and their pole
structure (residue equations) Ð→ altogether, these equations are enough to (almost) entirely fix the FFs

bound state

−iResθab=iucabF
O
ab(θab) = Γ

c
abF
O
c

−iRes
θab = iucab

O

Aa Ab

= O

Aa Ab

Ac

ucab

Γcab

double pole

−i lim
θab→iϕ

(θab − iϕ)FOab(θab) = Γ
c
adΓ

e
bdF
O
ce(iη)

−iRes
θab = iΦ O

Aa Ab

= O

ϕ

η

Aa Ab

Ac

Ad

Ae

Γcad Γebd

Sce

= O
Ac Ae

Ad

Aa Ab

uc
ad ue

bd

ub
de

ua
cd

kinematical pole

−i lim
θ̃→θ
(θ̃ − θ)FOaāa1...an(θ̃ + iπ, θ, θ1, . . . , θn) =

⎛
⎝
1 − e2πiωa

n

∏
j=1

Saaj(θ − θj)
⎞
⎠
FOa1...an(θ1, . . . , θn)

−iRes
θ̃ = θ

O

θ

θ̃

θ1 θn

. . .

=

θ

θ̃

O

θ1 θn

. . .

− O

θ1 θn

. . .

θ

θ̃
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Form factor bootstrap program
Two-particle form factors

● in integrable models: n-particle FFs Ð→ two-particle FFs

● monodromy equations ⇒ Fmin
ab
(θ) (free from poles)

⇒ general solution: FOab(θ) =
QO
ab
(θ)

Dab(θ)
Fminab (θ) , QOab(θ), Dab(θ) ∶ polynomials in cosh θ

● Dab(θ): fixed by the singularities of the S-matrix

● QO
ab
(θ): fixed by the asymptotic behavior of the form factor of the operator O:

lim
∣θ∣→∞

FOab(θ) ∼ e
yO∣θ∣ yO ≤ ∆O (conform dimension)

↪ this is the only term in the FF that contains information about the operator

cluster equation

lim
α→∞F

Oa
a1...ar+l(θ1 + α, . . . , θr + α, θr+1, . . . , θr+l) =

= FOba1...ar(θ1, . . . , θr)F
Oc
ar+1...ar+l(θr+1, . . . , θr+l)

lim
α →∞

Oa

θ1 + α θr + α θr+1 θr+l

. . .. . .

= Ob

θ1 θr

. . .

Oc

θr+1 θr+l

. . .

Ð→ useful for instance to fix the value of the
one-particle FF from the asymptotics

of the two-particle FF
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Results I.
What did we calculate?

∆O
Ō ≈

δ̃λ

λ̃
⋅ [CO,O(q) + CO(q)∑

a

2

r2a
⋅ F̂O(q)a ⋅ F̂Oa ⋅ cos(mat)]

O = σ , ϵ σ Ð→ Sx

ϵÐ→H⊥pert

FFs were known

● simulations for various λ-s ⇒ extrapolate to the scaling limit
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m1 = ξ ∣λ∣5/9
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Results II.
Entropy and replica trick

B BA
H = HA ⊗HB

nth Rényi entropy: SABn = 1

1 − n logTrAρ
n
A

Neumann entropy: SAB1 = lim
n→1

SABn

Replica trick ⇒ TrAρ
n
A = ⟨T̄n(x)Tn(0)⟩

Tn is the branch point twist field

with conformal dimension: ∆Tn = c

24
(n − 1

n
)

Branch point twist field form factors

F Tn(s1,a1)(s2,a2)
(θ) =

Q
s1s2
a1a2(θ;n)

2nKs1s2(θ;n)
δa1a2Da1a2(θ;n)

δs1s2
×
F Tnmin∣(s1,a1)(s2,a2)

(θ;n)

F Tnmin∣(s1,a1)(s2,a2)
(iπ;n)

Ks1s2 - new kin. poles

Da1a2 - S-matrix poles

Q
s1s2
a1a2 - from asymptotics

● TFFF bootstrap
program for
n = 1 , 2 , 3 , 4

n 1 2 3 4

∆Tn from ∆-theorem 0.056170(n − 1) + O((n − 1)2) 0.043278 0.078553 0.107572

exact result from CFT 0.058333(n − 1) + O((n − 1)2) 0.04375 0.077778 0.109375
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Results II.
Post-quench dynamics for entropies

∆Tn
T̄n
= δλ
λ
[CTn,ϵ + nCϵ∑

a

2

r2a
⋅ F̂ ϵa ⋅ F̂ Tna ⋅ cos (mat)] ⇒ Sn(t) − Sn(0) =

1

1 − n ⋅
∆Tn
T̄n
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O CO,ϵ theory CO,ϵ fit

σ FM 0.04167 0.04053
ϵ FM 0.11111 0.10301
ϵ PM 0.11111 0.11030
T1 PM −0.06482 −0.06624
T2 PM 0.04861 0.04957
T3 PM 0.08642 0.08674
T4 PM 0.12153 0.12164
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Outlook

Work in progress

● calculation of dynamical structure factors to verify the odd particles of the E7 model

● examination of the confinement on the spin chain to verify kinks

Future plans

● define the Kramers-Wannier duality in the Blume–Capel model

⇒ determine the right perturbation operator

⇒ find the exact tricritical point
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