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Introduction

Janus-faced GR: No clear distinction in general relativity

The arena:

All the pre-GR physical theories provide a distinction between the arena in which
physical phenomena take place and the phenomena themselves.

arena: phenomena:
classical mechanics phase space dynamical trajectories

electrodynamics Minkowski spacetime | dynamics of the Maxwell field
general relativity curved spacetime the geometry of the spacetime

Such a clear distinction between the arena and the phenomenon is simply not
available in general relativity
the metric plays both roles.

@ GR is more than merely a field theoretic description of gravity.
It is a certain body of universal rules:

e modeling the space of events by a four-dimensional differentiable manifold
o the use of tensor fields and tensor equations to describe physical phenomena

o use of the (otherwise dynamical) metric in measuring of distances, areas,
volumes, angles ...

= - - =
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The degrees of freedom in GR:

What are the degrees of freedom?

@ in a theory possessing an initial value formulation: “degrees of freedom” is a
synonym of “how many" distinct solutions of the equations exist

@ in ordinary particle mechanics: the number of degrees of freedom is the
number of quantities that must be specified as initial data divided by two

v

The degrees of freedom in the linearized theory:

Einstein (1916, 1918): the field equations involve two degrees of freedom per
spacetime point when studying linearized theory

v

Is the full nonlinear theory characterized by two degrees of freedom?

Darmois (1927): probably the earliest answer in the confirmatory based on
consideration of the Cauchy (or initial value) problem

.
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The degrees of freedom in GR:

What are the main issues?

e “... no way singles out precisely which functions (i.e., which of the 12
metric or extrinsic curvature components or functions of them) can be freely
specified, which functions are determined by the constraints, and which
functions correspond to gauge transformations. Indeed, one of the major
obstacles to developing a quantum theory of gravity is the inability to
single out the physical degrees of freedom of the theory. "

R.M. Wald: General Relativity, Univ. Chicago Press, (1984)

@ How these two degrees of freedom may be expressed in terms of the
components of the metric tensor and its derivatives (or such combinations of
these as, e.g. the Riemann tensor)?

o Notably, there may be many possible representations.

@ The main issue is not to find the only legitimate quantities representing
the gravitational degrees of freedom.

@ Rather, finding a particularly convenient embodiment of this information
which could be used in solving various problems of physical interest.
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Introduction

The outline:

Based on three recent papers
0 I. Récz: Is the Bianchi identity always hyperbolic?, Class. Quantum Grav. 31 (2014) 155004
@ ! Récz: Cauchy problem as a two-surface based ‘geometrodynamics’, to appear in Class. Quantum Grav.

e I. Récz: Dynamical determination of the gravitational degrees of freedom, submitted to Class. Quantum Grav.

The main message:

© smooth Einsteinian spaces of Euclidean and Lorentzian signature
e smoothly foliated by a two-parameter family of codimension-two-surfaces
which are orientable compact without boundary in M
@ the Bianchi identity and a pair of nested 1+ n and 1 + [n — 1] decompositions
o explore the relations of the various projections of the field equations
o indicate: mixed hyperbolic-hyperbolic initial value problem can be introduced
@ solving the constraints:

@ since the early works by A. Lichnerowicz (1944) and J.W. York (1972) the constraints
are solved by transforming them into a semilinear elliptic system by applying the
“conformal method” ... as opposed to this ...

@ a new gauge fixing and some geometrically distinguished variables
regardless whether the primary space is Riemannian or Lorentzian

@ the 1+ n momentum constraint as a first order symmetric hyperbolic syst..

o the Hamiltonian constraint as a parabolic or an algebraic equation

@ the true degrees of freedom to gravity?

————————
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Introduction
Assumptions:

o The primary space: (M, g.;)

o M : n+1-dim. (n > 3), smooth, paracompact, connected, orientable manifold
® gab: smooth Lorentzian or Riemannian metric

e Einsteinian space: Einstein's equation restricting the geometry

Gab - gab =0

with source term ¥,; having a vanishing divergence, V®9,;, = 0.

e or, more conventionally,

[Rab - %gab R} 4= Agab =87 Tab

matter fields satisfying their field equations with energy-momentum tensor T,
. and with cosmological constant A

gab = 87 Ta,b - Agab
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Nested proiections and their use
The primary 1 + n splitting:

No restriction on the topology by Einstein's equations! (local PDEs)

@ Assume: M is foliated by a one-parameter family of homologous
hypersurfaces, i.e. M ~ R x X, for some codimension one manifold X.

e known to hold for globally hyperbolic spacetimes (Lorentzian case)

e equivalent to the existence of a smooth function o : M — R with
non-vanishing gradient V.o such that the o = const level surfaces
Y, = {0} X X comprise the one-parameter foliation of M.
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Nested proiections and their use

Projections:

The projection operator:

@ n% the ‘unit norm’ vector field that is normal to the X, level surfaces

o the sign of the norm of n® is not fixed. ¢ takes the value —1 or +1 for
Lorentzian or Riemannian metric g.», respectively.

o the projection operator

h%, = g“b —en’ny | [gab is the identity operator]

to the level surfaces of o : M — R.
@ the induced metric on the o = const level surfaces

hab = heahfb gef

while D, will denote the covariant derivative operator associated with hgp.
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Nested proiections and their use

Decompositions of various fields:

o a form field: | L,

=06%%Le = (h% +enng) Le = Ang + L,
o where |)\ =en®L. and L, =h% L.
@ “time evolution vector field”

a

0°Veo =1

a“zaj—ko“f:]\fna—l—N“

o where N and N¢ denotes the ‘laps’ and ‘shift’ of o°

= (0,)":

a e
=h% o

|N:e(aene) and N¢
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Nested proiections and their use

Decompositions of various fields:

Any symmetric tensor field P,;, can be decomposed

in terms of n® and fields living on the o = const level surfaces as

Pap = 7 ngny, + [N Py + 1 Pa] + Pas

where |7 = nenf Py, pa= eheé,n’ Py, Pg = he.hdy Peg

It is also rewarding to inspect the decomposition of the contraction V¢ P,;:

€(VPue)n® = Lpm + Dpe + [ (K°.) — Py K — 2enp.]
(VOPue) b = Lnpp + D°Pep + [(K) Py + 1ty ™ — € Py

|ha :=nVeng, = —€D,In N |

v

— = = — Ty
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Nested proiections and their use
Decompositions of various fields:

@ the metric

|gab = €engnp + hab |

@ the “source term”

Gab = NaNp € + [Na Pp + 1 Pa] + Sap

where |e=nnf G5, po=eh®an? Gy, Sup=heh Y.y

@ the r.h.s. of our basic field equation E., = Gap — Gup

Eap = nanp B + [ By +mp Ey 1+ (Egy ) +hay E7)
E™ =nenf By, B =eheqnf Eoy, E.y " = heohfy Eop — hay B
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Nested proiections and their use

Relations between various parts of the basic equations:

The decomposition of the covariant divergence V* E, = 0 of Egp = Gap — Gap:

2, E” + DB + BT (K°) —2e (¢ ES)

(EvOocL) (H)

—eK*(E,, +hee B )] =0
z E}()M) + Da(E{(]iVOK) ¥ ha E(H)) + [(K°,) E;)M) 4 E(H) -
(Evocr)

—e(E +ha B YR =0

ab

. . 0 g (H) (M
a first order symmetric hyperbolic linear homogeneous system for (E° ', E; >)T
v

Let (M, gap) be as specified above. Assume that the metric hgy, induced on the
o = const level surfaces is Riemannian. Then, regardless whether g,; is of
Lorentzian or Euclidean signature, any solution to the reduced equations

EVOL . . . a
E;bv '— 0 is also a solution to the full set of field equations Gy, — Gy = 0
provided that the constraint expressions E" and Efl ’ vanish on one of the

o = const level surfaces.

= = = = e
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Nested proiections and their use

Relations between various parts of the basic equations:

(M)

. vanish on all the o = const level

If the constraint expressions E" and E
surfaces then the relations

ab (EVOL)
K E_, =
(evocr) . (evocr)
DaEab — Ena Eab = O

hold for the evolutionary expression E((L‘ZVOL).
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Nested proiections and their use

The secondary 1 + [n — 1] splitting:

Assume now that on one of the o = const level surfaces—say on Yo—there exists

a smooth function p : ¥y — R, with nowhere vanishing gradient such that:

@ the p = const level surfaces .7, are homologous to each other and such that
they are orientable compact without boundary in M.

n® n

X

e The metric h;; on Xg can be decomposed as

| hij = yij + N |

in terms of the positive definite metric 4;;, induced on the .#, hypersurfaces,
o and the unit norm field

At =N [(9,) = N']

normal to the ., hypersurfaces on X, where N_and N denotes the ‘laps’
and ‘shift” of an ‘evolution’ vector field p* = (9,)* on Xo.
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Nested proiections and their use

Secondary projections:

The Lie transport of this foliation of >y along the integral curves of the vector
field 0 yields then a two-parameter foliation .7, ,:

@ can be put into the form

heahfb Eef =

o the fields 7?, 4;; and the
associated projection op.

4

= h* — 7

k

7y | to the

codimension-two surfaces
5,p get to be well-defined

throughout M.

Lo

@ with some algebra

heahfb Eef

(evocr)

= Eab

(n)
Eij =

(n)

G

()
ij — i

+ ha g

w,
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Nested proiections and their use

The integrability condition for “G;; —

(n) (H) o o

Eu=E" fghy + [naE "y bE(M)]

(evocr) o (H))

(Eab + ;Y’le

~ (M) ~e Af(n) ~ (EVOL)

~ ~f (n) ~
Eef, E :'yan Eef, Eab :’yea’}/fb Eeff'yabE

a

The integrability condition D“[(n)%a;,] =0 holds on ¥, if the momentum

. . (M) o s N1F _— M) .
constraint expression E,~, along with its Lie derivative £, E, , vanishes there

E™ and E;M) vanish identically along a worldline representing a regular origin.

v

Assume that EliM) =0 on all the ¥, level surfaces and a regular origin exist in
or)

M. Then any solution to the secondary reduced equations ESV =0 is also a

solution to the full set of secondary equations (mGij — (n)%j = 0.
v
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Nested proiections and their use

Set up for a mixed initial value problem:

n

We have seen ...

(M) (n) . . .
Q@ E, =0=— D’ %, =0 = it suffices to solve the reduced equations
~(EVOL) .. . . .
i = 0 & a regular origin exist #.», in M —> to get solution to the full set
. (n) (n) (n)
of equations  E;; = Gij — %, =0.
(EvOoL) (M)

Q@ "E;=huh!y By =ES 7 4 hay B =0 & B =0

— |2 E” +E™ (k) =0 = |E™ =0: E" =0 on %

To get solution to the full set of the primary Einstein's equations G, — 9., = 0 it
suffices—regardless whether the primary metric g, is Riemannian or

G 5 ~(EVOL) o
Lorentzian—to solve the secondary reduced equations E; ; = 0, along with

EgM) = 0 on all the ¥, hypersurfaces, provided that E™ =0 holds on Yo and

there exists a regular origin .y, in M.

A\
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Nested proiections and their use
The explicit forms:

Expressions in the 1 + n decomposition:

(H)

E —nnfEef—Q{ ¢ R+(K6) KefKef—2e}
El(l = h° a’I’LfEef:DeK a_DaKee_epa
(Evocr) (n)

Ey = Ra+e{-ZKa— (K%)Kap+2KoK% —eN""D,D,N}
+ &t ha B — (Gab — LRy [Gep b+ ee])

where

€= nenf gefv Pa = 6heanf gefy Suwp = heahfb gef

and the extrinsic curvature K., which is defined as

1
ab = hqVeny = 5 Lnhap

where %, stands for the Lie derivative with respect to n®
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Nested proiections and their use
The explicit forms:

Expressions in the 1 + [n — 1] decomposition:

NE) - o 52 .
E" = L{—R+ (K")? - KuK" — 23},
EEM): le{li - ﬁif(ll - ﬁi:
5709 = Ry — %Ky — (KWK + 2Kkl - N7 D,D;N
aF ’%’j{gﬁfdl aF f(klkkl aF Nil DZDZN} — [é” —¢ Aij]

where ﬁ“ R” and R denote the covariant derivative operator, the Ricci tensor
and the scalar curvature of 4;;, respectlvely The ‘hatted’ source terms ¢, p; and
6” and the extrinsic curvature K” are defined as

A Akl () _Ak Al( Ak Al (n)
e=n"n' Y, pi=4% g and Gi; =454 Y

and

Kij =4 Dify; = § %A

&
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Gauge fixing and solving the constraints
So far only completely generic decompositions were used.

There is an obvious need for a suitable gauge choice:

in local coordinates z® the Ricci tensor reads as

R;ux = _% gea {aeaaguu + 6;1,811960' - aeal/gu(r - auaogeu} + Fw/(g)\m a’yg)\n>

F,,, is quadratic in the Christoffel symbols:

o ]-—Waﬁ = %g'ya {aageﬁ + aﬁgae - aagaﬁ}

e I,z involves the inverse metric g"” which can be given as ¢’*¥/ det(g),
where ¢’*¥ can at best be determined as a polynomial of degree n of the
components g, in an n + 1 dimensional space.

o F,, = F],/[det(g)]?, where F,, and [det(g)]* are separately polynomials of
degree 2(n + 1) in g.r and 0,9zo
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Gauge fixing and solving the constraints
The complexity can be reduced

by the following gauge fixing:

There exist a smooth function €2 : M — R—uwhich does not vanish except at an
origin where the foliation ./, smoothly reduces to a point on the ¥ level
surfaces—such that the induced metric ;; can be decomposed as

Yig = @y

where «;; is such that

7 (Zpvig) =0

on each of the ., surfaces.

What does the second relation mean?

In virtue of

Y9 (Zpyiz) = £ In[det(vs5)]

the determinant is independent of p but may depend on the ‘angular’ coordinates.
v
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Gauge fixing and solving the constraints
Verifications

The conformal structure:

@ Do the desired smooth function €2 : M — R and the metric 7;; exist?

¥i;) + (n—1) %,(In0Q?)

o for any smooth distribution of the induced [n — 1]-metric ¥;; on the .7,
surfaces one may integrate the above relation along the integral curves of p®
on Y, starting at .%%.

@ one gets 02 = Q%(p,23,... 2" ") as
0 = 03 -exp 11 [} (9(L0)) 4]
where Q¢ = Qo(z3,...,2""!) denotes the conformal factor at .%;.
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Gauge fixing and solving the constraints

The decomposition of the extrinsic curvature:

The X, hypersurfaces in both cases are spacelike:

|K¢j = K/fli’flj —+ [TALl kj + ’flj kz] + Kij

Kij = Kij — 757 % (v Kep) and Ky = Kij — 217 757/ Keg)

The degrees of freedom in GR
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Gauge fixing and solving the constraints

The 1 + n constraints

The momentum constraint:

EN =heqnfE.p = D,K°, — DyK®. — €pg =0

(K') ki + D'Kyi + ks + Lok, — i Ky — Diks — 22 D;(KY) —ep 4t =0
K (Kll) + Elkl = Kklffkl = 2’;11 k; — fﬁ(Kll) —€p; nl = 0

where | fy = AlDjy = —ﬁk(ln N)

n-1 _,AB (n—-D)NK A Ak kp A
((n 2)N 0)8,,+ B A = oK ( )+<Z(k)):o
_3BK _NK kP (K)
Is a first order symmetric hyperbolic system for the vector valued variable

(kp,K"g)"

where the ‘radial coordinate’ p plays the role of ‘time’. ... with characteristic cone
(apart from the surfaces .%, with 2‘¢; = 0) | 49 — (n —1)Aa'n7) &&= Ol

v
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Gauge fixing and solving the constraints
The 1 4 n constraints

The Hamiltonian constraint:

(#) (n)

E R+ (K¢)® — K. ;K¢ —2¢} =0

=n°nf By = 1 {—e

using (MR —R— {2$ﬁ(f(lz) + (f(lz)2 A i dn 2N71 ﬁlﬁlN}

—eR+te {wﬁ(m FRY2+ K KM 42N Dl[)lN}
+ 2k (KY) + (KY)? — 2Kk — Ky K —2e =0

v
@ ¢ = +1 elliptic equation for Q: using K'Y = ”T_l ZaIlnQ? — NT! Dy N* | and
§is = OPyi; — R= Q2 [WR —(n—2) {]D)l]D)l In Q2 + &3 (D! 1n Q2)(D; In Q?)}]
@ parabolic equation for N: | K! = N (251 £, InQ° — Dy N*] & N D'D,N
R. Bartnik (1993), R. Weinstein & B. Smith (2004)
@ algebraic equation for provided that does not vanish
W,
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Gauge fixing and solving the constraints

Solving the constraints:

@ The momentum constraint (satisfying a hyperbolic system) can always be solved as
an initial value problem with initial data specified at some ., C X, for the
variables kg, K”5 = 252 £, In Q°.

@ In solving the coupled initial value problem the dependent variables,

i.e. €, NA,WAB, K= ﬁk(iﬂnﬁk), Lrnyap = 2072 Io<ij are all freely specifiable on
Y, whereas N is determined by the Hamiltonian constraint.

In terms of the geometrically distinguished variables the Hamiltonian and
momentum constraints can be given as a parabolic—hyperbolic system. This
coupled parabolic—hyperbolic system can be solved on the hypersurfaces ¥ for

N, kg, %,

once a sufficiently regular choice for the variables

Q, YAB, NA7 K = ﬁk(gnﬁk)v f/)n YAB

had been made throughout ¥,. We also have the freedom to choose initial data
to the parabolic—hyperbolic system on one of the two-surfaces ., foliating Xy.
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Summary
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Summary

@ smooth Einsteinian spaces of Euclidean and Lorentzian signature
[0+ 1-dim. (n > 3)]
e smoothly foliated by a two-parameter family of codimension-two-surfaces:
@ the Bianchi identity and a pair of nested 1 +n and 1+ [n — 1]
decompositions
o explored relations of the various projections of the field equations —-
e mixed hyperbolic—hyperbolic initial value problem can be introduced

© solving the constraints:

e a new gauge fixing and some geometrically distinguished variables
regardless whether the primary space is Riemannian or Lorentzian

e the 1 +n momentum constraint as a first order symmetric hyperbolic
system.

o the Hamiltonian constraint as a parabolic or an algebraic equation

@ the conformal structure ;;, defined on the foliating codimension-two
surfaces ., appears to provide a convenient embodiment of the true
degrees of freedom to various metric theories of gravity
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Thanks for your attention
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First order symmetric hyperbolic linear homogeneous system for (E(H),E;:M))T:
+ DB 1 1E™ (ko) — 2e (2 B
)
)]=0

2, B
— ek (B % 4 he B
(M) a (EvocL) (H) 3 (M) (H)
g’n Eb + D (Eub + hub E ) + [(K e) Eb + E Ny
—e(Bw " +ha ™Y 0% =0
@ When writing them out explicitly in some local coordinates (o, z",...,2") adopted
to the vector field [0% = Nn® + N®: 0°V.o = 1|and the foliation {5}, read
as
—%Nk ik ) 5 } E(H) (g)
. i b = .
hik _% Nk R EEM) &I

L 0
N .
((§ 1) 2

(h7 —n'n?) &€& =0

The degrees of freedom in GR

i . . (H) (M,
where the source terms & and & are linear and homogeneous in E and F; .

@ It is also informative to inspect the characteristic cone associated with the above
equation which—apart from the hypersurfaces ¥, with n'¢; = 0—can be given as

14 November 2014
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Summary
Having an origin

A world-line #,,, represents an origin in M:

o If the foliating codimension-two-surfaces
smoothly reduce to a point on the 3, level
surfaces at the location p = p,.

o Note that then Q vanishes at p = p.. —

level surfaces is signified by the limiting
behavior 47 (.Z,4i;) — +oo while p — pE.

To have a regular origin in M:
@ One needs to impose further conditions excluding the occurrence of various
defects such as the existence of a conical singularity.

e An origin #,, will be referred as being regular if there exist smooth functions
N (2y,Qs) and N("}) such that, in a neighborhood of the location p = p. on

the =, level surfaces, the basic variables NV, and N can be given as

N=1+4(p—p)> Nz, Q= (p—ps) + (p— p:)* Uz), N* =(p—p.) N

— — — — — e
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