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Introduction

Reminders

» The hyperbolic (Ay_1) Calogero-Moser systems are integrable
systems describing N particles on the line with hyperbolic pair
interaction.

» The nonrelativistic quantum version is defined by the Hamiltonian
2 O
H=-ZD 0 +9(g-n) > V(x-x)
j=1 1<j<I<N

with z > 0 (Planck’s constant), g € R (coupling constant), and
pair potential

V(x) = /4 sinh?(ux/2), u> 0.

» The N = 2 Schrédinger equation can be solved via the conical
function, a specialization of the Gauss hypergeometric function.



Associated integrable system (N commuting PDOs):

N
Hh=—ih) 0y Ho=—1* 3 Oy 0q—g(g=h) > Vix-x),
=1

1<ji<p<N 1<j<I<N

Hy = (—in)¥ Z O, -+ Ox, +1.0, k=3,... N,

1< <<k <N

where |.0. = lower order in partials. Thus, the defining
Hamiltonian is given by

H=H?/2 - H,.

Integrable versions exist for Lie algebras By, ..., Es, F4, Go
(Olshanetsky/Perelomov, Oshima) and BCy (Inozemtsev,
Oshima).

N > 2 eigenfunctions: Harish-Chandra, Heckman/Opdam,
Felder/Varchenko, Chalykh,...



Introduction
Goal

» By proceeding recursively in N, construct joint eigenfunctions
Wn(x, p) of the Hamiltonians Hy:

Hk(X)\UN(X,p):Sk(p)WN(X,p), k:17"-5N7

where
Skp)= Y. By P

1<h<--<JksN

» For convenience, we rewrite Wy(x, p) as

Un(g: (X1, xn), (Pr, - - o)) = Wi(g/hi px/2)"/?
x Fn(g/h; (px1/2, ... uXn/2), (2p1 /Dy, - . ., 2PN/ yr))
with

Waht)= [ @sinh?(t — 81
1<j<k<N



Introduction

Main results
» Assuming Re A > 1, u € RN and [Imt)| < 7/2, we obtain

Fn(\; t ) / Aﬁ H1<j<k<n[4 Sinhz(tnj — tox)*
NNt u) =
RNN-1)/2 22 ] Hn+1 [Tr_ [2cosh(tri1,j — tnk)])\
N—1 n

X exp (/Z Un (Z ty — Z_: tn1,/’>) 1T 1T ot
=\ =i =

n=1 j=1

where
tN/’Etj, j:1,...,N.

» This integral can also be written

exp (’UN Zf/ H exp (i(Un — Uns1 )t + -+ + ton))

tin <o+ <t

[Ti<jck<nl2sinh(tn; — tk) )12 f[dt
nj-
Hn+1 [Tk—1 [2cosh(tas1, — tk ]A =1



Introduction

Tools

A crucial ingredient is an explicit description of the eigenvalue
equations for Fy.

» The starting point consists of the Lax matrix
L0t W) = 50+ (1 — G —— >
» 2k = Ok ) sinh(t; — t)

and the diagonal matrix
E(t) = diag (wy(t), ..., wn(t))

with
wi(t) = —ix )~ coth(t — ).



» We let: 34(L + £)(t) : denote the normal-ordered PDOs
obtained from the symmetric functions

Th(L(tu)+EM) = D det(L(tu)+ E(1))

by performing the substitutions

U/—>—/at/, j:1, N.

9

» The Hamiltonians H(\; t) = (2/hu)X Hk(\h; 2t/ 1) are given by
(S.R)

He(M t) = W()V2 S (L+E)(H) : W(t)~1/2
» It follows that Fy(t, u) should satisfy the eigenvalue equations

SSk(L+E)H) : Fn(t,u) = Sk(u)Fn(t,u), k=1,....N.



Another key ingredient is given by so-called kernel functions.

» Given a pair of operators H;(v) and Hz(w), a kernel function is a
function W (v, w) satisfying

Hi(V)V(v,w) = Ho(W)V(v, w).

Here, v and w may vary over spaces of different dimension.

» There exist elementary kernel functions that connect the PDOs
:2k(L+ E)() : to asum of PDOs in variables sy, ..., Sy_¢.
(Langmann for k=2, Halln&s/S. R. for k>2.)

» For ¢ = 1 this connection can be used to set up a recursive
scheme yielding the above explicit integral representations of the
joint eigenfunctions Fy.

» For A = 1/2 recursive H-eigenfunctions were previously found by
Gerasimov/Kharchev/Lebedev, and for A = —1,-2,... by
Felder/Veselov. (Relation unclear to date.)



N = 2 case
FromN=1to N=2

» For N =1 we set
Fi(t, u) = exp(itu),

which obviously satisfies
—i0tF(t, u) = uF4(t, u).

» Now consider

Fa(\it,u) = ettt / dSKE(N: £, 8)Fi (S, Us — Ua)
R
with kernel function

Ki(A;t,8) H[2cosh — )
j=1



» If Re A > 0 and u € R?, then the integrand decays exponentially
as |s| — oo. It has singularities only at

s:tjiig(2n+1), j=1,2, neN.
» Hence F»(\; t, u) is well defined as long as
Rel >0, uelR?
and t € C? satisfies

Imt| <7/2, j=1,2.



N = 2 case
Holomorphy

> F>(A; £, u) has analytic continuation in (A, f) to
{\ € C|Re A > 0} x {t € C¥||Im(t — b)| < 7}.
» Follows via contour shifts:

*t+in/2

*t+im/2 R + in

*tp—ir)2
*t—ir/2

where we can choose n = Im (t + &)/2.
» Can allow u € C? such that |Im (uy — u2)| < 2Re \.



N = 2 case

Eigenfunction property

We claim that F>(); ¢, u) is a joint eigenfunction of the PDOs
: fgz)(ﬁ +E)(t) := —i(0y + Op,),
SO L+ E)(t) := —04,0, + Acoth(ty — ) (8y, — By,) + N2,
» Key point: eigenfunction identity
SO (Lt )t Ki(t,s) =0,
and kernel identity
3B Lre)t) Kty s) = £\ (L+E)(—s) : Kh(t, s) = iDsKCh(t, 5).

» By analyticity, need only consider f € R and A > 0 (say).



To establish the eigenfunction property for : iﬁz)(ﬁ +E)(1): (e. 9.), we
use the following 7 steps.

1. Recall that
Fg()\; t, U) = glte(titt) / dS’Cg()\; t, S)F1(S, uy — Ug).
R
2. Act with : )AZSZ)(E + £)(1) :, and shift through plane wave:
elei+t) - RN g 4 up1o)(1) - /dsKg(A; t,S)Fi(s, uy — o).
R
3. Note the expansion

SO+ €+ up12)(t) = EP(L+E)(1) : +2ue.

4. Act with PDO under the integral sign and invoke kernel identity:
glielt +) / dsFi(s, us — us) : SO(C + €)(=s) : (A1, )
R

+ 2U26iu2(t1+12) / dS’Cg(/\; L, S)F1(S7 uy — Uz).
R



5. Recall that : fﬁ”(ﬁ + &)(—s) := ids, and integrate by parts:
glielti+t) /]R dski(n: t,) : £(L+ E)(s) : Fi(s, s — )
+ 2U26iu2(t1+12) / dS’Cg()\; t, S)F1 (S, uy — U2).
R
6. Use eigenfunction property for Fi:
(U — Uz + 2u2)e’”2("+t2)/ dsiCh(\; t, 8)Fi (s, uy — o).
R

7. Conclude that
SB(L+ Y1) : Fa(t,u) = SP () Fa(t, u),

where 852)(a1 ,8) = a1 + a.



N = 2 case
A bound

» Let u € R2 ForRe\ > 0and [Im(t; — t)| < m, we have the
F>-bound

[Fa(A tu)| < C(A, [Im (4 — &)))

% exp(—Im (t + B)(uy + Up) /2) e (b — &)

sinh(Re ARe (t; — b))’
» This bound readily follows from the integral evaluation

/ ds .z
r [[5—, _2cosh(s+0z/2)  2sinhz’




Recursion scheme

Kernel function

» The function

N N-1
Ky(nits) =[] []12cosh(t — s>, N>1,
j=1 k=1

satisfies the eigenfunction identity
SR+ (D) Kt s) =0,
and the kernel identities
(M cre)t)y: —: S (L4E)(—s)  )KE(t,8) =0, k<N.

» This connection between the N and N — 1 variable cases can be
used to recursively construct the joint eigenfunctions Fy of the N
PDOs : Z (£+€)( ), k=1,...,N.



Recursion scheme

Formal structure

» Assume the function Fy_1(t, u), t,u € CN=1, has been
constructed.

» Then Fy(t,u), t,u € CV, is formally given by

glin e b
(N - 1)' RN-1
X Fn—1(S, (U1 — UN, -+, UN—1 — UN)).

Fn(t,u) = dsWi_1(s)KCi(t, s)

» Have shown Fy()\; t, u) is well defined for Re A > 1 and t € CN
such that [Im t| < 7/2 (and u € RN), and continues analytically to

{AeCReA>1} x {teCV| max_ _[Im (¢ — t)| < 7}.

1<j<k<



An_1 Heckman-Opdam hypergeometric function

» Fa,_,(\ k; h) depends on three types of parameters:

» coupling parameter k € C,
» eigenvalue vector A € CV,
» aquantity h, which can be viewed as a diagonal N x N matrix with

det(h) = 1.
» For t € CN suchthat "¢t =0, let

h(t) = diag (6", ..., &*™).

» Comparing eigenvalue equations and normalisations, we

deduced
Fn(X; t, u)

Fa,_,(iu/2,X; h(t)) = Fu(n0,0)

where >~ i =% u;=0.



Relativistic generalisation

Reminders

» Given by 2N commuting analytic difference operators

Acs = ZHS‘S(S);’"XTHexp —ia_s0x,),

= kmgl mel
n

where k=1,...,N,§ =+,—, and
s5(2) = sinh(nz/a;5).

» Physical picture: The imaginary periods and shift step sizes are
determined by the length parameters

. =27/u, (interaction length),

a_ =h/me, (Compton wave length),

with i Planck’s constant, m particle mass and c speed of light.



Relativistic generalisation

Tools

» The hyperbolic gamma function
G(ay,a-; z) = exp(ig(as, a-; 2)),

with

(z):/mﬂ sin2yz . Z

9l2)= o ¥ \2sinh(a,y)sinh(a_y) aja.y)’
for|Imz| < (ay +a-)/2.

» The kernel function

N N—1 1
G(x; — yx — ib/2)
Sy(bix,y) = jl} k]} G(X — yk + 1b/2)’

which satisfies the 2N identities

ALS b xy) = (AL (=) + AL (=) ) Sk x. ).



Relativistic generalisation

Sketch of results

» For N =1 we set

) 27
J1(X7y) :eXp(IOAXy), o= a+a_'

» For N > 1 we construct joint eigenfunctions Jy(x, ), x,y € CV,
recursively according to

n(X, y) = giomtrt= ) / dzWn_1(2)S5(x. 2)

RN—1
X IN-1(Z, (V1 — YN, -+ YN—1 — YN))
with
Wi(z) = H W(Zm — zn),
1<m<n<M

w(z) =1/c(z)e(—z), c(z) = G(z+ ia— ib)/G(z + ia).
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