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Coloured condensates (CC) -
Deep inside compact stars?

» Cooper instability

« Quark condensates

« Symmetries and pairing patterns

 Two-flavor color superconductors = 2SC phase
 Three-flavor color superconductors — CFL phase
 NJL model and Nambu-Gorkov formalism

* Mean field gap equations and solutions

« Thermodynamic potential

* Phase diagram

« E0S and TOV equations — Hybrid stars with CC




Cooper instabilities

@ Ideal Fermi gas:
=» pair creation @ Fermi surface
with no free energy
@ (arbitrarily small) attraction:
=» instability:
condensation of Cooper pairs

occupation #
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Cooper instabilities

occupation #

@ ideal Fermi gas: B
=» pair creation @ Fermi surface \"ln
withno freeenergy | N
@ (arbitrarily small) attraction: free energy ’
= instability: |
condensation of Cooper pairs |
=» reorganisation of the Fermi surface A i\\//
- gaps ! e )

@ QCD: attractive gq interaction = diquark condensates




Field operators

[ qi(x)

@ quark field operator: ¢(x) =

\gavv. (¥)/

@ 4 Dirac x N¢ flavor x N, color components

@ annihilates a quark or creates an antiquark
@ transposed operator: g’ = (14 -- ,qgwfﬁf}

@ adjoint operator: ¢, g=gq'y"

@ annihilates an antiquark or creates a quark




Quark-antiquark condensates

@ quark-antiquark condensates: (g @ ¢)
e O = operator in color, flavor, and Dirac space
(including derivatives)

@ examples:
@ “chiral condensate™: (qq)
e quark number density: (g7°¢) = (¢'q)

@ electric charge density:

(g Q"*‘s{] g} — _%n” = _llﬂd i _‘LH.'.‘: Q 5 (
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|
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@ color charge densities




Diquark condensates

o diquark condensates: (¢" O¢q) = (g.5.|¢" Oqlg.s.)

@ gg annihilates two quarks
=» baryon number (formally) not conserved!
(ground state does not have fixed baryon number.)

@ Bogoliubov rotation:

- o z
g.5.) = cos 82 () + £1.p 655 ) sin 0 (5 bV (B, 5, w, 0) BT (=7, 5. d, "
. LA 3ce LR .

p.5,c.cl

" P . ,
[cm{}f[ﬁj + 30 €55 sing?(7) d" (7, 5,w,c)d (—F, 5, d, ') |0)

@ quasiparticles = superpositions of particles and holes (+
antiparticles) which annihilate |g.s.)




Diquark condensates

o diquark condensates: (g7 O g)

@ Pauli principle: qiqi = —q;qi

...'\.

= ¢ 0q = 054 = —4;0;4i = —4; 0} g;

-» O must be totally antisymmetric:

—q"O%q




Operators in flavor and color space

@ Pauli matrices (for two flavors):

= (' ° {0 o Y o i

—lo )T = 0 o) T3 =0 ) 2700 o

"—v..—‘; ":_ll\r._"‘
symmetric triplet antisymm. singlet

@ Gell-Mann matrices (for three flavors or colors):

I, A1, A3, A4, As, As, A2, As, A7
symmeiric sextet antisymmetric antitriplet

¢ .-:"l'l' b} § F A
@ antitriplet: The vector .:j.:,-r { —As Ilqj:. transforms like an antiquark 3 = { P } under S07{3)..
. A2 b




Operators in Dirac space

@ hermitean basis of 4 x 4 matrices: 1, ivs, v*, "~s, o

@ charge conjugation matrix: C = iv%~"

e properties: C=C*=—-Cl'=—-Cl =—-C"!

@ antisymmetric: @ symmetric:
e (s (scalar) o C~* (axial vector)
@ ( (pseudoscalar) o CoM (tensor)

o C~H~s (vector)




Combined operators

symmetric antisymmetric
Dirac C~*, Cot C, C~s, CysyF
AT P S V
U(2) 1, 71,73 T2
e— —
3 1
U(3) | 1,A1, A3, Aq, g, Ag A2, A5, A7
—é— "'-—..‘l{.—"'

@ combination: Dirac @ flavor & color

totally antisymmetric

=» many possibilities . ..

{Emtisyfrnrrnsrtriuﬁzfi

(symmetric)* x antisymmetric




Two-flavor color superconductors

o important example:  (g" Cys7a Ay q) |

e spin 0, antisymmetric in color and flavor

e 2flavors: ¢ = (d) TA =Ty = (“ ;*’)
r s 0 —1 0O
o 3colors: g=(:], M Z =i o o
b (0 0 0

¢ Crsmag) ~ (1L 11) ® (ud—du) © (rg—gn)
N’ N’ N, e’

spin flavor color




Symmetry properties: color

@ only red and green quarks are paired:

q" \aq) ~ (rg—gr) = (b) | “antiblue”

= SU(3), “spontaneously” broken to SU(2),

=» 5 of 8 gluons receive a mass (“Meissner effect”)

@ more general ansatz?

@ (@da+ s +20)g) = alb) — 5@ +70) = ()

X

@ can always be rotated into the “antiblue” direction
by a global color transformation ¢ — exp(if, - %ﬂ} q

=» equivalent to the “simple” ansaiz




Symmetry properties: global symmetries

0 = (¢ Csmag)

@ baryon number:

B: g — €% = § — %5  broken

but: There is a conserved “modified baryon number™

B ¢ — pia(1-v3)

Blg = § — 6
@ chiral symmetry:

o SUQ: q — éftq = § -6
o SUR2)y: g — €%T1g = § =6 conserved




Three-flavor color superconductors

@ scalar color-antitriplet condensates:
@ Saar = {f}r'T Cvys Ta A q)
@ notation:

@ T4 = antisymmetric flavor generator
@ )y = antisymmetric color generator

@ two flavors, three colors:

e Ty =T, A'€{2,57} = §5=(52,S5s,57)
e can always be rotated into “antiblue” direction:
5§ — 5§ =3U = (55,0,0), UeSU3).

@ three flavors, three colors:

0 A,A' {257} = s = (san) = ( a5 ;_Z;)

12 T35 M




Three-flavor color superconductors

@ three flavors, three colors:

0 A,A {257} = s = (su) = ( s ;_Z%)

o SU(3). rotation: — s = sU = (»Ef 55 )
@ In general, that's all we cando ...

@ three degenerate flavors: M, = M; = M,
=* SU(3)r-symmetric

=» diagonalization by combined color and flavor rotations:

.H'z 7 ﬂ' ﬂ'

§ — Ij"r — Vsl = ([II 555 {I'), UE SU{.;}“ VESU{E}I'

0 0 577




Pairing patterns

@ eight possible phases:

normal quark matter (NQ)
§02 =555 =577 =10 }

2SC phase
52070, $55=1877=0 }

+ two more phases of this kind

uSC phase
§m7 = 0 }

522, 855 # 0,

+ two more phases of this kind

CFL phase J

522, 855, 877 70

®
Q@ O

®

@ CFL pairing pattern (more explicitly):
(L=11 ® ( Do(ud—du) ® (rg—gr)
+ As(ds —sd) ® (gb—bg)
+ A7 (su—us) @ (br—rb) )

i




Color-flavor locking

@ symmetries:

e color: SU(3). completely broken = 8 massive gluons
e chiral: SU(3)4 -» 8 Goldstone bosons
SU(3)y |
but: symm. under “locked” color-flavor rotations g — e%s(Ta—}z) g
e baryon#: Droken = 1 scalar Goldsione boson

@ electromagnetism:
e invariant under (local) g — exp(fu-@}q
0 = 0- % — 7% = diagi(3,-3,—5) —diag.(3, -3, -3)
e “rotated photon” = cos ¢ photon + sin i gluon
=% no electromagnetic Meissner effect!

o all quarks carry integer O charge




NJL model for color superconductivity

@ “color-current interaction”

e replace gluon exchange by point interactions: >'rm< >l<

Lin(x) = —g(q(x) 7" Aag(x))?

@ Flerz transformation

e Identically rewrite particle-antiparticle
Interactions as particle particle interactions: >B(<

(gT" g)* = Y. d, (gT'P Cq" ) (q" CTPlg) }
I

@ toy model (two flavors):

Linw = H Y. (qivsmAa C3")(q" Ciysmda q) } (H — Vet
A=257 |




Nambu-Gorkov formalism

@ interaction Lagrangian:

> (FivsmAa CG")(q" Civsmada q)
A=257
@ artificially double # d.o.t. (Nambu-Gorkov spinors).

W
Li'm —

o q TFETIETER T PO
_E(EQT)’ ‘I’—ﬁ(qq C)
— 0 1 T’l.}t - 0 0
-}Lafﬁf:")LH ]II( - ﬂ)‘lﬂﬂ( )‘I’
,-'-’[:ES? D [J frﬁ..l"l}'l._q D
=» vertices
D l' i .-)\
Y = 4HiT|®T} = 4Hi ({;. 5{; ”‘) (




Nambu-Gorkov propagator

@ Kinetic term + chemical potential:

Liin+p1q'q = qlid+ py")g

bod | =

[G(i@ + 1")g — ¢ C(i@ + uy°)Cq" ]

i@+ pry’ 0
@+ p ~ 11‘
0 —ig-p

= T(x)Sy ' (x) U(x)

-*» inverse bare propagator in momentum space:

So I(P) — (ﬁi -I-DH“'}- ﬁ Dﬁa’?ﬂ)

K=l




Selfconsistency problem

@ dressed propagator (Hartree approximation):

. Q

iS(p) = iSo(p) + iSo(p)(—iX)iS(p)

& S = ) = 5

@ self-energy:

) Y- Q_ 4JHZ{ Lk (_LYTe[T iS(k)
-
)

=¥ selfconsistency problem!




Gap equation

@ selfconsistency problem: §—! = 55! — X[s]

@ ansatz:

(A YeT 0 o
3= L —A52A . 5—1 e llrj + 1Y A 5T A
AT "‘.'_'“'-.-'ijl_'-‘ (0 iy f-.i."'.‘j'l.j ﬁ 2l Iu,.},i:'

@ strategy:
invert S—! = calculate £[S] = compare with ansatz

@ result:

) “gap equation”

quasiparticle dispersion laws: ws = X/“E + )2 + |A]2




Propagator

i
P+’ Ay
—A* s Py’

@ dressed propagator: S = (

e dimension: 2 x4 x Ny x N,
=» 48 x 48 matrixforNy =2, N. =3

e Inversion straight forward, but some work required . ..
@ diagonalization:
S(p°,p) = U(p) Ui(p)+°

\ Pn—;ﬁ:[.ﬁ})

e U(p) = unitary matrix, does not depend on p° !




Dispersion relations

free energy

@ 48 eigenvalues \ /
A
e
. Pr

= 24 quasiparticle dispersion relations:

o w_(p)= \/(|ﬁ| —u)* +|A|? (8-fold) | redand green quarks
@ w.(p)= \/(|ﬁ| +u)? + A2 (8-fold) " antiquarks
@ c (P)=|pl—p (4-fold) blue quarks

@ c.(P)=|pl+p (4-fold) " antiquarks

@ +24quasiholes: —w=(p), —e=(P)




Dispersion relations (CFL)

@ 72 eigenvalues

= 36 quasiparticle dispersion relations:

o ws () =1\/(Ipl - n?+|AR (164old) | quark octet x spin

o wsi(P)=1/(Fl+ w2+ A2 (1640ld) | antiquark

o w_(P)= \/(|ﬁ| — pn)* +[2A12  (2-fold) quark singlet x spin

o wii(F)=\/(Fl+n?+[2A2 (24old) | antiquark

@ + 36 quasiholes: —wg=(p), —wi+(P)




Gap equation: solutions

@ gap equation: A = IE}H&JI{‘;::H A Ly

ﬁ:['] —w* ﬁ:['] —iddy




Gap equation: solutions

4> E. . ] ]
T ] 3 ]
{ 2 (‘m,—i—;u-_ —l_ ; -I—;.:.le_jl

@ gap equation: A =16HA [ -4

@ w,=(2n+ 1)xT fermionic Matsubara frequencies




Gap equation: solutions

(2m)3 ot wl4w?l

® gap equation: A =16HA [ 4% I3 =ty )
@ w, =(2n+1)xT fermionic Matsubara frequencies

@ turning out the sum, T — 0:

__ 4H 2 | '

@ solutions:
o frivial solution: A =0
o other solutions? [k dk{"5 + Ep} = &
A-0 = =g = [ —ox

=» nontrivial solutions always exist for H > 0!




Thermodynamic potential

@ back to our Lagrangian:

L=q(d+m")g+HY (@ Crsnig) i Crsmig)

A—25.1T

@ linearize £;,, around A = —2H{g"C~smA4 gq)

and use Nambu-Gorkov spinors to get :

_ [ i@+ pr VsT2 A A2 _
ﬁMleIf("ﬁ ; L_E)IIF—[AEEIIFS_E@—V

—A* 5T\ —EE — ur° 4H
@ thermodynamic potential:

—

T, pn) = —TZI%%H In (%S"{fw,”k]) + V }

e InA=In((1-(1-A4)) = f (1—A)
n=1

e useful formula: TrInA = InDetA




Thermodynamic potential

@ result after Matsubara summation:

NT,p) = —f éj:;} { 8 (WT_—P T In(1 + e “-/T)

—

—|—MT+ + T In(1 + E““*’{T))

+4 (%‘ L T In(1 4 e=</T)

—l—% + T In(1 —|—E‘E+H)) }




Thermodynamic quantities

@ standard thermodynamic relations:

@ pressure: p= -
ity — _ 90
e density: =

o entropy density: 5= —2¢

@ energydensity: c=-—p+Ts+ un




Minima

@ thermodynamic potential:
T, 1) = —Tzf{g“{}, LTy In (%5—1(@”,5}) 3

@ stable solutions = minima
50) A 1 4 !
'}E%Z_TZJ({FTITT(SS)‘F%:D

=i

@ inverse propagator:

N +1y’ Aymh
s-1p)= [ * S
—A% s Ay Py

ER - T
e —YsT2A2 0 )

- A = 4H Tzf&“j, LTr[iST5] gap equation!




Condensation energy

@ free energy gain: 42 = Q(A) — (0)

@ simplifications: neglect antiparticles, T = 0

2> QA) = —4 [pdp VP —pP + AP + AL
@ gap equation:
5102 | 2 ol —
BA:s — AT _d - = -I_ g — D
£ i fF’ 2 V (p—p ) +HAL i
* NA) = —3 [pdp T

v (P—p)2+H|A]

@ integrand strongly peaked at [p| = = [p*dp = p* [ dp
@ Taylor expansion of the remaining integral in A

¥ 00 oc ptA?




CFL pairing in the bag model

@ bag-model pressure for unpaired quark matter at 7 = 0:

Py
o Opy(p, o) = %;f dpp'{\/pf +m; — () + B
0

@ IH'H — |H' . = _%ru'ﬂ'! H{f — ,{-'['_l,' - ,u- i %HQ, 1[71— = U'IIIIIH.JIT:-} —_ H'i_j%
@ effects of BCS pairing:

e equalize Fermi momenta
@ pairing energy (expressed through the gap)
@ CFL phase:

| R —_— sal 2
o Oy (n) = = ? [ dpp* (\fP* +my —p) — H + B
0
=2p — U{ul kS % (for m, = my = 0)

COMIaR
@ P

-» parameters: masses, B, A




Realistic masses

o realistic quark masses: M, . M; < M, < ~

- unequal Fermi momenta, pf =./p> — M:
@ recall argument about Cooper instability:

@ pairing close to the Fermi surface
(no free energy cost for pair creation)

@ Cooper pairs in BCS theory:
@ Opposite momenta

@ unequal Fermi momenta: pf:b — pr £+ 0pg

free energy




Realistic masses

o realistic quark masses: M, . M; < M, < o

- unequal Fermi momenta, pf =./p> — M:
@ recall argument about Cooper instability:

@ pairing close to the Fermi surface
(no free energy cost for pair creation)

@ Cooper pairs in BCS theory:
@ Opposite momenta

@ unequal Fermi momenta: py" = pgr £ opr

e BCS pﬂi rl ng favored if Ebindi"ng > Epfn"r creation

e approximately: % > Opr

free energy




Which phase is favored ?

@ precondition for standard BCS pairing:
|P§ _Pf:"| 5 ﬂ&ﬂ'b J

o Fermi momenta: py = /pu? — M2
e realisiic quark masses: M, > M; =M,

@ case 1: high densities

Mg =» p}:zpirxpf} -> CFLJ

@ case 2: moderate densities

Ms 2 p> Myq =» Pr< p? =3 2SGJ

>
4

¢

f@‘
| ® @)
.®| t@'

)




Which phase is favored ?

e precondition for standard BCS pairing: ]

pE — pp| S V20 | :

Mo B My 20

o Fermi momenta: py = \/u2 — M? | \(”/

e realistic quark masses: M, > M; =M, —

@ case 1:  high densities )
. § ropd ~ pli CFL
=My =¥ pp=pp=pp =P J ‘

20

®
M2 p> Mg > pr<pr~pr % 25C| G @

@ case 2: moderate densities




3-flavor NJL model

o Lagrangian: L= Lo+ Ly + Ly,
o free part: Ly =qg(ig —m)q, m = diags(m,., mg, my)
e quark-antiquark interaction (as used earlier):
Lgg=GC {ff_}’T”ﬁ’)j + (f?f‘:f's?“ff}‘j'}
— K {dety(a(1 + 7)) + dety(a(1 = 5)q) }
e quark-quark interaction:

Loy =H (qiysTada Cq')(q' CivsTaar q)

@ mean-field approximation:

@ gg-condensates: (uu), (dd), (5s) — dynamical masses
@ gg-condensates: (ud), (us), (ds) «— diquark gaps




Results for T=0

@ ‘realistic” parameters

@ isospin symmetry

&am’: i"-n.a‘ — ﬂiu.&‘ MH — Mﬂ’: Jw.n.'
150 600
100 [ — 3 100 b
' 200 | ~—
xSB| 2SC| CFL| 5
Dl N B B | ﬂ..m."_'_.'_:....n..
300 400 200 300 400 200
u [MeV] u [MeV]
i il

-*» strong interdependencies between dynamical masses and
diquark gaps




Phase diagram

[ 'panasss
_-_-_-_h.-'""--._
_ phase ftransitions
E 50 | ' ——— 1st order
— ' | ——  2nd order
[ |
|
ISBIH SC | CFL |
| . -
0
300 400 500
i [MeV]

S. Ruester et al. Phys. Rev. D 72 (2005) 034004
D. Blaschke et al. Phys. Rev. D 72 (2005) 065020



Exploring hybrid star matter at NICA I
(1) Institute for Theoretical Physics, University of Wroclaw, Poland
(2) Joint Institute for Nuclear Research, Dubna
(3) Department of Physics, San Diego State University, USA

<{umms mmmmmlp- Compact Stars

- stiff EoS - high M N RX 11856

max

(at flow Iimit) (J1614-2230)

- low n - low M

crit onset

(at NICA fixT) | (all NS hybrid)

Danielewicz et al.

o CBM@RAR - excluded

_ - soft EoS
06 08 ) (dashed line)

n [fm”]

(J1614-2230)

1. Measure transverse and elliptic flow for a wide range of energies (densities) at NICA
and perform Danielewicz's flow data analysis ---> constrain stiffness of high density EoS
2. Provide lower bound for onset of mixed phase ---> constrain QM onset in hybrid stars

»,1he CBM Physics Book", Springer LNP 841 (2011), pp.158-181
NICA White Paper, http://theor.jinr.ru - BLTP TWikipages


http://theor.jinr.ru/

Quark matter in 2Mg,,, Nneutron stars?
— only color superconducting + vector int.

T. Klahn et al., PRD 88 (2013) 085001; arxiv:1307.696



Particle Accelerators and Detectors

Equation of State — Phase Diagram

MP1304

by Nov. 11, 2013:

22 member
countries !

EUROPEAN COOPERATION
IN SCIENCE AND TECHNOLOGY

Kick-off: Brussels, November 25, 2013
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