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There is a fundamental question to ask, which states are useful for 

quantum information applications? 

𝑘-uniform states  
and Absolutely Maximally Entangled (AME) states 
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What are AME states? 

A pure state of 𝑛 parties with local dimension 𝑞 is AME if reduced states on up to half 
of the systems are all maximally mixed, concretely 

* 𝜓 ∈ ℋ 𝑛, 𝑞 : ∀𝑆 ⊂ 1, … , 𝑛  𝑆 ≤ 𝑛
2 ⟹  Tr𝑆𝑐 𝜓  𝜓 ∝ 𝟙} 

1 2 3 4 

 𝜓 = 

Tr*3,4+𝑐 𝜓  𝜓 ∝ 𝟙 

𝐴𝑀𝐸 𝑛, 𝑞 ≔ 

𝐴𝑀𝐸(𝑛, 𝑞) states: 

2 



Zahra Raissi Constructing 𝑘-uniform states of non-minimal support     -   September 2018 

Existence of AME states 

[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 
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Existence of AME states 

For qubits, (𝑞 = 2): 

[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 
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Existence of AME states 

For qubits, (𝑞 = 2): 𝑛 = 2, 3   

[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 

 𝜙+ =  00 +  11  

 𝐺𝐻𝑍 =  000 +  111  

𝐴 𝐵 

𝐴 𝐵 

𝐶 

3 



Zahra Raissi Constructing 𝑘-uniform states of non-minimal support     -   September 2018 

Existence of AME states 

1 2 3 4 

 𝜓 = 
 𝜙± =  00 ±  11  

 𝜓± =  01 ±  10  

For qubits, (𝑞 = 2): 𝑛 = 2, 3, 4   

 𝜓 =  00 12 𝜙− 
34 +  11 12 𝜓− 

34 +  01 12 𝜓+ 
34 +  10 12 𝜙+ 

34 [1] 

[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 

3 



 𝜓 =  00 12 𝜙− 
34 +  11 12 𝜓− 

34 +  01 12 𝜓+ 
34 +  10 12 𝜙+ 

34 [1] 

 𝜙± =  00 ±  11  

 𝜓± =  01 ±  10  

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 

Existence of AME states 

For qubits, (𝑞 = 2): 

Zahra Raissi 

1 2 3 4 

 𝜓 = 

Tr*1,2+𝑐 𝜓  𝜓 ∝ 𝟙 

𝑛 = 2, 3, 4   

[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 

3 



 𝜓 =  00 12 𝜙− 
34 +  11 12 𝜓− 

34 +  01 12 𝜓+ 
34 +  10 12 𝜙+ 

34 [1] 

 𝜙± =  00 ±  11  

 𝜓± =  01 ±  10  

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 

Existence of AME states 

For qubits, (𝑞 = 2): 

Zahra Raissi 

1 2 3 4 

 𝜓 = 

Tr*1,2+𝑐 𝜓  𝜓 ∝ 𝟙 Tr*3,4+𝑐 𝜓  𝜓 ∝ 𝟙 

𝑛 = 2, 3, 4   

[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 

3 



 𝜓 =  00 12 𝜙− 
34 +  11 12 𝜓− 

34 +  01 12 𝜓+ 
34 +  10 12 𝜙+ 

34 [1] 

 𝜙± =  00 ±  11  

 𝜓± =  01 ±  10  

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 

Existence of AME states 

For qubits, (𝑞 = 2): 

Zahra Raissi 

Tr*2,3+𝑐 𝜓  𝜓 ∝ 𝟙 

 𝜓 =  00 
23

 𝜙+ 
14

−  01 
23

 𝜓− 
14

+  10 
23

 𝜓+ 
14

−  11 
23

 𝜙− 
14

 

Tr*1,4+𝑐 𝜓  𝜓 ∝ 𝟙 

𝑛 = 2, 3, 4   

[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 

1 2 3 4 

 𝜓 = 

3 



 𝜓 =  00 12 𝜙− 
34 +  11 12 𝜓− 

34 +  01 12 𝜓+ 
34 +  10 12 𝜙+ 

34 [1] 

 𝜙± =  00 ±  11  

 𝜓± =  01 ±  10  

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 

Existence of AME states 

For qubits, (𝑞 = 2): 

Zahra Raissi 

1 2 3 4 

 𝜓 = 

 𝜓 =  00 
23

 𝜙+ 
14

−  01 
23

 𝜓− 
14

+  10 
23

 𝜓+ 
14

−  11 
23

 𝜙− 
14

 

𝑛 = 2, 3, 4   

Tr*1,3+𝑐 𝜓  𝜓 ∝ 𝟙 Tr*2,4+𝑐 𝜓  𝜓 ∝ 𝟙 

 𝜓 =  𝜙+ 
13

 𝜙+ 
24 −  𝜓− 

13
 𝜓+ 

24 

[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 

3 



 𝜓 =  00 12 𝜙− 
34 +  11 12 𝜓− 

34 +  01 12 𝜓+ 
34 +  10 12 𝜙+ 

34 [1] 

 𝜙± =  00 ±  11  

 𝜓± =  01 ±  10  

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 

Existence of AME states 

For qubits, (𝑞 = 2): 

Zahra Raissi 

1 2 3 4 

 𝜓 = 

 𝜓 =  00 
23

 𝜙+ 
14

−  01 
23

 𝜓− 
14

+  10 
23

 𝜓+ 
14

−  11 
23

 𝜙− 
14

 

𝑛 = 2, 3, 4   

 𝜓 =  𝜙+ 
13

 𝜙+ 
24 −  𝜓− 

13
 𝜓+ 

24 

[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 

[2] 

Tr*1,3+𝑐 𝜓  𝜓 ∝ 𝟙 Tr*2,4+𝑐 𝜓  𝜓 ∝ 𝟙 

3 



[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 

Existence of AME states 

For qubits, (𝑞 = 2): 

Zahra Raissi 

𝑛 = 2, 3, 4, 5, 6, 7, 8, 9, …  [2] 

 𝜓 =  00 12 𝜙− 
34 +  11 12 𝜓− 

34 +  01 12 𝜓+ 
34 +  10 12 𝜙+ 

34 [1] 

 𝜙± =  00 ±  11  

 𝜓± =  01 ±  10  

1 2 3 4 

 𝜓 = 

 𝜓 =  00 
23

 𝜙+ 
14

−  01 
23

 𝜓− 
14

+  10 
23

 𝜓+ 
14

−  11 
23

 𝜙− 
14

 

 𝜓 =  𝜙+ 
13

 𝜙+ 
24 −  𝜓− 

13
 𝜓+ 

24 

Tr*1,3+𝑐 𝜓  𝜓 ∝ 𝟙 Tr*2,4+𝑐 𝜓  𝜓 ∝ 𝟙 

3 



[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004). 

[3] F. Huber, O. Gühne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017). 

[1] A. Higuchi, A. and Sudbery,  Phys. Lett. A 273,213 (2000). 

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 

Existence of AME states 

For qubits, (𝑞 = 2): 

Zahra Raissi 

𝑛 = 2, 3, 4, 5, 6, 7, 8, 9, …  [2, 3] 

 𝜓 =  00 12 𝜙− 
34 +  11 12 𝜓− 

34 +  01 12 𝜓+ 
34 +  10 12 𝜙+ 

34 [1] 

 𝜙± =  00 ±  11  

 𝜓± =  01 ±  10  

1 2 3 4 

 𝜓 = 

 𝜓 =  00 
23

 𝜙+ 
14

−  01 
23

 𝜓− 
14

+  10 
23

 𝜓+ 
14

−  11 
23

 𝜙− 
14

 

 𝜓 =  𝜙+ 
13

 𝜙+ 
24 −  𝜓− 

13
 𝜓+ 

24 

Tr*1,3+𝑐 𝜓  𝜓 ∝ 𝟙 Tr*2,4+𝑐 𝜓  𝜓 ∝ 𝟙 

3 



𝐴𝑀𝐸(𝑛, 𝑞) states: 

A pure state  𝜓  of 𝑛 parties with local dimension 𝑞 is AME if for all 𝑆 ⊂ *1,2, … , 𝑛+, 

𝑆 ≤ 𝑛
2    ⟹     Tr𝑆𝑐 𝜓  𝜓 ∝ 𝟙 

 Since AME states may not always exist, one can loosen the criteria for maximal mixedness,  

𝑘-UNI(𝑛, 𝑞) states: 

A pure state  𝜓  of 𝑛 parties with local dimension 𝑞 is 𝑘-uniform if for all 𝑆 ⊂ *1,2, … , 𝑛+, 

𝑆 ≤ 𝑘      ⟹     Tr𝑆𝑐 𝜓  𝜓 ∝ 𝟙 

1 2 3 4 

 𝜓 = 
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𝑘-uniform states 

𝑛 

.  .  .  

 Obviously, an AME state is a 𝑘 = 𝑛

2
-uniform state. 

4 
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Why are 𝑘-uniform states interesting? 

𝑎 0 + 𝑏 1  

 𝜙+ 
𝐴𝐵 =  00 +  11  𝐴 𝐵 

  Resource for multipartite parallel teleportation [1]  

  Holographic models implementing the AdS/CFT correspondence [2] 

[2]  F. Patawski, B. Yoshida, D. Harlow, and J. Preskill, Journal of High Energy Physics  06, 149 (2015). 

[1]  W. Helwig, W. Cui, J. I. Latorre, A. Riera, and H.K. Lo, Phys. Rev. A, 86, 052335 (2012). 

𝐴 𝐵 

  Natural generalization of EPR and GHZ states  

5 
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Content of this talk 

Classical error 
correcting codes 

𝑘-uniform states of 
minimal support 

Graph states: orthonormal basis (𝑘-uniform basis): 

𝜓𝑎 ≔ 𝑀 𝑣   𝜓  

… 

… 

𝑪𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 𝑷𝒂𝒓𝒕 

All terms 

ℓ − UNImin (𝑛cl, 𝑞) 

𝑸𝒖𝒂𝒏𝒕𝒖𝒎 𝑷𝒂𝒓𝒕 

 orthonormal basis 

ℓ′ − UNImin (𝑛q, 𝑞) 

𝑘-uniform state of non-minimal support 

6 
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𝑘-uniform states of minimal support 

There is a connection between 𝑘-uniform states of minimal support and classical 
maximum distance separable (MDS) error correcting codes.  
Using that we can provide explicit closed form expressions for this set of 𝑘-uniform 
states. 

Classical error 
correcting codes 

𝑘-uniform states 

7 



 We classify the 𝑘-uniform states according to the number of their terms, when they are 
expanded in product basis. 

 𝜓 =  𝑐𝑗1,…,𝑗𝑛
 𝑗1, … , 𝑗𝑛 

𝑞−1

𝑗1,…,𝑗𝑛=0

 # terms = 𝑞𝑘  
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𝑘-uniform states of minimal support from MDS codes 
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 Construct 𝑘-uniform states with minimal support from classical MDS codes 

 Construct basis, develop stabilizer formalism and AME graph states 

 We classify the 𝑘-uniform states according to the number of their terms, when they are 
expanded in product basis. 

 𝜓 =  𝑐𝑗1,…,𝑗𝑛
 𝑗1, … , 𝑗𝑛 

𝑞−1

𝑗1,…,𝑗𝑛=0

 # terms = 𝑞𝑘  

 
𝑛 ≤ 𝑞 + 2

 
𝑛 ≤ 𝑞 + 1

 

when 𝑞 is even and 𝑘 = 1 or 𝑘 = 𝑞 − 1 

in all other cases 
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𝑘-uniform states of minimal support from MDS codes 
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Classical error correcting codes 

F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1. 
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1 
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Classical error correcting codes 
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F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1. 
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Classical error correcting codes 

𝑐 = (𝑥1, … , 𝑥𝑘      , 𝑥𝑘+1, … , 𝑥𝑛) 

Message symbols Check symbols 

𝑘 = 1 𝑛 = 3 
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Classical error correcting codes 
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Classical error correcting codes 

𝑑𝐻 

𝑑𝐻 = 2𝑡 + 1 
𝑘 = 1 𝑛 = 3 

,𝑛 = 3, 1𝑘 = 1, 𝑑𝐻 = 3-𝑞=2 
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[1] F.J. MacWilliams, N.J.A. Sloane, The theory of error-correction codes (1977). 

𝑘 𝑛 

𝑚  𝐺𝑘×𝑛 = 𝑐  
Word 

Generator Matrix 

Code word 

[2]  R. Singleton, IEEE Trans. Inf. Theor., 10, 116 (2006). 

  Constructing classical error correcting codes  ,𝑛, 𝑘, 𝑑𝐻-𝑞  [1] 

MDS codes 
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[2]  R. Singleton, IEEE Trans. Inf. Theor., 10, 116 (2006). 
[1] F.J. MacWilliams, N.J.A. Sloane, The theory of error-correction codes (1977). 

This only makes sense if you can take linear combinations of the code words. 

What do we need? Finite fields 

e.g. GF 5 = 0,1,2,3,4     mod(5) 

Prime powers, 𝑞 = 𝑝𝑚: It works with the representation in terms of polynomials 
based on the irreducible polynomial 

e.g.  GF 22 = 0,1, 𝑥, 𝑥 + 1  generated by 𝑥2 = 𝑥 + 1 

Prime numbers, 𝑞 = 𝑝: Integers modulo 𝑞 form a field 

≡ *0, 1, 2, 3+ 

𝑘 𝑛 

𝑚  𝐺𝑘×𝑛 = 𝑐  
Word 

Generator Matrix 

Code word 

  Constructing classical error correcting codes  ,𝑛, 𝑘, 𝑑𝐻-𝑞  [1] 

MDS codes 
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  𝐺𝑘×𝑛 has standard form (by taking linear combination of the codewords) 

𝐺𝑘×𝑛 = ,𝟙 𝑘 𝐴- 
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  𝐺𝑘×𝑛 has standard form (by taking linear combination of the codewords) 

𝐺𝑘×𝑛 = ,𝟙 𝑘 𝐴- 

 Singleton bound for any linear code:    𝑑𝐻 ≤ 𝑛 − 𝑘 + 1      [2] 
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  Constructing classical error correcting codes  ,𝑛, 𝑘, 𝑑𝐻-𝑞  [1] 

MDS codes 
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  𝐺𝑘×𝑛 has standard form (by taking linear combination of the codewords) 

𝐺𝑘×𝑛 = ,𝟙 𝑘 𝐴- 

 Singleton bound for any linear code:    𝑑𝐻 ≤ 𝑛 − 𝑘 + 1      [2] 

 Code is Maximum Distance Separable (MDS) if  𝑑𝐻 = 𝑛 − 𝑘 + 1  ⟶  Code is MDS iff any 
subset of 𝑘 columns of 𝐺𝑘×𝑛 is linearly independent. 
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Classical MDS codes 𝑘-uniform states 

   From any MDS code a k-uniform state can be constructed by taking the equally weighted 
superposition of all the codewords 
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 Generator matrix of an MDS code ,6,2,5-5 

𝐺2×6 =
1 0
0 1

 
1 1 1 1
1 2 3 4

 

 Yields minimal support 2-uniform state for 𝑛 =  6, 𝑞 =  5: 

 𝜓 =   𝑚𝐺2×6 

𝑚∈𝐺𝐹(5)2

=   𝑖, 𝑗, 𝑖 + 𝑗, 𝑖 + 2𝑗, 𝑖 + 3𝑗, 𝑖 + 4𝑗 

4

𝑖,𝑗=0

 

(All additions and multiplications modulo 𝑞.) 

Classical MDS codes 𝑘-uniform states 
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Graph state and basis 

Description of the 𝑘-uniform states of minimal support within the graph state 
formalism. 
Starting from a single 𝑘-uniform state of minimal support  𝜓 ∈ ℋ(𝑛, 𝑞), a 
complete orthonormal basis for ℋ(𝑛, 𝑞) can be constructed. 

12 



Graph states: Introduction 
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1 

2 

3 

 initialize each qubit as the state,   + =
 0 + ⋯+  𝑞 − 1 

𝑞
 ≡ Qudits 

13 



Graph states: Introduction 

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 Zahra Raissi 

1 

2 

3 

 initialize each qubit as the state,  

 Perform 𝐶𝑍 operations between any two qubits that are connected by an edge.  

𝑖 

𝑗 

Γ𝑖𝑗 > 0   𝑖, 𝑗 connected 

Γ𝑖𝑗 = 0   not connected 

 Multiple edges are possible because we are considering qudits 

𝐶𝑍𝑖𝑗 =   𝑙  𝑙 𝑖 ⊗ 𝑍𝑙
𝑗

𝑙

=  𝜔𝑙𝑚 𝑙  𝑙 𝑖 ⊗  𝑚  𝑚 
𝑗

𝑙,𝑚

 

Adjacency matrix Γ 

 + =
 0 + ⋯+  𝑞 − 1 

𝑞
 ≡ Qudits 
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𝑗

𝑙,𝑚

 

1 

2 

3 

 Γ =  𝐶𝑍𝑖𝑗
Γ𝑖𝑗 + ⊗𝑛

𝑖>𝑗

 

Stabilizers: 𝑔𝑙
Γ = 𝑋𝑙  (𝑍𝑙)

Γ𝑙𝑚

𝑚

 1 ≤ 𝑙 ≤ 𝑛 

Adjacency matrix Γ 

 + =
 0 + ⋯+  𝑞 − 1 

𝑞
 ≡ Qudits 

13 



Graph states: Introduction 

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 Zahra Raissi 

 initialize each qubit as the state,  

 Perform 𝐶𝑍 operations between any two qubits that are connected by an edge.  

𝑖 

𝑗 

Γ𝑖𝑗 > 0   𝑖, 𝑗 connected 

Γ𝑖𝑗 = 0   not connected 

 Multiple edges are possible because we are considering qudits 

𝐶𝑍𝑖𝑗 =   𝑙  𝑙 𝑖 ⊗ 𝑍𝑙
𝑗

𝑙

=  𝜔𝑙𝑚 𝑙  𝑙 𝑖 ⊗  𝑚  𝑚 
𝑗

𝑙,𝑚

 

1 

2 

3 

 Γ =  𝐶𝑍𝑖𝑗
Γ𝑖𝑗 + ⊗𝑛

𝑖>𝑗

 

Stabilizers: 𝑔𝑙
Γ = 𝑋𝑙  (𝑍𝑙)

Γ𝑙𝑚

𝑚

 1 ≤ 𝑙 ≤ 𝑛 

Adjacency matrix Γ 
𝑋 𝑗 =  𝑗 + 1  mod 𝑞  

𝑍 𝑗 = 𝜔𝑗 𝑗  𝜔 ≔ e
2𝜋𝑖
𝑞  

𝑋 and 𝑍 that generalize the Pauli operators 𝜎𝑋 and 𝜎𝑍 to Hilbert spaces of dimension 𝑞 ≤ 2 

𝑔1 = 𝑋 ⊗ 𝟙 ⊗ 𝑍 

𝑔2 = 𝟙 ⊗ 𝑋 ⊗ 𝑍 

𝑔3 = 𝑍 ⊗ 𝑍 ⊗X 

Stabilizers of the 
example: 

 + =
 0 + ⋯+  𝑞 − 1 

𝑞
 ≡ Qudits 
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Stabilizers 
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𝑘 − UNImin 𝑛, 𝑞  ∋  𝜓 =   𝑣 𝐺𝑘×𝑛 

𝑣

 

 The minimal support 𝑘-uniform state are linear combinations of the rows of 𝐺𝑘×𝑛 

𝐺𝑘×𝑛 = ,𝟙 𝑘 𝐴𝑘×𝑛−𝑘- 

𝑠1 = 𝑋 𝟙 … 𝟙 𝑋𝑎11 𝑋𝑎12 … 𝑋𝑎1(𝑛−𝑘) 

𝑠2 = 𝟙 𝑋 … 𝟙 𝑋𝑎21 𝑋𝑎22 … 𝑋𝑎2(𝑛−𝑘) 

𝑠𝑘 = 𝟙 𝟙 … 𝑋 𝑋𝑎𝑘1 𝑋𝑎𝑘2 … 𝑋𝑎𝑘(𝑛−𝑘) 
⋮ 

𝑘 𝑛 − 𝑘 

14 
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𝑣

 

 The minimal support 𝑘-uniform state are linear combinations of the rows of 𝐺𝑘×𝑛 
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𝐺𝑘×𝑛 = ,𝟙 𝑘 𝐴𝑘×𝑛−𝑘- 

𝐻𝑛−𝑘×𝑛 = ,−𝐴𝑇 𝟙 𝑛−𝑘- 

𝑠𝑙
𝜓 𝜓 =  𝜔𝐻𝑛−𝑘×𝑛 𝐺𝑘×𝑛

𝑇 𝑣

𝑣

 𝑣  𝐺𝑘×𝑛 =  𝜓  

𝑠1 = 𝑋 𝟙 … 𝟙 𝑋𝑎11 𝑋𝑎12 … 𝑋𝑎1(𝑛−𝑘) 
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𝑠𝑘 = 𝟙 𝟙 … 𝑋 𝑋𝑎𝑘1 𝑋𝑎𝑘2 … 𝑋𝑎𝑘(𝑛−𝑘) 
⋮ 

𝑠𝑘+1 =      𝑍−𝑎11      𝑍−𝑎21  …        𝑍−𝑎𝑘1 𝑍 𝟙 … 𝟙 

𝑠𝑘+2 =      𝑍−𝑎12      𝑍−𝑎22  …         𝑍−𝑎𝑘2 𝟙 𝑍 … 𝟙 

𝑠𝑛 = 𝑍−𝑎1(𝑛−𝑘) 𝑍−𝑎2(𝑛−𝑘) … 𝑍−𝑎𝑘(𝑛−𝑘) 𝟙 𝟙 … 𝑍 
⋮ 

𝑘 𝑛 − 𝑘 

𝑘 𝑛 − 𝑘 
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⋮ 

𝑠𝑘+1 =      𝑍−𝑎11      𝑍−𝑎21  …        𝑍−𝑎𝑘1 𝑍 𝟙 … 𝟙 

𝑠𝑘+2 =      𝑍−𝑎12      𝑍−𝑎22  …         𝑍−𝑎𝑘2 𝟙 𝑍 … 𝟙 

𝑠𝑛 = 𝑍−𝑎1(𝑛−𝑘) 𝑍−𝑎2(𝑛−𝑘) … 𝑍−𝑎𝑘(𝑛−𝑘) 𝟙 𝟙 … 𝑍 
⋮ 

𝑘 𝑛 − 𝑘 

𝐹−1𝑍𝐹 = 𝑋 

𝐹−1𝑋𝐹 = 𝑍−1 

on the last 𝑛 − 𝑘 qudits 
𝑘 𝑛 − 𝑘 

𝐺𝑘×𝑛(𝐻𝑛−𝑘×𝑛)𝑇= 0 𝑠𝑙
𝜓 𝜓 =  𝜔𝐻𝑛−𝑘×𝑛 𝐺𝑘×𝑛

𝑇 𝑣

𝑣

 𝑣  𝐺𝑘×𝑛 =  𝜓  
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Stabilizers formalism within the graph states 
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 The minimal support 𝑘-uniform state constructed from the MDS codes 

𝑔𝑙
Γ = 𝑋𝑙  𝑍𝑚

Γ𝑙𝑚
𝜓

𝑛

𝑚=0

 1 ≤ 𝑙 ≤ 𝑛 

Γ𝜓 = − 0 𝐴𝑇

𝐴𝑇 0 𝑛×𝑛
 

 A complete bipartite graph shows the structure of the graph represent the 𝑘-uniform state of 
minimal support 

𝑘 − UNImin 𝑛, 𝑞  ∋  𝜓 =   𝑣 𝐺𝑘×𝑛 

𝑣

 𝐺𝑘×𝑛 = ,𝟙 𝑘 𝐴𝑘×𝑛−𝑘- 



An example of 𝑘-uniform state 
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 Generator matrix of an MDS code ,6,2,5-5 

𝐺2×6 = 𝟙2 𝐴 =
1 0
0 1

 
1 1 1 1
1 2 3 4

 

2 − UNImin 6,5 ∋  𝜓 =   𝑖, 𝑗, 𝑖 + 𝑗, 𝑖 + 2𝑗, 𝑖 + 3𝑗, 𝑖 + 4𝑗 

4

𝑖,𝑗=0

 

𝑠1 = 𝑋 𝟙  𝑋 𝑋   𝑋   𝑋 

𝑠2 = 𝟙 𝑋 𝑋 𝑋2 𝑋3 𝑋4 

𝑠3 = 𝑍−1 𝑍−1 𝑍 𝟙 𝟙 𝟙 

𝑠4 = 𝑍−1 𝑍−2 𝟙 𝑍 𝟙 𝟙 

𝑠5 = 𝑍−1 𝑍−3 𝟙 𝟙 𝑍 𝟙 

𝑠6 = 𝑍−1 𝑍−4 𝟙 𝟙 𝟙 𝑍 

𝑘 = 2 𝑛 − 𝑘 = 4 
1 2 

3 4 5 6 

𝐹−1𝑍𝐹 = 𝑋 𝐹−1𝑋𝐹 = 𝑍−1 

≡ −1 = 4 

≡ −2 = 3 

≡ −3 = 2 

≡ −4 =1 
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Basis 
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 Given a k-uniform state of minimal support 𝜓 ∈ ℋ(𝑛, 𝑞) the 𝑞𝑛 states 

form a complete orthonormal basis of minimal support 𝑘-uniform state. 

𝜓𝑎 ≔ 𝑀 𝑣   𝜓  

𝑀 𝑣 ≔ 𝑀 𝑣 𝑍 ⊗ 𝑀 𝑣 𝑋  

= 𝑍𝑣1 ⊗ 𝑍𝑣𝑘+1 ⊗ ⋯ ⊗ 𝑍𝑣𝑘

𝑘

⊗ 𝑋𝑎𝑣𝑘+1 ⊗ 𝑋𝑣𝑘+2 ⊗ ⋯ ⊗ 𝑋𝑣𝑛

𝑛−𝑘

 

𝜓 𝑀 𝑣 †𝑀 𝑤 𝜓 =  𝛿𝑎𝑖,𝑏𝑖

𝑖
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Q-Clutch and constructing non-minimal support 
𝑘-uniform states 

A systematic method to construct a set of non-minimal support 𝑘 − UNI(𝑛, 𝑞) states. 
We call this method Q-Clutch. 

All terms of the 
ℓ-uniform 

minimal support 

States of the ℓ′-uniform 
basis 

17 



𝑘-uniform states of non-minimal support 

Constructing 𝑘-uniform states of non-minimal support     -   September 2018 Zahra Raissi 

 The Q-Clutch connects all the terms of a ℓ-uniform state to the quantum state of ℓ′-uniform 
basis and lead to construction of non-minimal support 𝑘-uniform state 

𝑪𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 𝑷𝒂𝒓𝒕 

All terms in computational 
basis of state, 

ℓ − UNImin (𝑛cl, 𝑞) 

𝑸𝒖𝒂𝒏𝒕𝒖𝒎 𝑷𝒂𝒓𝒕 

Complete 
orthonormal basis, 

ℓ′ − UNImin (𝑛q, 𝑞) 

𝑛𝑐𝑙 𝑛𝑞 𝑛 = 𝑛𝑐𝑙 + 𝑛𝑞 

18 
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basis and lead to construction of non-minimal support 𝑘-uniform state 

𝑪𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 𝑷𝒂𝒓𝒕 

All terms in computational 
basis of state, 

ℓ − UNImin (𝑛cl, 𝑞) 

𝑸𝒖𝒂𝒏𝒕𝒖𝒎 𝑷𝒂𝒓𝒕 

Complete 
orthonormal basis, 

ℓ′ − UNImin (𝑛q, 𝑞) 

𝑛𝑐𝑙 𝑛𝑞 𝑛 = 𝑛𝑐𝑙 + 𝑛𝑞 

# 𝑞ℓ - term # 𝑞𝑛𝑞 - term ℓ = 𝑛𝑞 e.g. 
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 The Q-Clutch connects all the terms of a ℓ-uniform state to the quantum state of ℓ′-uniform 
basis and lead to construction of non-minimal support 𝑘-uniform state 
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orthonormal basis, 

ℓ′ − UNImin (𝑛q, 𝑞) 

𝑛𝑐𝑙 𝑛𝑞 𝑛 = 𝑛𝑐𝑙 + 𝑛𝑞 

# 𝑞ℓ - term # 𝑞𝑛𝑞 - term ℓ = 𝑛𝑞 

Hence we have non-minimal support 𝑘-uniform state: 

𝑘 = min*ℓ + 1, ℓ′ + 1+ 

18 
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Hence we have non-minimal support 𝑘-uniform state: 

𝑘 = min*ℓ + 1, ℓ′ + 1+ 
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𝐴𝑀𝐸 5,2 ∋ 𝜓 =  𝑖, 𝑗, 𝑖 + 𝑗  

𝑖,𝑗

  𝑍𝑖 ⊗ 𝑋𝑗   𝑚, 𝑚 

𝑚
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𝑪𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍  
𝑷𝒂𝒓𝒕 

𝑸𝒖𝒂𝒏𝒕𝒖𝒎  
𝑷𝒂𝒓𝒕 

𝑛𝑐𝑙 = 3 𝑛𝑞 = 2 

 𝜓 = 

 0  0 
 0  1 

 0  𝜙+ 

 1  𝜓+ 

 1  0 
 1  1 

 1  𝜓− 

 0  𝜙− 

 

𝟏 𝟐 𝟑 𝟒&𝟓 

 AME 𝑛 = 5, 𝑞 = 2  : 
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Examples of 𝑘-uniform of non-minimal support 
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𝑛𝑐𝑙 =5 𝑛𝑞 = 2 

𝐴𝑀𝐸 7,4 ∋ 𝜓 =  𝑖, 𝑗, 𝑙, 𝑖 + 𝑗 + 𝑙, 𝑖 + 𝑥𝑗 + 1 + 𝑥 𝑙  

𝑖,𝑗,𝑙

  𝑍𝑖+𝑙 ⊗ 𝑋𝑗+𝑥𝑙   𝑚, 𝑚 

𝑚

 

GF 22 = 0,1, 𝑥, 𝑥 + 1  

generated by 𝑥2 = 𝑥 + 1 

≡ *0, 1, 2, 3+ 

𝑛 

𝑞 

F. Huber, N. Wyderka, Table of absolutely 
maximally entangled states,  
http://www.tp.nt.unisiegen.de/+fhuber/ame.html 
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Graphical representation 
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𝑪𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 𝑷𝒂𝒓𝒕 

All terms 

ℓ − UNImin (𝑛cl, 𝑞) 

𝑸𝒖𝒂𝒏𝒕𝒖𝒎 𝑷𝒂𝒓𝒕 

 orthonormal basis 

ℓ′ − UNImin (𝑛q, 𝑞) 

Ψ = 𝜙  𝜓𝑣  

𝜓𝑣 = 𝑀 𝑣  𝜓  

𝑀 𝑣 ≔ 𝑍𝑣1 ⊗ ⋯ ⊗ 𝑍𝑣ℓ'

ℓ'

⊗ 𝑋𝑎𝑣ℓ'+1 ⊗ ⋯ ⊗ 𝑋
𝑣𝑛𝑞

𝑛𝑞−ℓ'

 

# 𝑞ℓ - term # 𝑞𝑛𝑞 - term ℓ = 𝑛𝑞 

⋮ 

⋮ 

⋮ 

… 

…  𝜙  

 𝜓  
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𝑪𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 𝑷𝒂𝒓𝒕 

All terms 

ℓ − UNImin (𝑛cl, 𝑞) 

𝑸𝒖𝒂𝒏𝒕𝒖𝒎 𝑷𝒂𝒓𝒕 

 orthonormal basis 

ℓ′ − UNImin (𝑛q, 𝑞) 

Ψ = 𝜙  𝜓𝑣  

𝜓𝑣 = 𝑀 𝑣  𝜓  

𝑀 𝑣 ≔ 𝑍𝑣1 ⊗ ⋯ ⊗ 𝑍𝑣ℓ'

ℓ'

⊗ 𝑋𝑎𝑣ℓ'+1 ⊗ ⋯ ⊗ 𝑋
𝑣𝑛𝑞

𝑛𝑞−ℓ'

 

# 𝑞ℓ - term # 𝑞𝑛𝑞 - term ℓ = 𝑛𝑞 

⋮ 

⋮ 

⋮ 

… 

…  𝜙  

 𝜓  

𝑀(𝑣 ) 
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Summary 
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Classical error 
correcting codes 

𝑘-uniform states of 
minimal support 

Graph states: orthonormal basis: 

𝜓𝑎 ≔ 𝑀 𝑣   𝜓  

… 

… 

𝑪𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 𝑷𝒂𝒓𝒕 

All terms 

ℓ − UNImin (𝑛cl, 𝑞) 

𝑸𝒖𝒂𝒏𝒕𝒖𝒎 𝑷𝒂𝒓𝒕 

 orthonormal basis 

ℓ′ − UNImin (𝑛q, 𝑞) 
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Classical error 
correcting codes 

𝑘-uniform states of 
minimal support 

Graph states: orthonormal basis: 

𝜓𝑎 ≔ 𝑀 𝑣   𝜓  

… 

… 

𝑪𝒍𝒂𝒔𝒔𝒊𝒄𝒂𝒍 𝑷𝒂𝒓𝒕 

All terms 

ℓ − UNImin (𝑛cl, 𝑞) 

𝑸𝒖𝒂𝒏𝒕𝒖𝒎 𝑷𝒂𝒓𝒕 

 orthonormal basis 

ℓ′ − UNImin (𝑛q, 𝑞) 

Thank you for your attention! 



𝑘-uniform of non-minimal support vs 𝑘-uniform of minimal support 
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 We show that the set of the states constructed by Q-Clutch method have better parameters 
compare to the 𝑘-uniform states that are obtained from the MDS codes. 

 for given 𝑛 and 𝑞: 

𝑘-uniform states of 
minimal support 

𝑘-uniform states of 
non-minimal support 

𝑸-𝑪𝒍𝒖𝒕𝒄𝒉 𝑴𝑫𝑺 𝒄𝒐𝒅𝒆𝒔 

LU 

We are 𝜀-close to a full proof. . . 

 Which state is better for teleportation and … ? 


