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The role of the Wigner function in
charged particle dynamics
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J Motion of relativistic non laminar charged particle beams
(thermal regime):
- classical picture (geometrical optics)
- quantum-like picture (paraxial approximation)

d Quantum-like description of particle beam dynamics in
high-energy accelerating machines (configuration space)
vs conventional description

 Quantum-like description of particle beam dynamics in
high-energy accelerating machines with the use of the




Motion of relativistic non'laminar tharged particle"

beams: classical picture of thermal spreadmg

Qualitative rappresentatlon of the free envelope
motion (paraxial approximation) of a cylindrically-
symmetric beam travelling in vacuo.

8j(Z) Z[GZ(Z)G 2(Z) cfmjz(z)]l/2 (beam emittance)
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Motion of relativistic’non laminar charged

particle beams: quantum-like picture

FREE PROPAGATION
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V(x,y,z) = beam wave function (BWF) €2
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Quantum-l'ke plctu‘re

thermal uncertamty and coIIectlve effects
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* The thermal spreading introduces an uncertainty in the
electron ray positions in the transverse plane at any
longitudinal location and in the corresponding electron
ray slopes. A paraxial beam emulates the paraxial
diffraction of the electromagnetic radiation

* The electron optics in thermal regime considers the
beams that consist of a large number of charged
particles. Such beams are governed by the




-Quantum-liké picture of transverse dynamics: = - =
- - thermal uncertainty and collective effects
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Quant"um like description of transverse dynamics in-
high- energy acceleratmg machlnes (conflguratlon space)‘

(] LINEAR LENS WITH SEXTUPOLAR AND OCTUPOLAR ABERRATIONS

ov €’ 3%
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Optical device:
quadrupole + sextupole + drift space (beam-transport line);

( typically, small sextupole and/or octupole aberrations are




Quanhtum-like description of transverse dynamics in

high-energy accelerating machines (configuration space)

APPLICATION OF THE TIME-DEPENDENT PERTURBATION THEORY
(1 AT THE LENS EXIT
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Quantume-like description in configuration space:

comparison with tracking code simulations
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A Gaussian (1+1)-D particle beam with flat envelope
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Quantume-like description in configuration space:

comparison with tracking code simulations
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Quantume-like description in configuration space:

comparison with tracking code simulations
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Quantume-like description in configuration space:

comparison with tracking code simulations
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Quantum-like.description in configuration space:

comparison with tracking code simulations
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Abstract

We investigated the transverse beam dynamics in a thermal wave model by using a functional method. It can describe the beam optical elements

separately with a kernel for a component. The method can be applied to general quadrupole magnets beyond a thin lens approximation as well
as drift spaces. We found that the model can successfully describe the PARMILA simulation result through an FODO lattice structure for the

Gaussian input beam without space charge effects.
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Quantum-like.description in configuration space:

comparison with tracking code simulations
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Quantume-like description of beam dynamics in

phase space
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The agreement between the TWM predictions and the tracking code
simulations is not sufficient if done in the configuration space only.
The comparison becomes satisfactory if a similar analysis is carried
out in the momentum space or in phase space.
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Quantum like descrlptlon in phase space

comparlson with tracklng code S|mulat|ons

R Fedele, F. GaIIuccm, \"A R Man’ko and G. Miele, Phys Lett. A 209,263 (1995)
Optical device:
quadrupole + sextupole + drift space (beam-transport line);

( typically, small sextupole and/or octupole aberrations are
included in the quadrupole)
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Fig. 1. Phase-space distribution at the starting point (left) and after a quadrupole lens plus drift space (right). Starting from the center of

the distributions the isodensity contours correspond to 1o, 20 and 3o, respectively.




. K, = 0.060 m
Ky,= 1.2 m" Ky=1.2m™*
a + [« F a e
0.01 | 001 | oot |
Tracking [ [ :
(700000 Part.) ©[ or or
001 [ —0.01 [ —0.01 F
L 1 —_ L L
—0.2 Q X 0.2 -0.2 v] % 0.2 -0.2 v} x 0.2
o L o o -
0.01 | 0.01 0.01
Wigner [ [
Function or or or
—0.01 [ —0.01 | -0.01 [
L a 2 1 C L L L k i Jd e i
-0.2 0 x 02 -0.2 x 02 -0.2 0 % 02
a o o F
G.01 .01 0.01 -

Wigner Function

vs. Tracking

:
&

Q Function

O

Q Function
vs. Tracking

| B e e S B e B

|
o
L8]
|
o
M



Q—-sS—-D Q—-0-D Q—sS—-—0-D
K, = 0.120 m™? K,=0.120m"?
K,=24m> Ky=24m"
o F o - (v
0.01 F 0.01 F 0.01
Tracking i b
(700000 Part.}) 9 & or
i
-0.01 | —o.01 F —o.01 |-
! N ; . ]
—-0.2 Q x 0.2 -0.2 « a2 —-0.2 [a] x 0.2
o o oo
Q.01 l— 001 .01
Wigner [ [ [
Function or @ or ‘ or
—0.01 - ~o0.01 [ -0.0t F
-0z 5] L 0.2 -0.2 §) < 0.2 0.3 ) % 0.2
o o a

0.01 0.01 0.01

Wigner Function 3 = 1
vs. Tracking ® n

Q Function

Q Function
vs. Tracking




Quantum-like description of longitudinal dynamics in *

high-energy accelerating machines (configuration space)
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This equation has been used to describe a number of physical problems in
high-energy charged particle coasting beams in accelerating machines:
e synchrotron oscillations with and without radiation damping and quantum
excitation effects




IMPORTANT FEATURE OF NLSE

to govern the evolution of the
MODULATIONAL INSTABILITY (M)
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Purely reactive impedance: 7 =0,Z=iZ,

W(E &) =p(£,0)enlidw, <)

. O a’ 0°
ia =22 iyl
o 2 O
Envelope solitons: in principle, the cubic NLSE admits bright,
dark and grey solitons. In particular, for . -0 E <0

Bright envelope soliton




[T N Is the total number of particles of the bunch:

ME ) = zlsechz [5_\/04]

oF 0,

e Coherent instability condition for coasting beams
(by means of a standard modulational instability
analysis):m Z,>0,Z, =X _-X.,n=1/y2-1ly2




Increasing K,
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Fig. 1. Qualitative plot of the level curves in the impedance space
(Z . Z,) for constant instability growth rate. K.




Quantum-like description of longitudinal dynamics in *

hlgh -energy acceleratmg machmes in phase space

; STATISTICAL APPROACH TO MODU LATIONAL INSTABILITY
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* Linearization around the stationary state:
w=w,(p), Ul[w,y]=0

 Fourier transform

DISPERSION RELATION
1_méTWo(p+ozk/2)—Wo(p—ozk/2) dp
K ok p—wlk




imiting case
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