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Effective theory of dissipative forces in harmonic systems:

» linearly coupled harmonic oscillators
» a point charge in CED

» particle in an ideal fermi gas

>

equations of motion of the current in an ideal fermi gas



Harmonic oscillators

Equations of motion

System x; environment y:

L= m. 121 2
—5 - +]x+z Yn — GnYnx
Stability: Zn o < m2w3
In. cond.: x(ti) = @(t;) = yn(ts) = yn(ti) =0, t; > —o0
EoM y,, : My, = —MWpYn — Gn® =—>Yn(w) = ngjfii%
z —j(w) = [m(w? = wf) - 27 (W)]e(w)
. r _ gn 1
Self energy: by (OJ) = n Hm
Solution: z(t) = [dt'D"(t —t')j(t')
Green function: D" (t) = [ 4= e

27 m[(w+ie)2—w2]-37 (w)



Harmonic oscillators

Equations of motion

Spectral function: p(2) = > A d(wn — Q)

n 2mwny,
o 2p(Q)
Self energy:  X7(w) = X, B wrgrmar = J gt
: (V)¢ 2 ;
Ohmic form: p(Q) = Wgﬁm) =T (w) = — 41 32D++§;2z
Green function: D7(t) = [ 9« e "

271 m[(w+tie)2—w2]-7 (w)

2 .
EoM: 0= [m(.u2 + 255 35;5% — mw? | z(w)

O (w): Newton’s friction force
o (w2): acausality



Irreversibility, dissipation and acausality

Normal mode mixing

Harmonic model: L = %42 mw" 2+ Y, (%yi - m;i Yn — gnynm)
(Rubin 1960,...,Caldeira, Leggett 1988,..., Hu, Paz, Zhang (1991),...)

Energy injected into x: - distributed over infinitely many
normal modes
- observation time t,: O (ti) line spread
- no gap: oo many unresolved modes by
finite time observations: dissipation

Effective spectral function: p(i)
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Irreversibility: [hmT_>OO7 limpy 0] # 0, phase transition

m=1
(—UO

W1 %0 H\

Acausality:
» integration of Newton’s equation =finite systems are causal
> infinite systems: [limy_; o0, limaz—o] # 0



Extended action principle

Problem 1.: T and irreversibility of an effective theory
System: x, environment: y

Dynamics time translation invariant, T-invariant =S|z, y|
[ Wl 0S[my]

EoM: 28zl — 25[ral —

In. cond. s x(ty), 2(t;), y(t:), y(t;) are given

Effective theory: [ U ==y = ylz], Sefslz] = Sz, y[z]]

0Slw, yle]] _ S[zylall | 0Slw, yle]] dylz]

ox N ox oy or 0

Explicite symmetry breaking by the environment in. cond.:
- time translation invariance
- T: environment is not seen but

effective EoM depends on the environment in. cond.

y(ty) #y(ti), y(ty) # y(t:)

Irreversibility: ¢; — —oo - time translation invariance recovered
- T remains



Extended action principle

Problem 2.: initial conditions

1. Dissipative forces: final coordinates are disordered /unknown
» in. cond. should be used by specifying z(t;) and 2(t;)
» EoM is needed at t; but M(t y = Pr # 0 is unacceptable
2. Missing environment initial conditions:
z,Y1,...,YN, linearly coupled harmonic oscillators

y(ti) =yt:) =0, t; — —o0
Effective EoM: (co + 202 + -+ + CQ(N+1)83(N+1))JC =0
> higher order derivatives in time
» needs the environment in. cond. to solve
» T encoded by in. cond., rather than EoM
Q: How to solve EoM without knowing all in. cond.?
A: Variational method remains well defined

Goal: Retarded Green function by functional manipulations



Extended action principle

Problem 3.: non-conservative (semiholonomic) forces

d’Alembert principle: Virtual work = (F' — m&)dz =0
Holonomic force: F(z,t)0x = —0x0,U(x, &) — 020, U (x, &)

Integrating d’Alembert principle in time:
ty

tr
0= 5/ it |42 — U, #)) — dw(mi + 0:0)
t

3 t'i

+
. . . T .
Semiholonomic force: x — & = (x‘) - active: zt

- passive: = (environment)
Virtual work:

F(z,3)0x = —[620,+ U(#,2) + 080+ U (2, 2)]jp+ = —a

Is this extension enough to cover effective theories?



Extended action principle

Solution: replay the motion backward in time

/]\

flipping of the time arrow

S x(f) ti<£<tf,
(2t — 1) tp<t<2ty—t,

0= (20) = (aly)

doublers

2~ (t): T? = 1 =>identical time arrows for 27 (t) and 2~ (¢)



Extended action principle

Lagrangian

both doublers are dynamical = L(

&, 1)

A. Both follow the same motion: =T (¢)

=)= ()

=z~ (t) not in QM!
(;) — L(#,4) = +L(r2, 74)

B. In. cond.: L(#,1) = —L(r&,71)
m*(tf)/: = (ty) :>75m5(3 ) :p}L —p; =0+ CTP

time reversal

C. Degenerate action for 7 (¢) = 27 (¢)
— L(#,&) = L(zt,27) — L(z~,
Lop(2,2) =i5(zt? +272)

>

) + Lsz)l(i" i)



Extended action principle

Green function for harmonic systems

Action: S[7] = 13K 3

Green function: D = K—!
Trajectory: z(t) = — >, [dt'D§" (t,t')a’5(t)
CTP symmetry (o-independence): DT + D™~ = DT~ + D~F

- D* —-Df (11

Loa K Kf (1 -1
_ -1 _ ST

K=D <_Kf _Kn>+zK (_1 1>

Retarded, advanced components: Ko = K"+ KT, D® = D" + DI
r r\ —1 . .
Inversion: K¢ = (Da) , Kt = —(DY)~tD{(D")~!

. 2
H.O.: L =124 — —mél z?

m —2miO(—w)d(w? — wd)
—2miO(w)d(w? — wd) L

T w202 e



Extended action principle

Green function for interacting system
Legendre transformation:

Wil = Sl + 52, ==~
Inverse transformation:
sia) =wiil -2, 2P g
%

Green functions:

. > 1 ) -
bl:z;a > / dty - dt, D7 (b ) () 5 ()

n= O1,...,0p,
Solution:

=1
=2 X / by - dt, D77 ()7 (0) - 57 (1)

0,01,..+,0n

Residuum theorem: - no runaway solutions
- possible acausality



Extended action principle

Action

D. To recover time translation invariance: ¢t; — —oo, ty — 0o

D~

Harmonic system: So[] = 14

(D71)" = m(w? — 02), (D7)f = isign(w)e, (D))" = ¢

2 2
_ 2y M m L
s = /dt{2 () - "t - D2 + Tl ]+st
0o + —(q/ . 0
_ € ;T ()x (1) E/ +2 -2
She = 7T/_oodms S | o +am)
ie [ e [ etz ()
= — dtlzt(t) — 2~ (t))? fP/ dtdt' ——>———
5 [t - opeip [ a0
inf. decoherence inf. entanglement

Non-harmonic systems: S[Z] = S[z1] — S[z™] + Spe[2]



Extended action principle

Effective action

System: x, environment: y

Slz,y] = Ssfz] + Selz, y]
S(z, 9] = SslaT]+ Selzt,yT] = Ss[z7] = Se[z™,y7] + Siel, 9]

Effective action: %zy] =0 =9 =9[z]

Seff[i] = Ss[x+] + Se[ +ay+[AH - Ss[xi] - Se[xiay [ ]] + Sbc[i' g
= Ss[x+] =S [ ]+ Sznfl[ ]+ SbC[‘r y[y”

Influence functional (Feynman, Vernon 1963):
Sinfl [fi'] = Se [‘T+a y+ [i"]] - Se [1'_7 Yy [‘%H
Better parametrization:

Seff[-%] = Sl[‘x+]_51[ ]+S2[ ]+Sbc[‘%’@[g“7 (52[07x_] = Sg[l‘+,0] = 0)



Extended action principle

Effective action

Keldysh parametrization: 2% = z + %d (Keldysh 1964)
Advantage: 27 (s) =27 (s), z%(s) = 0 =5 = O (2%) is sufficient

EoM for z¢:

5 d d .’I?d .’Ed
e R e e R

05, [x] n 8Ss[zt, 2]

ox oxt |zt=x—=z

T

semiholonomic forces

o
|

» S1: Holonomic forces (Noether theorem available)

» S5: Semiholonomic forces, environment excitations

. 2 . W : .
»L:%x*Q—mT“’x” M2 me g2 4 Epmit —atiT)

EoM: mi* = —mw?a™ — kiT (Bateman 195’1)



Extended action principle

Effective action

» New symplectic structure

» Semiholonomic forces are sufficient: CTP symmetry is preserved
during the elimination of degrees of freedom

» System-environment interactions mapped into system™-system™
interactions



Harmonic oscillators

Effective action

Action:

Green function: D= m, 0= <(1) _01>
Self energy: 5= ¢2G, = u + it
. nJIn—Tn Ef wn
Effective action: Seyrf[2] = %‘%Dflzﬁ +J2 = xq(D" 'z + j)
Dl = — 1 _
Retarded . DT;) 1_Erf
Geen function: §1 =X 2+ z )
DO — _8t - (UO

EoM: r=-D"j



A point charge

62

mc2

v

Crossoever at the classical electron radius, ro =

v

UV divergent Coulomb self-force

v

Regulated Green function:
> Smoothed action-at-a-distance on the light cone: §(x?) — &¢(x?)
(off shell EMF)
> Retardation: sign(z%)d(z?) = 0 = §,(0) = 0 (only CTP!)
> sign(zC) is Lorentz invariant but its smeared version not
> avoid the coincidences of singularities in §(x2)sign(z)
> ¢ > ro: cutoff independent traditional electrodynamics
» ¢ < ro: cutoff dependent (acausal) self interaction

v

No runaway solution

v

QED: Remains valid for non-relativistic charges



A point charge

Action

Senlz] = —chZ a/ds\/g'ﬂT(s)
o==+
4
Seurld] = —g= Yo [ G QAT ()47 0)
o=%
Sil#, A] =

¢ o | dsz7"(s)A%(z (s
CS o fasimae o)

Q: UV regulator; 7" (p) = g"* — p;g”




A point charge

Effective action

The elimination of the EMF:
RSerpl] = —ch/ds [\/i:+2(s) - \/j;—2(s)}
2m

ce /dsds’fc(s)?Rﬁ(x(S) - 33(5/))9%(3/)

+

(Schwarzschild 1903; Tetrode 1922; Fokker 1929) + far field

. _ g 0
Regulated Green function: RD(z) = %ﬁz) (sign (1xo) Slg?u ))

Regulated Dirac-delta: d,(z) = §(z — £2) or §u(2) = (?2(;4) reF



A point charge

Effective action

S, > semiholonomic forces <> environment excitations

Free motion between vertices:

p1=p2+ 8, p2=p3+7T

D™: conservative
self interactions

D7 radiation




A point charge

Influence functional

Spi = & / dsds'[i+0((x* — T2t — 56((z— — &'=)2)i' ]
- /dsds iTsign(2 ™0 — 270 ((aT — 2’ 7)) i~
with z = z(s), 2’ = z(¢)

Far field interaction through the “end of time”?

Like photon ‘

A 4

emission

Y Y

and ‘

Y

absorption: ‘




A point charge

Equation of motion

u < £: expanding &;((z(s) — x(s + u))?):

Quadratic influence Lagrangian:
4 2 0
Lingi(s) = z%(s) il / dud)(u?)[z(s + u) — ui(s + u) — z]
c — 00

2

e
EoM: mpci* = ——:1:

cl

+ (g — i) [K, + O (2%0)]
/
=0
K(s) = 27 {a:(s) < Abraham-Lorentz

<6 [ () oo o) —uits ) — )+ i) + 5] |

o)




A point charge

Light-cone anomaly

» Abraham-Lorentz force is O (fo) due to the non-uniform
convergence of the loop-integral

» EMF dynamics remains off-shell sensitive:
)2 2
D (x,y) = Dro(@,y) [1 + %} =>mp = mp + 1555

» classical analogy of chiral (light-cone propagating fermion)
anomaly



A point charge

Renormalization

World line: z(s) = zoe™ ™%, z4(s) = 24

Ap 1+ilw
Lejy = — 2|14 28 _JTUHW
1f LdLomBe [ % (1—i£w)3]

2 2
= —xgqrome [w2 + iw?’)\(w);}
C

> mass: m = mp(l+ %)

2 2
. . _ e — € __ To
> coupling constant: Ap = = = A= 5 =7

_as _ 2
Mw) = M=ft

» Landau pole: A\g = 1>‘A = 19
6 6




Quantum CTP formalism

Expectation value rather than transition amplitude (Schwinger vs. Feynman)

» Reduplication is inherent: bra <> x~ and ket <+ z+
A(t) = W(0)[UT()AU(1)[1(0)) (Schwinger 1961)
T T

independent building up of interactions (graphs)

» Naive quantization of open systems (with semiholonomic forces):
z— (27, 27) =yt z7) ~p(at,27)
(new light on Gleason theorem)

» Generating functional

GAWOl = yplem i S AHO T On0)] o ] dHOH (O2(0)]

/D £ Sole T4 Sole 144 [ dtj(1)a(t)

_ / Dli]ekSlal+# J atina)
(ty)=2=(ts)

Convergence of the path integral: S — S + Sy,



Quantum CTP formalism

Effective theory

System ¢(x), environment ¢ (x), action S[p, ] = Sq[p] + Se (@, ]

(Wilsonian) Effective action:

erSersldl  _  o#Ss[0T]-55:(¢7] /D[Q;]eése[w,w*]—%sew,w*]+%sbcw§]
Sersld] = SildT] — Sold7] + Sinpild]
= Sl[¢+]_51[¢_]+52[¢+’¢_]7 52[0a¢] :SQ[¢7O] =0

» Semiholonomic forces <> S2[¢™, ¢~ +» Entanglement

» Feynman graphs representation of entanglement



|deal gas of fermions
The model

Particle interacting with the
ideal gas by the potential U(x):

Sle, v u] = Spla]+ ST, ¢] + Sife, 07,y
Slel = [d| 50 - Vi)
sl = [ @yt im0, 5o u| vty
Sileitul = [ty - o)t p)uity) =o'l

V() is steep enough to justify Lesr = O (2?)



|deal gas of fermions

Influence functional

ek Sinple]  _ /D D[]k (P +Pa)i
Sinpi[2] = —ihTrIn[F~1 41
= 2 Y oore i v o ()
oo/=%4
i7(ty) = Uly—=z°(t))

G2 (xy, ) = 7 = —ihngF% (2q, 20) 72 (g, 1)



|deal gas of fermions

Density-density two-point function

& - Gf +iG" —Gf +iG?
-\ +iGt -G +iGE
Te = Gh o+ GF_, (near field)
G, = G —GZ_, (far field)
iGi;k = G +G
L ns A3k 1
Gor = h? / (2m)3 = Whtq + Wk + 1€
_ . d*k
G, = fimn, Wnkd(w — Wktq + Wk)(NEtq — 1)

ng: spin degeneracy
ng: occupation number

(Lindhard fn.)



|deal gas of fermions
Linn
~ 1 .o oo .o’ ed o
Smpld] = — Z_:;U/J G7§, j7(ty) =Uly —a°(t)
1 Ciw(t—t") ik (2 720/ ’ 070_/
= —3> o0 wkdtdt’U,ie (t=t)+ik(@ (1) =2 () oo

Change of variables: t -t + §,t' =1 — %
Linpu(t) = *% > oo’ / dul2e=iwu+ikle” ()= (1= 1)) goo’
oo’ wk

1 - . . o
= 3 / Ui [(kAlw)(kAlwd)ng—(kAlw)(kond)ng
k

ANopd)2 (A -pd)2
+(kA1:c) 4(kA0w)iG6k]

& & (_Z’)2n+.7
d d A= _—
u aependaence ]CE Z 22n+](2n + .])'

n=0

w@ﬂﬂ)agnﬂ



|deal gas of fermions

B‘ELE”)ﬂ' equation of motion

d4
Linsi = ( ki — OMa + % + idox? — idy@? +O(dt4)>
+0 (xdx3)
1
k = m/dkkU,f@mng(x,y) < non — rel. gas
1 n
oM = W/de/%@?z Ok(xay)
F
1 /dk s
a = ——— U0}, Gl (w,y)
1447203, Co

RLin g1

Mg(@) = —(VU(z)) — k{z) + o(& >+(’)(j;)+(’)(<x3>)

mass renormalization: Mr = M + §M



|deal gas of fermions

%Lgi)ﬂ: decoherence
d . . . d .1 oed d4
Linpt = @ ( =k — M + o + idox! — idyi’ + O ( —7
+0 (2%2?)
1 )
do = —1o3 /dk:sz,f be(2,y)
1 ,
b = g | UREGhe.)
96720,
e~ #9382 ]; guppression

Decoherence and consistence in the coordinate diagonal basis



|deal gas of fermions

Density-density two-point function, 7" =0

w |k| hkp
T = = _ F
|k‘1}F, kF7 F m
+ _ ngkpm
Gw,k 27T2h2 (.’E, y)
1 1 y\2 1+z-4
=+ — 4 _ _J 2
g (@) 4+4y{ (« 2” ‘1—x+g
1—(%—2)? y>2, —-l1<i-z<1
T
g (x,y) = —@ 1—(%—3:)2 y<2, —1<¥-z<-1+y



|deal gas of fermions

L2, T=0
w Up _ |k _ . T 7 _ iy
€= [klve = v}f’y - Lpl ~ 0’ UF = hkF gwk = 7% Gk = 7Z§|‘T|
WLy = @'(—ké — 6M&)+ O (ab), k= L0  akU?
48m3h2uE Jo
1 . ; ,
St = 5 [ URIRE") ~ (ko2 Gl
k

d .
= idx®|x|f it + mno decoherence for & =0
|z ||

kpm > 4772
A= — dkk*U
48m3h2vE Jo k

1
fluv) = u2|v|/dn(nu)2|nv|

Loop integral is dominated by x,y ~ 0:
» KUZ~0fory= kﬁ > 1: the potential can not resolve the gas
F
particles separately
» KUZ ~0 for |z| = 7,2%2?‘ > 1: particle motion slower than the
average velocity of the gas particles




|deal gas of fermions

Lgi)ﬂ: T = 0, screened Coulomb interaction
47re? 4e2mkp
U= ———5, 7:=—55— <+ IRregulator for k
k2 +r; m2h

Not to resolve the gas particles: extended particle
form factor p(x) =Ux — prUg

e
pl@) = 3

h Ty h Ts K2
k=2fk<), A= Qfx(>, aw ="
ag Ta raGf Tq me

f ( ) 241922924 4+1725-62%(342%) In 2?]
kZ) = 367 (1—22)°

—7r/Tq

(~H atom)

Z4 z
Iz) = 9683)5)

Density independent k& and \!



|deal gas of fermions

Quadratic influence functional at 7" = 0, screened Coulomb interaction

Asymptotic:
6ln(£=)%-17 . 5 T
kwﬁ Tigﬁﬂ_ %-)OO )\Ni &(}975)4 ra_>OO
ZA (i AL S
T
linear UV divergence of
A= 487r3h2'uF fo dkk'U}
(F=)* for 7= — 0: U in
Sinpil@] = —= Zoa / dtdt/Uge_iw(t—t/)-‘rik(w“(t)—wal(tl))GZf/
wk

o‘o’

2

t ma
Scales: v(t) = v 677,7':7,9,
() = o ()

|z |f>\(:)

raao

e _ d2
e \Sseff:e Dtx ,D—



Effective theory of the current in an ideal gas

Inertial forces

Nonlinear change of coordinates - S = O (wz) =5=0 (x?’)

- inertial forces =interaction

. . 2
Harmonic oscillator: y = %

2
m mw m
L= 5:’02 — Tz2 - — % —mw?y

Nontrivial dynamics of j#(x) = ((z)y*¢(z)) in an ideal electron gas



Effective theory of the current in an ideal gas

Equation of motion
Generator functional:
el — [ Dlipiletie o

Wla] =

Effective action: 5
Il =-5iG1+0 ( )

Linearized equation of motion:

Gla=]

S| =



Effective theory of the current in an ideal gas

Equation of motion

jN = (nO +n7j), at = (¢7a)

e = | S (i) (8)
T ap? = €5,k 2"
m2h =0 vrlq| Kk

T2 a bt,2,0 VFp wq _ |:i b . ( w >-7 2)16
= ToF 2 - t,7, 2

’UFh b57270 m2h q2 k=0 J vp|q| k%

» Odd and even powers of w mixed: dissipation
» Deviation from the phenomenological Navier-Stokes eq.:
» Charge conservation: ﬁ S w
(phenomenology did not foresee ﬁ)

> O (w2) needed for the IR normal modes



Effective theory of the current in an ideal gas

Interaction?

interaction

free particles observation



Effective theory of the current in an ideal gas

Normal modes

longitudinal transverse



Effective theory of the current in an ideal gas

Decoherence

2cx
Quadratic decoherence (consistency) strength: c(z,y) = ﬁ%




Summary

1. Extended action principle for open systems
> Redoubling of the degrees of freedom
» Existence of doubler revealed by quantum fluctuations only
2. Effective theories
» influence functional = closed + open effective interactions
» dissipative forces +» entanglement
3. Examples:

» Radiation back-reaction in CED
» T =0, extended particle and screened Coulomb potential density

independence, n — 07
» Dissipative effective current dynamics in an ideal fermion gas

> Short distance single-particle core
> Screened by interactions

interaction

! !

free particles abservation



