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A 'known' case:
PYTHIA6.4: , π K and p production in proton-proton @ 14 TeV
Fits of Boltzmann-Gibbs, Power law, and Tsallis–Pareto distributions
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Why fit Tsallis–Pareto distribution? 

Yes, it is true Boltzmann-Gibbs fits better at low momenta.
Yes, it is true Power-law distribution is better at high momenta.
Yes, it is true Tsallis – Pareto fits the whole mumentum range.
Can we apply this for any system: ee, pp, pA, AA?

Need for 
High-pT  PID hadron  data
High statistic data
Spectra in several multiplicity bins
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Extensive Boltzmann – Gibbs statistics
                      

Non-extensivity → generalized entropy

Tsallis entropy

from here: Tsallis – Pareto distribution
                                      Eur. Phys. J. A49 (2013) 110

Physica A 392 (2013) 3132
Eur. Phys. J. A49 (2013) 110
Physica A 392 (2013) 3132
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Tsallis – Pareto distribution
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Hadron spectra in pp collisions can be 
described by the Tsallis distribution
Hadron spectra in pp collisions can be 
described by the Tsallis distribution

spectra in pp collisions depends similarly 
on      and on the multiplicity N
spectra in pp collisions depends similarly 
on      and on the multiplicity N
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The power of the spectra 
changes at around 6 GeV/c 

 Power-law with p-6.08 

dependence

Tsallis spectra with p-13.7



The Soft+Hard modelThe Soft+Hard model
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Simplest approximation: soft ('bulk') + hard ('jet') contribution 

Identified hadron spectra is given by double Tsallis–Pareto:

in where parameters are given by
Lorentz factor
Transverse mass
Doppler temperature

Finally we assume Npart scaling for the parameters
ArXiv: 1405.3963, 1501.02352, 1501.05959
J. Phys. CS 612 (2015) 012048
ArXiv: 1405.3963, 1501.02352, 1501.05959
J. Phys. CS 612 (2015) 012048
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ArXiv: 1405.3963, 1501.02352, 1501.05959
J. Phys. CS 612 (2015) 012048
ArXiv: 1405.3963, 1501.02352, 1501.05959
J. Phys. CS 612 (2015) 012048



Parameters of the Soft+Hard modelParameters of the Soft+Hard model
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Scaling of the 
Soft component, q→1

LHC:  decreasing
RHIC: decreasing

Higher Npart result BG statistics

Hard component, q >1.1
LHC:   slight increasing
RHIC: constant

Without the soft part result clearer non-
extensive behaviour, like e+e-  ArXiv: 1405.3963, 1501.02352, 1501.05959

J. Phys. CS 612 (2015) 012048
ArXiv: 1405.3963, 1501.02352, 1501.05959
J. Phys. CS 612 (2015) 012048
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Scaling of the 
Soft component, T~200-400 MeV

LHC:  constant/increasing
RHIC: slightly increasing

Higher Npart results bit higher T

Hard component, T ~100-300 MeV
LHC:   decreasing
RHIC: increasing  

Npart scaling seems sensitive... 
ArXiv: 1405.3963, 1501.02352, 1501.05959
J. Phys. CS 612 (2015) 012048
ArXiv: 1405.3963, 1501.02352, 1501.05959
J. Phys. CS 612 (2015) 012048
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softsoftsoftsoft

hard
hardhard

hard

softsoftsoftsoft

hardhardhardhard

Energy dependence 
Parameter q

HARD:clearly increasing
SOFT: no relevant change

Parameter T 
HARD: central decreasing

peripheral const? 
Tcentr = Tperiph

SOFT: similar trend 
Tcentr ~100 MeV higher 

Parameters q & T present different values for centr./periph. 
Above RHIC soft is BG-like and hard is more TP-like.
Parameters q & T present different values for centr./periph. 
Above RHIC soft is BG-like and hard is more TP-like.
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Spectra originating from hadronic sources 

where we used parameters and assumptions:

Hadron momenum:

Cylindric symmetry:
where                             and
Co-moving energy: 
Transverse flow:
Taylor expansion:
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Spectra originating from hadronic sources 

where                            and 

Azimuthal anisotropy:

Boltzmann–Gibbs:

Tsallis–Pareto:



Connecting spectra and v2Connecting spectra and v2

13-17.07.2015.13-17.07.2015.  Gábor Bíró – Balaton Workshop 2015 Gábor Bíró – Balaton Workshop 2015 282823/23/

Spectra originating from hadronic sources 

where                            and 

Azimuthal anisotropy:

Using the soft+hard model:
          with the coefficient 
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Using the soft+hard model:
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ArXiv: 1405.3963, 1501.02352, 1501.05959
J. Phys. CS 612 (2015) 012048
ArXiv: 1405.3963, 1501.02352, 1501.05959
J. Phys. CS 612 (2015) 012048
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Non-extensive statistical approach in e+e- & pp
Obtained Tsallis/Rényi entropies from the first principles.
Providing phyiscal meaning of  q=1-1/C + ΔT2/T2

Boltzmann Gibbs limit C →  & Ꝏ ΔT2/T2   → 0 (q → 1),  
Tsallis – Pareto fits on spectra in e+e-, pp  
Not working for larger system, like pA, AA and no flow.

Application of 'soft+hard' model in AA
Tsallis – Pareto + Exp does not working.
Double Tsallis – Pareto measures non-extensitivity
SOFT: q → 1, suggest Boltzmann Gibbs (QGP)
HARD: q > 1.1, Tsallis – Pareto like
Asimuthal anisotropy can be obtained too.



Thank you for your attention!
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