
Igl—i Ferenc 
Wigner FK SZFI 

SZTE Elm. Fiz. Tsz. 
 

Rend Žs rendezetlenŽg a 
kvantumfizik‡ban 

!"#$%&'(()*+,-./0-.1 2*34(56*$78%,9%&*()6*



!"# $%&'()"*+ $#,&-.+),/+0$
$
¥! 1")2#)23*,#&4562)*")2#$"/ $+)7+)*+8,/+$$
$$$$$$$$$$$$$/#+9/897:/ $*2;<+347+4$*'=2))27 $
$$$$$$$$$$$$$43#2-&,)<+#>/,-4$7"&="/24&2$
$
¥! 1")2#)23$7?#"/@$7A+3#:*'/ $*,-32/27 $
$$$$$$$$$$$$$B,84/,#+)+7:),/,3+7$&23'&*,),/4 $
$$$$$$$$$$$$$;/'%'&#$A48/-,)+#+$



1")2#)23*,#&4562)*")2#$



1")2#)23*,#&4562)*")2#$

Motiv‡ci—: nagy  atommagok  spektruma  
   tšbbezer  n’v—  

  statisztikus  kŽrdŽsek  
 

A kšlcsšnhat‡s  nagyon  šsszetett , rŽszleteiben  nem  ismert  
 
Wigner  elmŽleti  megkšzel’tŽse : 

   a komplexit‡st  vŽletlenszerŸsŽggel  helyettes’ti  
 
Az aktu‡lis  Hamilton oper‡tort  megfelel!en  v‡lasztott  vŽletlenszer"  
      Hamilton oper‡torok  sokas‡g‡nak  elemŽnek  v‡lasztja  
 
A le’r‡s  kšzel’t! , de sok  esetben  igen  pontos  eredmŽnyre  vezet  
 
Anal—gia: vŽletlen  sz‡mok  šsszege  Ð Gauss -eloszl‡s  



BevezetŽs VŽletlen m‡trixok K’sŽrletek Mezoszkopikus rendszerek Szemiklasszikus din amika KitekintŽs

VŽletlen m‡trixok

Wigner-Dyson sokas‡g

N ! N-es hermitikus m‡trixok sokas‡ga, a kšvetkez! val—sz’n" sŽg
eloszl‡ssal:

P(H ) = c exp[" ! Tr V (H)]

Ha V (H) # H 2, gausszi-sokas‡gr—l beszŽlŸnk.

Ekkor a m‡trixelemek fŸggetlen eloszl‡sœak.

! = 1, 2, 4 a m‡trixelemek szabads‡gi fok‡t sz‡molja (val—s,
komplex, val—s kvaterni—)

a H $%UHU! 1 transzform‡ci— hat‡s‡raP(H) invari‡ns, annak
megfelel! en, hogyU ortogon‡lis (! = 1), unitŽr (! = 2),
szimplektikus (! = 4) m‡trix, beszŽlŸnk ortogon‡lis, unitŽr,
szimplektikus sokas‡gokr—l.
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BevezetŽs VŽletlen m‡trixok K’sŽrletek Mezoszkopikus rendszerek Szemiklasszikus din amika KitekintŽs

Univerzalit‡si oszt‡lyok
Univerz‡lis viselkedŽs, att—l fŸgg! en, hogy melyik vŽletlen m‡trix
sokas‡gba tartozik a Hamilton-oper‡tor.

Gaussian Unitary Ensemble (GUE)

A Hamilton oper‡tornak nincs id! tŸkršzŽsi szimmetri‡ja, pl
H = 1

2m (p ! eA)2 + V (x)

Gaussian Orthogonal Ensemble (GOE)

A Hamilton-oper‡tornak van id! tŸkršzŽsi szimmetri‡ja, denincs
benne spin-p‡lya kšlcsšnhat‡s, pl.H = p2

2m + V (x)

Gaussian Symplectic Ensemble (GSE)

A Hamilton-oper‡tornak van id! tŸkršzŽsi szimmetri‡ja Žs van
benne spin-p‡lya kšlcsšnhat‡s, pl.H = p2

2m + V (x) + ALS
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Gausszi  sokas‡gokra  ismert  eredmŽnyek  
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Integr‡lhat— rendszerek

Szintt‡vols‡g statisztika

Az energiaszintek teljesen korrel‡latlannak tekinthet! k.
Szintt‡vols‡g statisztik‡t ekkor a Poisson-eloszl‡s ’rjale:

P(s) = exp(! s)
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sector. Furthermore, we argue that this extra symmetry is
manifested by the crossing of energy levels at the self-dual
point in the thermodynamic limitL! ! . To see this we have
calculated the quantity

" ! !max#si ,si " 1$

min#si ,si " 1$"
i

, #12$

which measures the asymmetry in the level spacing distribu-
tion. For independentrandom variables chosen according to
a Wigner distribution one hasP(" )! 4" /(1# " 2)2 yielding a
mean value%" &! 1# ' /2( 2.5708. For matrices from the
GOE, the correlation between spacingssi modiÞes this
value. We have numerically found that this value does not
vary considerably with the size of the matrix, and is very
close to

%" &GOE( 3. #13$

#Diagonalizing 1000 GOE random matrices of size ranging
from 3 up to 2000.$As seen in Fig. 5 for non-self-dual sec-
tors " is indeed close to the GOE result in Eq.#13$. Simi-
larly, " ( 3 is found in the self-dual sector far from the self-
dual point, however, there is a sharp increase in" in the
neighborhood ofh/J! 1 )25*. Since the value of" at the
self-dual point is monotonically increasing with the size of
the system#see Table IV$, one expects that in the thermody-

namic limit " ! ! . Thus there is an exact degeneracy in the
self-dual sector at the transition point, which should be con-
nected with the presence of an extra symmetry. The possible
origin of this extra symmetry is discussed in the Þnal section.

IV. LEVEL STATISTICS AT A FIRST-ORDER
TRANSITION POINT

In this paper we have studied the statistical properties of
the spectrum of a transverse-Þeld Ising spin chain with
m-spin interactions and compared to the predictions of ran-
dom matrix theory. Away from the transition point, which is
known exactly from duality symmetry, the spectrum is
shown to be a Gaussian orthogonal ensemble and its proper-
ties are well described by the Wigner distribution. On the
other hand, at the transition point the spectral properties of
the self-dual and non-self-dual sectors are different. While
the spectra of non-self-dual sectors are close to the Wigner
distribution the same for the self-dual sector can be described
as the composition of two independent Wigner distributions.
Furthermore, we have shown that this special behavior at the
transition point is the result of level crossing in the thermo-
dynamic limit.

This observation can be compared with the known exact
)26* and numerical)27* results on the two-dimensional
Q$ 4 Potts model. As known exactly)28*, this model is also
self-dual and there is a Þrst-order transition in the system. As
an analogous quantity to the Hamiltonian in Eq.#1$we con-
sider theT transfer matrix of the Potts model, which in the
Hamiltonian limit )29,30* is given byT! exp(" +HP), where
+ denotes the lattice spacing andHP is the Hamiltonian of
the one-dimensional quantum Potts model. According to ex-
act results)26* in the thermodynamic limit the ground state
of HP at the transition point is (Q# 1)-fold degenerate. At

FIG. 4. #a$Level spacing distribution forL! 18, M! 3 and for the representation to which the ground state belongs.#b$Combination of
the spectrum of two different representationsR15 andR16 of the m! 5 model forL! 15.

FIG. 5. The asymmetry parameter" in Eq. #12$as a function of
h/J for L! 16 andm! 4. The upper curve corresponds to the self-
dual sector and the lower curve to non-self-dual sectors. The error
bars are calculated as the variance divided by the square root of the
number of spacing ratios.

TABLE IV. The asymmetry parameter" in Eq. #12$as a func-
tion of L for m! 3, 4, and 5 in the ground-state sector. When
present the number in parentheses refers to the asymmetry calcu-
lated for theentire self-dual sector.

L! 10 L! 12 L! 15 L! 16 L! 18

m! 3 4.79 6.54#9.63$ 11.31
m! 4 4.58 5.09#8.67$
m! 5 1.76 4.33
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on the example of them! 3 model at a couplingJ/h! 1.36
for a 15-site chain, all the three characteristic quantities of
the spectrum are very well described by the Wigner distribu-
tion !24". Figure 2 presents the rigidity and the number vari-
ance for the same parameters. The expected behavior for
independent random energies and for the eigenvalues of the
GOE is also shown. The GOE behavior is observed up to
quite large values ofL, indicating that GOE matrices provide
a good description of the Hamiltonian. The data shown are
obtained averaging over all the representations. However,
very similar results are obtained averaging only over the self-
dual sector. The characteristic parameters of the spectrum do
not depend on whether the sector under consideration is self-
dual or non-self-dual We also note that very similar behavior
is found for other ranges of the interactionm" 3 or for other
values ofJ/h" 1. Consequently, there is no evidence for the
integrability of the model withm" 2 away from the critical
point.

In the following we investigate the level statistics of the
model as a function of the ratioh/J and calculate the inter-
polation parameter# in Eq.$9%as a best Þt over the self-dual
and non-self-dual sectors. The results are shown in Fig. 3 for
L! 15 andm! 3, whereas data for the largest system size are
only included in the self-dual sector. We note that the corre-
sponding data form! 4, m! 5, and a less extensive calcula-
tion for m! 6, lead us to very similar conclusions. One can
see in Fig. 3 that BrodyÕs parameter# has different behavior
in the self-dual and in the non-self-dual sectors. While in the
non-self-dual sectors# is approximately constant and its
value #& 1 corresponds to the GOE result, in the self-dual
sector there is a change in the value of# around the self-dual
point. Actually its value drops from# ! 1 to about#& 0.45
at the transition point. The region where the change in#
takes place seems to shrink only to the self-dual point in the
thermodynamic limit, as can be seen in Fig. 3 by comparing
the results withL! 15 andL! 18.

This observation leads us to study carefully the spectral
properties of the modelsat the transition point, the results of
which are shown in Fig. 4$a%. As seen in the Þgure the level
spacing distribution could not be well Þtted by the interpo-
lation formula in Eq.$9%, at least with the symmetries we
have taken into account. However, it is given approximately
by the arithmetic average of the Wigner and Poisson distri-
butions, which is also shown in the Þgure. We argue that the
measured spectral quantities in the self-dual sector can be
interpreted as if the spectrum is composed of two indepen-
dent Wigner distributions. To check our assumption we have
taken two non-self-dual blocks of roughly the same size each
of which has Wigner characteristics and merged the levels of
the two blocks. Then we analyzed the level statistics of the
combined blocks and the obtained results in Fig. 4$b%look
very similar to those we found for the self-dual sector and
presented in Fig. 4$a%.

Thus at this point we conclude that the spectrum of the
self-dual sector at the self-dual point is seemingly composed
of two independent parts, each having Wigner-type charac-
teristics. This type of behavior is the result of an extra sym-
metry, theself-duality, which is just seen in the self-dual

FIG. 1. Level spacing distribution forL! 15, M! 3, h/J! 1.36,
and all the representations. The exponential (E) and the Wigner
(W) distributions are shown$full line%, together with the Brody
distribution$broken line%for the Þtted best value of the parameter
# ! 1.01$see text%.

FIG. 2. Rigidity $a%and variance$b%for L! 15, M! 3,
h/J! 1.36, and all the representations. The corresponding quanti-
ties for the GOE matrices and for random diagonal matrices are also
shown in full lines.

FIG. 3. Parameter# as a function ofh/J for m! 3. For L
! 15 the data are averaged separately over all self-dual sectors or
over all non-self-dual sectors. ForL! 18 only the representationR0

to which the ground state belongs is taken into account.
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FIG. 35: (Color online) Incomplete mode softening on passing through QPT in LiHoF 4. Figure shows pseudocolor representation
of the inelastic neutron scattering intensity of LiHoF 4 at T = 0 .31 K observed along the reciprocal space trace (2, 0, 0) !
(1, 0, 0) ! (1, 0, 1) ! (1.15, 0, 1). (After Ronnow et al., 2005).

FIG. 36: Dilution of the dipolar-coupled, Ising ferromagne t LiHo x Y1! x F4. Left panel: magnetic phases in the x " T plane.
Arrow denotes spin liquid ÒantiglassÓ phase. Right panel: Magnetic phases in x " H t plane where H t is the Þeld applied
transverse to the Ising axis. Open circle shows the peak in susceptibility for the antiglass. (After Ancona-Torres et al , 2008)

.

We note parenthetically that there has been some controversy [636] surrounding this spin glass state, but this has
died away in view of the agreement between the two groups [53, 635,637] which probed it using low Þelds and low
frequencies; the seemingly di! erent results were obtained under the very di! erent experimental circumstances of dc
SQUID magnetometry performed with rapid sweep rates to high Þelds.

For x < 0.1, there are reports of both continued spin glass behavior [637, 638] as well as a novel antiglass state [639],
so named because a reduction in the temperature lead to a reduction of the width of the distribution of barriers to
relaxation rather than the conventional increase. The antiglass state is marked by strongly entangled spins, analogous
to the Bhatt-Lee state [640] found below the insulator-metal transition in doped silicon, and indeed, a decimation
calculation [345] which ignores nuclear spin degrees of freedom but takes into account both the diagonal and o! -
diagonal dipolar couplings between Ho3+ ions (the latter providing the necessary quantum mixing), gives a remarkably
good description of the magnetic susceptibility in the limit of small frequencies. An additional astonishing e! ect
(Fig. 37) is spectral hole burning [641], the acoustic frequency analog to optical experiments where the frequency(f )-
dependent small signal response! (f ) is measured in the presence of a large pump signal at Þxed frequency f o. Very
sharp minima at f o are induced in ! (f ), indicating the decoupling of low frequency magnetic excitations from each
other; these experiments motivated a successful search for similar behavior in the classic geometrically frustrated
system Gadolinium Gallium Garnet (Gd3Ga5O12 or GGG) [642].
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Griffiths f‡zis 

Dinamika :          exp(-Ld)    exp(-L! )     L-z(" )           O(1)  
(energia rŽs) 

O(1)          L-x   exp(-Ld) 

Statika: m‡gnesezettsŽg [m]av 

VŽges, L mŽret#, rendszerben: 
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Ha volt ott csatol‡s: 
maximum szab‡ly 

 

Minden lŽpŽsben csškken a spinek sz‡ma,  
de a csatol‡sok sz‡ma er%sen nšvekedhet! 
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…sszefoglal‡s 

A rendezetlen rendszerek egy t‡g oszt‡ly‡ban: 

Ð!a kritikus viselkedŽs vŽgtelenŸl rendezetlen, 

Ð!a rendezetlensŽgi fluktu‡ci—k abszolut domin‡nsak, 

Ð!az er?Üs rendezetlensŽgi RCs aszimptotikusan egzakt. 
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