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NONADDITIVE ENTROPY                   
AND                                     

NONEXTENSIVE STATISTICAL MECHANICS: 

CONCEPTS AND APPLICATIONS



J.W. GIBBS
Elementary Principles in Statistical Mechanics - Developed with Especial 
Reference to the Rational Foundation of Thermodynamics
C. Scribner’s Sons, New York, 1902; Yale University Press, New Haven, 1981),

 page 35

In treating of the canonical distribution, we shall always suppose the 
multiple integral in equation (92) [the partition function, as we call it 
nowadays] to have a finite valued, as otherwise the coefficient of 
probability vanishes, and the law of distribution becomes illusory. This 
will exclude certain cases, but not such apparently, as will affect the 
value of our results with respect to their bearing on thermodynamics.  
It will exclude, for instance, cases in which the system or parts of it 
can be distributed in unlimited space […]. It also excludes many 
cases in which the energy can decrease without limit, as when the 
system contains material points which attract one another inversely as 
the squares of their distances. […]. For the purposes of a general 
discussion, it is sufficient to call attention to the assumption implicitly 
involved in the formula (92).



THERMODYNAMICS

MECHANICS (classical, quantum, relativistic ... )
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THEORY OF PROBABILITIES

ENTROPY FUNCTIONALENERGY



ENTROPIC FORMS
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TYPICAL SIMPLE SYSTEMS: 
Short-range space-time correlations

Markovian processes (short memory), Additive noise

Strong chaos (positive maximal Lyapunov exponent), Ergodic, Euclidean geometry

Short-range many-body interactions, weakly quantum-entangled subsystems

Linear/homogeneous Fokker-Planck equations, Gausssians

 Boltzmann-Gibbs entropy (additive)

 Exponential dependences (Boltzmann-Gibbs weight, ...)

TYPICAL COMPLEX SYSTEMS:
Long-range space-time correlations

Non-Markovian processes (long memory), Additive and multiplicative noises

Weak chaos (zero maximal Lyapunov exponent), Nonergodic, Multifractal geometry

Long-range many-body interactions, strongly quantum-entangled sybsystems

Nonlinear/inhomogeneous Fokker-Planck equations, q-Gaussians

 Entropy Sq (nonadditive)

 q-exponential dependences (asymptotic power-laws)

e.g.,  ( )  ( 1)NW N   

e.g.,  ( )  ( 0)W N N   



- Additive versus Extensive

- Central Limit Theorem

- Predictions, verifications and applications
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HYBRID PASCAL - LEIBNITZ TRIANGLE

Blaise
 

Pascal
 

(1623-1662)
 Gottfried Wilhelm Leibnitz

 
(1646-1716)

 Daniel Bernoulli
 

(1700-1782)
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(All three examples strictly
 

satisfy the Leibnitz rule)

C.T., M. Gell-Mann and Y. Sato, Proc Natl
 

Acad
 

Sc USA 102, 15377 (2005)

I don’t believe that atoms exist!
Ernst Mach (January 1897, Vienna)
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Asymptotically scale-invariant (d=2)

d+1

(It asymptotically
 

satisfies the Leibnitz rule)
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XY FERROMAGNET WITH TRANSVERSE MAGNETIC FIELD:
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Also with spin-1 random-exchange biquadratic antiferromagnetic chain
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Summarizing, for a wide class of quantum systems or subsystems with  elements, 
we know that
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SYSTEMS ENTROPY SBG

(additive)
ENTROPY Sq (q<1)

(nonadditive)

Short-range 
interactions,
weakly entangled 
blocks, etc

EXTENSIVE NONEXTENSIVE

Long-range 
interactions (QSS),
strongly entangled 
blocks, etc

NONEXTENSIVE EXTENSIVE

quarks-gluons, plasma, curved space ...? 



King Thutmosis
 

III
 18th Dynasty                    

c. 1460 B. C. 



- Additive versus Extensive

- Central Limit Theorem

- Predictions, verifications and applications



D. Prato and C. T., Phys Rev E 60, 2398 (1999)
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GENERALIZED CENTRAL LIMIT THEOREM:

S. Umarov, C.T. and S. Steinberg, Milan J Math 76, 307 (2008)     
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- Additive versus Extensive

- Central Limit Theorem

- Predictions, verifications and applications



COLD ATOMS IN DISSIPATIVE OPTICAL LATTICES:

(i)  The distribution of atomic velocities is a q-Gaussian;

(ii)
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Experimental and computational  verifications
by P. Douglas, S. Bergamini

 
and F. Renzoni, Phys Rev Lett

 
96, 110601 (2006)

(Computational  verification:
quantum Monte Carlo simulations)           (Experimental verification: Cs atoms)
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LASER COOLING:
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SPIN RELAXATION IN SPIN GLASSES (NEUTRON SPIN ECHO):



Pickup, Cywinski, Pappas, Farago, Fouquet, Phys Rev Lett
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(2009) 097202  



SPIN RELAXATION IN SPIN GLASSES (NEUTRON SPIN ECHO):
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L.F. Burlaga and A. F.-Vinas (2005) / NASA Goddard Space Flight Center; Physica A 356, 375 (2005)

[Data: Voyager 1 spacecraft (1989 and 2002); 40 and 85 AU; daily averages]

SOLAR WIND: Magnetic Field Strength
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LOGISTIC MAP AT THE EDGE OF CHAOS:
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PHENIX @ RHIC
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31 May 2010
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HMF                
(inertial XY model

CLASSICAL LONG-RANGE-INTERACTING MANY-BODY HAMILTONIAN SYSTEMS



A. Pluchino, A. Rapisarda
 

and C. T., Europhys
 

Lett
 

80, 26002 (2007) 

HMF MODEL



[See A. Pluchino, A. Rapisarda
 

and C. T., Europhys
 

Lett
 

85, 60006 (2009)] 





M. Leo, R.A. Leo and P. Tempesta, J Stat Mech P04021 (2010)



q=1.463

M. Leo, R.A. Leo and P. Tempesta, J Stat Mech P04021 (2010)



KURAMOTO MODEL: (N nonlinearly coupled oscillators)

G. Miritello, A. Pluchino and A. Rapisarda, Physica A 388, 4818 (2009)
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CONSERVATIVE MC MILLAN MAP:
G. Ruiz, T. Bountis and C. T. (2010)
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The realm of Boltzmann-Gibbs statistical mechanics, based on the standard additive 
entropy, essentially concerns ergodic systems, Markovian-like processes, linear 
Fokker-Planck equations, exponential behaviors of relevant physical, geometrical and 
dynamical quantities, the central limit theorem. What can be done when such 
simplifying hypothesis are not satisfied? The nonadditive entropy Sq, and its associated 
nonextensive statistical mechanics, precisely address a wide class of such anomalous 
situations, namely whenever power-law behaviors replace the traditional exponential 
behaviors. A brief review will be given of the central concepts, and various applications 
will be exhibited, in particular those concerning high energy physics. BIBLIOGRAPHY: 
(i) C. Tsallis, Introduction to Nonextensive Statistical Mechanics - Approaching a 
Complex World (Springer, New York, 2009); (ii) C. Tsallis, Entropy, in Encyclopedia of 
Complexity and Systems Science (Springer, Berlin, 2009); (iii) S. Umarov, C. Tsallis, 
M. Gell-Mann and S. Steinberg, J. Math. Phys. 51, 033502 (2010); (iv) 
http://tsallis.cat.cbpf.br/biblio.htm
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