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Fractional and Majorana Fermions
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A bit of physics history about Dirac and his equation:

Dirac was looking for a relativistic equation for electrons and

eventually arrived at the following first-order matrix equation
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To expose properties of the Dirac equation, we make the

usual decomposition

Ψ = e−iEtψ ⇒ [α · p+ βm]ψ = Eψ

and discover that there exist positive energy solutions E > 0,

which can describe electrons.

But because “square roots” come in both signs, there exist

also negative energy solutions, E < 0. These need interpre-

tation because they cannot describe electrons, which carry

positive energy. After some hesitation, Dirac concluded that

the negative energy solutions correspond to anti-electrons,

viz. positrons, which soon were discovered.

In a further conceptual leap, Dirac posited that in the ground

state all negative energy levels are filled, but nevertheless the

charge of the ground state is zero. This means that the

Dirac equation is really a many particle equation, where the

particles populate the energy levels.
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The Dirac equation is a beautiful equation, with a rich hidden

physical structure. It goes beyond a single particle interpreta-

tion and it predicts new (anti-)particles: the positrons. These

characteristics make it a beautiful equation for physics.

Also it is a beautiful equation for mathematics because by

using matrices, it succeeds in taking a square root of a second

order differential equation.

The mathematical and physical beauty of the Dirac equation

suggests to mathematicians and physicists that deformations

of the equation may also yield beautiful and interesting re-

sults.
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Which deformations should we consider?

One alteration that can be made is to reconsider the equa-

tion in dimensions different from the three spatial and one

time dimension. If we take fewer dimensions we gain the

mathematical advantage of simplicity and also have the pos-

sibility of describing physical systems that are confined to

lower dimensions, for example to a line or to a plane. Such

configurations can occur in condensed matter physics. There

one encounters situations where the low energy dynamics is

well described by a matrix equation, linear in the momenta.

Also there may be a constant mass term which separates

the positive energy solutions from the negative energy ones

by a “gap.” Depending on the nature of the material, the

equation may describe excitations on a line, on the plane in

addition to those in the three-dimensional bulk.
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Dirac Equations (First-order matrix equations)

[α · p+ βm]ψ = Eψ

continuum solutions E > |m| and E < -|m|

“vacuum”:

Particle interpretation: E < 0 states filled (antiparticles)
E > 0 states empty (particles)

Condensed matter: E < 0 states filled (valence band)
interpretation: E > 0 states empty (conduction band)

m produces gap 2 |m|
“vacuum” carries no net charge

One dimension, physics on a line, Dirac matrices realized with

2× 2 Pauli matrices

1-d : α = σ2, β = σ1, p = 1
i

d
dx
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A further more profound deformation allows the mass term

m to depend on position.

What sort of dependence should we consider?

Surely a weak dependence will produce only insignificant changes

from the usual homogenous mass case; we are interested in a

significant dependence on position, which could significantly

alter the physical situation. Note that the gap 2 |m| depends

only on the magnitude of m, and not on its sign. +m pro-

duces the same gap as -m. This suggest a deformation of

the mass term that interpolates between positive and nega-

tive values. In this way we are led to a Dirac equation in the

presence of a defect.
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(mass term position-dependent, soliton)

m→ ϕ (r)

[α · p+ β ϕ (r)]ψ = Eψ

Find:

continuum solutions E > 0, E < 0

AND isolated, normalizable E = 0 solution

“mid-gap” state is found by explicit calculation

is guaranteed by index theorems

CENTRAL QUESTION: in “vacuum” is mid-gap state empty

or filled, what is its charge?

UNEXPECTED ANSWER: charge Q = ± 1
2.
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Fractional Charge (Analytic Derivation)

Vacuum charge density:

ρ(r) =

0∫

−∞

dE ρE (r) ρE = ψ
†
EψE

renormalized charge in soliton background

Q =

∫

dr

0−∫

−∞

dE
(

ρsE(r)− ρ0E(r)
)

Evaluation simple in the presence of

an energy reflection symmetry:

ρ-E = ρE (charge conjugation)
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Fractional Charge Calculation

Completeness:
∞∫

−∞
dE ψ

†
E(r)ψE(r

′) = δ(r− r
′)

⇒
∞∫

−∞
dE[ρsE(r)− ρ0E (r)] = 0

Conjugation (ρE = ρ-E) and zero mode ⇒

0−∫

−∞

dE
(

2ρsE(r)− 2ρ0E (r)
)

+ ψ
†
E=0 (r)ψE=0(r) = 0

0−∫

−∞

dE
(

ρsE(r)− ρ0E(r)
)

= −
1

2
ψ
†
E=0(r)ψE=0(r)

Q = −
1

2
Any dimension!

Empty mid-gap state: Q = −1
2

Filled mid-gap state: Q = +1
2

Eigenvalue, not expectation value!
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One Dimensional Example (Polyacetylene)

Dirac equation with varying mass [σ2 p+ σ1ϕ(x)]ψ = Eψ

E ≶ 0








0 − d

dx

d
dx 0



+




0 ϕ(x)

ϕ(x) 0












ψuE

ψlE



 = E




ψuE

ψlE





E = 0




0 − d

dx + ϕ(x)

d
dx + ϕ(x) 0








ψu0

ψl0



 = 0

ψ
u,l
0 = N exp ∓

[∫ x dx′ϕ(x′)
]

Rebbi & RJ, PRD 13, 3398 (76)

Su, Schrieffer & Heeger, PRL 42, 1698 (79)

[high conductivity in polymers]
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Derivation within Condensed Matter

Polyacetylene Realization of (1− ψ) Dirac Equation

H = σ2p+ σ′m

Kinetic term: linearization at Fermi level p

m→ ϕ(x): interpreting between ±|m|
S

S

m
ϕ(x)

+|m|

-|m|

ϕ(x)

14

(due to energetic instability   Peierls)

Gap preserving mass term

p

S

S

m
ϕ(x)

+|m|

-|m|

ϕ(x)

~
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Graphene Realization of (2-d) Dirac Equation

Graphene hexagonal lattice

Sublattices

Kinetic term:

Linearization at Fermi level

2 “Dirac points” per sublattice

⇒ 4× 4 Dirac Hamiltonian in 2 spatial dimensions

Wallace,PR 71, 662 (47); Semenoff,PRL53, 2449 (84);

Gaim & Novoselov, Nobel Prize (10)

Gap inducing term ? [proposal: Jadecola et al. PRL 110,

176603 (13)]
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Dirac Hamiltonian

H = ψ†
α · pψ

︸ ︷︷ ︸
+ψ†β [ϕre − i ϕim γ5]︸ ︷︷ ︸

ψ (4×4)

�
�

�
�

�
�

�
��✠

ϕ ≡ ϕre+ i ϕim
❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❥

α =
(

σ 0
0 −σ

)
, β =

(
0 I
I 0

)
, γ5 =

(
I 0
0 −I

)
, p = 1

i
∇

(All vectors are 2-dimensional)

linearization Kekulé distortion

at Fermi level ϕ constant: ϕ0 ⇒ mass gap

ϕ soliton/vortex: ϕs = |ϕ(r)|eiθ, ϕ(0) = 0, |ϕ(∞)| = ϕ0

⇒ mid-gap state

Conclusion : Q = ±1
2

Hou, Chamon & Mudry, PRL 98, 186809 (07) [cond-mat/0609740]
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Majorana Equation

electrically charged particles:

particle is different from anti-particle

described by complex field

electrically neutral particles:

particle can be identified with its anti-particle

described by real field
e.g. neutral pion (S = 0)

photon (S = 1)
graviton (S = 2)

〉

all bosons

Majorana fermion = neutral fermion (identified with anti-particle)

Majorana Matrix Equation

(α · p+ βm)Ψ = i ∂∂tΨ

Ψ real (neutral excitations)

p = 1
i ∇ imaginary

α real = α
∗

β imaginary = −β∗
}

Majorana Representation
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Majorana Representation

α1
M =

(
0 σ1
σ1 0

)

α2
M =

(
I 0
0 −I

)

α3
M =

(
0 σ3
σ3 0

)

βM =

(

0 σ2
σ2 0

)

Ψ∗
M = ΨM

Majorana in arbitrary representation

Cα
∗C−1 = α, Cβ∗C−1 = −β CΨ∗ = Ψ

e.g. Weyl α =

(

σ 0
0 −σ

)

β =

(

0 I
I 0

)

C =

(

0 −iσ2
iσ2 0

)

(

σ · p m

m −σ · p

) (

ψ
χ

)

= i
∂

∂t

(

ψ
χ

)

CΨ∗ = Ψ ⇒ χ = iσ2ψ
∗

σ · pψ+ iσ2mψ∗ = i
∂

∂t
ψ (2× 2)

ψ mixes with ψ∗

NB C = I in Majorana representation
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Majorana Equation (2 component)

σ · pψ+ iσ2mψ∗ = i
∂

∂t
ψ

NB. Dirac mass term: preserves quantum numbers (charge, particle number)

Majorana mass term: does not preserve any quantum numbers

⇒ no distinction between particle and anti-particle
since there are no conserved quantities to tell
them apart, particle is its own anti-particle

Dirac field operator

Ψ =
∑

E>0

(

aE e
−iEtΨE + b†E e

iEtCΨ∗
E

)

Majorana field operator

Ψ =
∑

E>0

(

aE e
−iEtΨE + a†E e

iEtCΨ∗
E

)
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Are there Majorana fermions in Nature?

neutrinos?

– recent development in neutrino physics

experimental observation of neutrino oscillations ⇒

• neutrinos have mass (< 0.1eV)

• lepton number is not conserved separately for each

flavor.

⇒ they could be Majorana fermions

Hypothetical Majorana fermions:

• supersymmetry – supersymmetric partners of

photon, neutral Higgs boson, etc. are necessarily

Majorana fermions

• cosmology – dark matter candidates

18



Majorana fermions in superconductor in contact with a topological
insulator

superconductor

proximity effects ⇒ Cooper pairs

tunnel through to the surface of TI

topological insulator

Hamiltonian density for the model:

H = ψ∗ (σ ·
1

i
∇− µ) ψ+

1

2
(△ψ∗ i σ2ψ

∗ + h.c.)

ψ =

(

ψ↑

ψ↓

)

,σ = (σ1, σ2),

µ is chemical potential, △ is the order parameter

△ may be constant:△ = △0

or take vortex profile: △(r) = v(r)eiθ, v(0) = 0, v(∞) = △0.

Equation of motion: i ∂t ψ = (σ · p− µ) ψ+△ i σ2ψ∗

In the absence of µ, and with constant △ , the above system is a (2+1)-
dimensional version of the (3+1)-dimensional, two component Majorana
equation!

⇒ governs chargeless spin 1
2
fermions with Majorana mass |△|.

19



Zero Mode

In the presence of a single vortex order parameter ∆(r) = v(r)eiθ there
exists a zero-energy (static) isolated mode
(
Fu & Kane, PRL 100, 096407 (08); Rossi & RJ NPB 190, 681 (81)

)

Majorana field expansion:
Ψ = ................ + aΨ0

E 6=0 modes

where zero mode operator a satisfies

{a, a†} = 1, a† = a ⇒ a2 = 1/2
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