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Relation to the work of E. P. Wigner

A first-principles description of the anomalous 
and spin Hall effects in disordered alloys

The title 

might remind one to

● Wigner-Seitz cell

● Wigner-Seitz radius

● Wigner Seitz cellular method

● Wigner D-matrix

● …

                               but there is much more 
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E

Paramagnet B = 0

Transverse charge and spin currents 

Source                                relativistic spin-orbit interaction

Separating   charge (+ spin)  

“Spintronics without magnetism”

spin

in both cases

Spin Hall Effect (SHE)Anomalous Hall Effect (AHE)

Ferromagnet B = 0

E

M
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Kubo-Středa (KS) equation (T = 0 K)

with current density operator
allows calculation of the full conductivity tensor

Smrčka and Středa, JPC 10, 2153 (1977)
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Structure of the conductivity tensor σ

Neumann's  Principle

paramagnetic ferromagnetic

Isotropic conductivity
or resistivity

Galvano-magnetic effects
Anomalous Hall effect

Anisotropic magnetoresistance AMR

Kleiner, PR 142, 318 (1966)

G = m 3 m G = 4/m m' m'
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Anti-unitary symmetry operators
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Kubo-Středa (KS) equation (T = 0 K)

with current density operator
allows calculation of the full conductivity tensor

Smrčka and Středa, JPC 10, 2153 (1977)
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Bloch spectral function                       

minority spin majority spin

along Γ-X

Fermi surface
in Γ-X-W-plane

Ebert et al., SSC 104, 243 (1997)

Relativistic KKR-CPA applied to disordered Fe0.2Ni0.8
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Kubo-Greenwood equation and Vertex corrections 

relativistic quantum numbers 

Implementation within KKR-CPA

Butler, PRB 31, 3260 (1985) (non-relativistic)
Banhart et al., SSC 77, 107 (1991) (fully-relativistic)
Turek et al., PRB 65, 125101 (2002) (LMTO-CPA)

See also: Velicky, PR 184, 614 (1969)

Vertex corrections (VC) 

account for 
scattering-in processes

vertex correction
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Brillouin zone integration

Symmetry allows to reduce the integration regime            
to an irreducible wedge
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Longitudinal residual resistivity
of ferromagnetic alloys

see also :
Banhart et al., PRB 56, 10165 (1997)
Khmelevskyi et al., PRB 68, 012402 (2003)
Turek et al., JPCS 200, 052029 (2010)
& PRB 86, 014405 (2012)

Isotropic residual resistivity Anisotropic magnetoresistance AMR

see also:
Ebert et al., PRB 54, 8479 (1996)
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Expt.: Matveev et al., Fiz. Met. Metalloved 53, 34 (1982)
Theo.: Lowitzer et al., PRL 105, 266604 (2010)

Anomalous Hall conductivity
in ferromagnetic alloys

KKR-CPA results based on Kubo-Středa equation

Pd Fe NiPd
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Diagrammatic representation of the KS equation 

vertex 
diagrams

intrinsic extrinsic

side-jump
scattering
skew
scattering

Crepieux et al., PRB 64, 014416 (2001)

scaling
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Decomposition of the extrinsic AHE
via scaling behaviour of individual contributions

side-jump contribution is negligible for these systems

Scaling of skew scattering part

: skewness factor

Onoda et al.,    PRB 77, 165103 (2008) 
Crepieux et al., PRB 64, 014416 (2001)



Hubert Ebert Wigner 111 - Colourful and deep, Budapest, 11.-13. Nov. 2013, 15

AHE – Kubo vs Boltzmann formalism

longitudinal conductivity transverse conductivity
(Kubo: total, Boltzmann: skew only)

Boltzmann-based calculations:
Gradhand, Fedorov, Mertig, unpublished (2013) 
Mokrousov et al., unpublished (2013) 

Comparison of results for diluted alloys (1%)
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AHE – Boltzmann vs Kubo formalism

longitudinal conductivity           . x 

Boltzmann-based calculations:
Gradhand, Fedorov, Mertig, unpublished (2013)

Comparison of results for varying concentration
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E

Paramagnet B = 0

Transverse charge and spin currents 

Source                                relativistic spin-orbit interaction

Separating   charge (+ spin)  

“Spintronics without magnetism”

spin

in both cases

Spin Hall Effect (SHE)Anomalous Hall Effect (AHE)

Ferromagnet B = 0

E

M
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Kubo-Středa (KS) for spin conductivity tensor

charge

with current density operator

spin 

[1] Bargmann & Wigner, Proc. Natl. Acad. Sci. 34, 211 (1948) 
[2] Vernes et al., PRB 76, 012408 (2007)

spin polarization four-vector     for particle in field

with kinetic momentum
based on:

Lowitzer et al., PRB 82, 140402(R) (2010)
Lowitzer et al., PRL 106, 056601 (2011)
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Spin polarisation and current density operators
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Structure of the spin conductivity tensor

Extension of Kleiner's scheme 

paramagnetic ferromagnetic

Kleiner, PR 142, 318 (1966)

G = m 3 m G = 4/m m' m'

unitary symmetry operation

anti-unitary symmetry operation
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SHE for 4d- and 5d-transition metal alloys

KKR-CPA results based on Kubo-Středa equation

Guo et al., PRL 100, 096401 (2008)
Guo, JAP 105, 07C701 (2009)
Yao et al., PRL 95, 156601 (2005)

intrinsic SHE of pure elements

Pt Au Au Ag

}
Lowitzer et al.,  PRL 106, 056601 (2011)
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Decomposition of Spin Hall conductivity
via scaling behaviour of individual contributions

Ansatz in analogy to AHE

linear relation on both sides of 
alloy system for composition

Extrapolation to 

KKR-CPA results for Au
1-x

Pt
x



Hubert Ebert Wigner 111 - Colourful and deep, Budapest, 11.-13. Nov. 2013, 23

Kubo vs. Boltzmann-Formalism

Comparison of results for diluted alloys (1%)

longitudinal conductivity skew scattering

Boltzmann-based calculations:
Gradhand, Fedorov, Mertig, (2010)
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T

Paramagnet B = 0Ferromagnet B = 0

T

M

Transverse thermogalvanic 
charge and spin transport

Spin Nernst Effect (SNE)Anomalous Nernst Effect (ANE)

Thermal analogues to

                Anomalous Hall                 and                    Spin Hall effect
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Summary

● A relativistic implementation of the Kubo-Středa formalism 
 on the basis of the KKR-CPA formalism was presented

● Applications to alloys on

● Anomalous Hall Effect
● Spin Hall Effect

● Decomposition into intrinsic and extrinsic contributions
 based on vertex corrections 

● Skew- and side-jump contributions 
 identified via scaling behavior

● Dilute alloys: very good agreement
with Boltzmann formalism

● We owe much more to Wigner than the Wigner-Seitz cell 
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