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1. Characteristic gluing problem




Initial value formulation of GR

The vacuum Einstein equations can be formulated as an initial value problem

The initial data must admit to the appropriate constraints
T
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Perturbative characteristic gluing problem

perturbed sphere & N null surface
sphere data: — —2 in M,

!/ /
2, Lo

52

gluing surface:

Nl

Sla L1

Characteristic gluing: connecting | and N> using a surface A with the dataset «, such that

1. The null constraint equations are satisfied everywhere along Ny U N/ U N,

2. Tlg, =1 and 37|Sg = T



Obstructions to gluing

One cannot always find an x dataset that satisfies the criteria

Obstructions: conservation laws arising from the null constraint equations

Gauge-invariant obstructions: a finite number of charges, that are invariant of the perturbations

Gauge-dependent obstructions: an infinite number of charges, which can be removed with
suitably chosen sphere perturbations



2. Conserved radial charges




Bondi metric

Describes a general asymptotically flat spacetime in the z* = (u, 7, =)
coordinates:

y
gudrtds” = ——e* du® — 2¢* dudr
T

+ r°yaB (da:A — UAdu> (da:B — UBdu)

A spacetime is asymptotically flat at null infinity if it admits to the expansion:

s = han + B 042 | Hermann Bondi [2]
.
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UA = 28 + — ( — N4+ —DA(OBCCBC) + ECABDCCBC) -+ O(T'_4) ;

2r? r3 3 16
V=r—2M+0@0", CaB bondi shear
3= 10%Cap +O(r®). N4 angular momentum aspect

_ .
e M mass aspect



Radial charges

From the null constraint equation one can derive conservation laws for quantities

1. With an arbitrary Y+ conformal Killing vector of the unit 2-sphere:

[1]
Q(YA) — /dQQ YA {T%‘Qﬁq/AB(@TUB) -+ QTQDAB}

2. If the function A(x4) is an arbitrary linear combinantion of constants and ¢ < 1
spherical harmonics, we have:

2]
Q(N) = /dQQ )\(Ve_% — ge_%DAa,«(?“ZUA) — TDQB)

Along any u = const. hypersurface



Radial charges

Relevance to the gluing problem: they are gauge-idependent obstructions of the 4-dimensional
C? gluing when m = 0.

The gluing is only possible when the two charges evaluated on S, and S, equipped with the
sphere data x, and x, satisfy:

O] (Y4) = Ofa] (Y4) and Qlz1) (V) = Qla] (V)



3. ADM charges




ADM charges

Arnowitt, Deser and Misner: 3+1 foliation with t = const surfaces, Hamiltonian dynamics of GR

1. Energy
Total energy (matter + gravitational field) of an asymptotically flat spacetime
. 1 b _a
EADM = —Tlil’élo g [92(Rab — Rhab)X n®dA X — xaaa

2. Angular momentum

The ADM angular momentum is defined as

1 .
(Lapy)a = lim — [ (Kpe — trKhye) (da))n’ dA

r—oo &7 g

where the conformal Killing vector (¢)s = a2 is a rotation field in R.
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Comparison between ADM and radial charges

2]
1. ADM energy and Q(1)
The ADM energy is

Eapa = lim (M+(9(7"—1)) — M

r—00

assuming M = const. Whereas the 2nd radial charge after an asymptotic series expansion
2]

lim Q(1) = lim [ d2Q (— oM + O(r—l)) — 87 M

T—00 Tr—00

Therefore it is clear that

[2]
lim Q(1) o< Fapm

Tr—00
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Comparison between ADM and radial charges
[1]
2. ADM angular momentum and Q)(H é,m))

Magnetic spherical harmonics:

1

HY™ =
0+ 1)

x DY (Ema) % : Hodge dual

The non-linear forms do not match, so let's try
- Linearizing around Minkowski  Guv — Guv + Eh,w

- Choosing the gauge where hyr =0 = 08=0
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Comparison between ADM and radial charges
[1]
2. ADM angular momentum and Q)(H é,m))

Thus the ADM angular momentum is

/2
Lipy = ?ﬂ /d2Q (T‘Q&,huA — 2rhuA)Hél,ma)

And the first radial charge in the §5 = 0 gauge is

1]
QH{ ,.\) = — / dQQ(TQGThuA _ 27"huA) HE

[1] A 3 I
QUHE 1)) =\ 5 Lapas

Thus
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4. BMS charges




BMS charges

Bondi-van der Burg-Metzner-Sachs group: symmetry group of asymptotically flat spacetimes at z

- includes the isometry group of Minkowski spacetime, the Poincaré group

- and an infinite number of supertranslations (generalization of the 4 Minkowski translations)
shifts u independently at every angle on [

There exists a charge for every generator and each cross section of It

On a u = const cut the charge associated with the generator

b= 5(u—u)DaY? 0, +Y 04 = SrDaY 10,
IS
Q(é) = 16% /sz (%?”QDAYA + ’I”SDAYAaTﬁ —pte20 VAR y4 6TUB)
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Comparison of BMS and radial charges

[1]
Let's compare the BMS charge with Q(Y*!)

After linearization in the 05 = 0 gauge

-\ 1 2 2 . A
Q&) = 1 / d Q(fr 8. h n 2rhuA)Y
- match
[1] A 2 2 A
QY"?) = —/d Q(r Orhya — 2rhuA)Y




Summary

2]
1. The charge Q(1) is proportional to the ADM energy in the asymptotic limit.

1]
2. The linear charge Q(Hﬁ,ma)) Is proportional to the linear ADM angular momentum.

[1]
3. The linear charge Q(Y*) is proportional to the Q BMS charge.
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Thank you for your attention!
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Appendix




A. Charges in slowly rotating
Kerr spacetime




Charges in slowly rotating Kerr spacetime

Before the exact stationary, axis-symmetric solution by Kerr, Lense and Thirring gave an
appoximate solution

oM OMa N2 2M N 1
udaide” = — (1 _ —)dtQ + 2 gin? H(dgb _ adt) + (1 _ 7) dr? + r2de?

r T3 r

It can be regarded as the small a limit of the Kerr metricas g, =~ g,,,(a) + O(a?)

Josef Lense and
Hans Thirring [3,4]
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Charges in slowly rotating Kerr spacetime

The ADM charges of Lense—Thirring spacetime:
SM3a*(4M —r) + 3r°(2M + r)(4M + 1)

E = lim M — M
ADM ngo 3r5/2(2M + 1)5/2
(Papm)a =
(Capm)a =0
. SM?
(Lapam)r =0, (Lapam)e =0, (Lapm), = Tli}rgloa M + 30 1 1) = aM

And the radial charges:



B. Transport equations




Further transport equations

From additional null constraint equations one can find more gauge-dependent obstructions
Gauge-dependent: can be removed with suitably chosen sphere perturbations

Goal: find the obstruction of the continuous gluing of auhuA
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Further transport equations

From additional null constraint equations one can find more gauge-dependent obstructions
Gauge-dependent: can be removed with suitably chosen sphere perturbations

Goal: find the obstruction of the continuous gluing of auhuA

(1) o o
From the transport equation 9. H, 4, = iDB (P + 25) hap »Where P(h),p = (%D2 — 5) hag

and 4>

(1) . . 1 o 3 o o v
Houn = 30uhua + 10, 0uhus = 5 50,0 hap + S0, (r*DPTS[Da(hun)) )
V = B V © B 3 = B
- 4—7‘4D arhAB - 4—705D hAB - @D P(h)AB
we obtain the charge [0]
(1)
A\ 2 A
Ql(ﬂ)—/sng”HuA ﬂA:Ezl,QSH
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Further transport equations

(1)
Let's find the non-linear H ,, 4 . From the derivation of the appropriate transport equation we find

(1) (0) 1 3
Hyp =— 0,Hun+ Q—DBaWAB + gr_8/3ar(r8/3DBTS[DAUB])
T
+ L DBO(VOap) — 3¢ pers [D D ﬁ]

where ©) )
Hop:=——Dsp + 36_26UA + T‘B_?ﬁ’yABaTUB
r
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Further transport equations

(1)
Let's find the non-linear /7, 4, . From the derivation of the appropriate transport equation we find

(1) (0) 1
Hyp:=—0,Hua+ Z—DBauWAB + STS/?’@T(T8/3DBTS[DAUB])
T
1 5 3e?? o
+ 25 D"0(VO,7a8) — T D"TS| DaDps]
where
(0) 4 2 2 B
Hyp:=——Dsfb + 3¢ 6UA +re 57A56’TU
A
After asymptotic series expansion, the first non-zero order is news tensor:
" . . Nap = 0,CaB
H,a = liNBCf)BCAC — E (IO)CEC + 5) BBCAB r3 -+ O(’F—4)
annihilates ¢ = 1,2 SH-s el
. . . N . 0pHus = = DP (P + 22 ) hap
The residual charge associated with the C- gluing problem is 45
1 o
A A C _
Q. (ut) = o /dZQ T (NB DBCAC) +0(r™)
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