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k-uniform states
and Absolutely Maximally Entangled (AME) states

There is a fundamental question to ask, which states are useful for
quantum information applications?
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What are AME states?

lY) = EOEEEON

Trz,aye[P)(p| o< 1

AME (n, q) states:

A pure state of n parties with local dimension g is AME if reduced states on up to half
of the systems are all maximally mixed, concretely

AME(n,q) =
{lWyeHm, q):vS c{1,..,n}[S| < ™/l = Trge|lYpXy| < 1}
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Existence of AME states

[1] A. Higuchi, A. and Sudbery, Phys. Lett. A 273,213 (2000).
[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004).
(3] F. Huber, O. Glhne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017).

Constructing k-uniform states of non-minimal support - September 2018



Existence of AME states

For qubits, (g = 2):
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(3] F. Huber, O. Glhne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017).

Constructing k-uniform states of non-minimal support - September 2018



Existence of AME states

For qubits, (g = 2): n=273
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Existence of AME states

For qubits, (g = 2): n=2734
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Existence of AME states

For qubits, (g = 2): n=2734
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Existence of AME states

For qubits, (g = 2): n=2734

1 2 3 4 %) = 100) + |11)
e o o o

[pt) = |01) + |10)

TrzselYpNy| o« 1 Treg ae )| oc 1

1) =100),,197),, + [11)1, Y7 )5, +101),, 19 T) 5, + 110051007, (1]

|l/)> = |00>23|¢+>14 - |01)23|7~/)_)14 + |10>23|l/)+)14 - |11>23|¢_>14

[1] A. Higuchi, A. and Sudbery, Phys. Lett. A 273,213 (2000).
[2] A. J. Scott, Phys. Rev. A, 69, 052330 (2004).
(3] F. Huber, O. Glhne, and J. Siewert, Phys. Rev. Lett. 118, 200502 (2017).

Constructing k-uniform states of non-minimal support - September 2018



Existence of AME states
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Existence of AME states

For qubits, (g = 2): n=2734 [2]
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Existence of AME states

For qubits, (g = 2): n=273,45,6,7,89,.. [2]
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Existence of AME states

For qubits, (g = 2): n=23,45,6,7,8,9,.. [2, 3]
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k-uniform states

Since AME states may not always exist, one can loosen the criteria for maximal mixedness,

1 2 3 4 n
e o ¢ o . e

AME (n, q) states:
A pure state |y) of n parties with local dimension g is AME if forall S < {1,2, ...,n},
S| <[] = Trselp) | <1

k-UNI(n, q) states:

A pure state |i) of n parties with local dimension g is k-uniform if for all S € {1,2, ...,n},
ISI<k = Trse|pXyp| o1

= Obviously, an AME stateisa k = Bj-uniform state.
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Why are k-uniform states interesting?

= Natural generalization of EPR and GHZ states

= Resource for multipartite parallel teleportation [1]

A B
A |p*) 5 = 100) + |11) B '®) /_,o
@ O | -0
/ © o[—0
al0) + b|1) o [~—0

= Holographic models implementing the AdS/CFT correspondence [2]

[1] W. Helwig, W. Cui, J. |. Latorre, A. Riera, and H.K. Lo, Phys. Rev. A, 86, 052335 (2012).
[2] F. Patawski, B. Yoshida, D. Harlow, and J. Preskill, Journal of High Energy Physics 06, 149 (2015).
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Content of this talk

Classical error S k-uniform states of
correcting codes minimal support

Graph states: orthonormal basis (k-uniform basis):

[Wa) = M®) |)

Quantum Part

Classical Part

orthonormal basis

¢ — UNImin (nq» CI)

All terms

?— UNImin (ncl: CI)

R52525252525254

k-uniform state of non-minimal support
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k-uniform states of minimal support

There is a connection between k-uniform states of minimal support and classical
maximum distance separable (MDS) error correcting codes.

Using that we can provide explicit closed form expressions for this set of k-uniform
states.

Classical error )
) > k-uniform states
correcting codes
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k-uniform states of minimal support from MDS codes

=  We classify the k-uniform states according to the number of their terms, when they are
expanded in product basis.

g1
lY) = Z Cippoj T2 e s Jimd —>  #terms = ¢¥
jl,...,jn=0
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k-uniform states of minimal support from MDS codes

=  We classify the k-uniform states according to the number of their terms, when they are
expanded in product basis.

g1
lY) = Z Cippoj T2 e s Jimd —>  #terms = ¢¥
jl,...,jn=0

= Construct k-uniform states with minimal support from classical MIDS codes

{nSq+2 whengqgisevenandk =1lork=q—1

n<qg+1 in all other cases

= Construct basis, develop stabilizer formalism and AME graph states
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Classical error correcting codes

Channel

Alice Bob

Word

F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1.
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Classical error correcting codes

error
Channel /-
Alice = Bob
Word
1-p
0 i i P mm—————— - Pl 0
p ~~*~~~ ’,—V’" p
bt ey
1 "’ffa‘ NNNNNN 1
O o e e P o o e =9
1—
SEND p RECEIVE

F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1.
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Classical error correcting codes

error
Channel
Alice (/ Bob
Word Encoding
(Codewords)
0 000
1 111

F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1.
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Classical error correcting codes

error
Channel
Alice (/ Bob
Word Encoding Error
(Codewords)
0 000 > 010
1 111 > 101

F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1.
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Classical error correcting codes

Channel /- St
Alice <
Word Encoding Error Correction
(Codewords)
0 000 > 010 —> 000
1 111 > 101 —> 111

F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1.

Bob

Decoding

0

1
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Classical error correcting codes

error
Channel f
Alice <
Word Encoding Error Correction
(Codewords)
0 000 > 010 —> 000

1 111 > 101 —> 111
\ ) H_J
k=1 n=3

7?'1 — (xl, ...,xk) —> C_') - (xl, ey X

Message symbols

F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1.

)

Bob

Decoding

0

1

Xics1, ) )

Check symbols
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Classical error correcting codes

error
Channel f
Alice = Bob
Word Encoding Error Correction  Decoding
(Codewords)
0 000 > 010 —> 000 0

1 111 > 101 —> 111 1
\ J H_J
k=1 n=3
m = (X1, .., Xg) = = (X, 00X Xk 41y e r Xy
~———— ~— g —
Message symbols Check symbols

F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1.
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Classical error correcting codes

error
Channel
Alice (/ Bob
Word Encoding Error Correction  Decoding
(Codewords)
0 000 > 010 —> 000 0
d,,I
1 111 > 101 —> 111 1
U -
— =3
k=1 mn dy =2t + 1

F.J. MacWilliams and N.J.A. Sloane, The theory of error-correction codes (1977) - chapter 1.
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MDS codes

= Constructing classical error correcting codes [n, k,dy], [1]

m kan — C_')
Word /WJ I \
n Code word

Generator Matrix

[1] F.J. MacWilliams, N.J.A. Sloane, The theory of error-correction codes (1977).
[2] R.Singleton, IEEE Trans. Inf. Theor., 10, 116 (2006).
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This only makes sense if you can take linear combinations of the code words.
What do we need? Finite fields
Prime numbers, g = p: Integers modulo g form a field
e.g. GF(5) ={0,1,2,3,4} mod(5)

Prime powers, g = p™: It works with the representation in terms of polynomials
based on the irreducible polynomial

e.g. GF(2%) ={0,1,x,x + 1} generatedby x?=x+1
=(0,1,2,3)

Constructing k-uniform states of non-minimal support - September 2018
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MDS codes

= Constructing classical error correcting codes [n, k,dy], [1]

m kan — C_')
Word /WJ I \
n Code word

Generator Matrix

" G xn has standard form (by taking linear combination of the codewords)

Grxn = |1 k|A]

[1] F.J. MacWilliams, N.J.A. Sloane, The theory of error-correction codes (1977).
[2] R.Singleton, IEEE Trans. Inf. Theor., 10, 116 (2006).
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MDS codes

= Constructing classical error correcting codes [n, k,dy], [1]

m kan — C_')
Word /WJ I \
n Code word

Generator Matrix

" G xn has standard form (by taking linear combination of the codewords)

Grxn = |1 k|A]

= Singleton bound for any linearcode: dy <n—k+1 |[2]

[1] F.J. MacWilliams, N.J.A. Sloane, The theory of error-correction codes (1977).
[2] R.Singleton, IEEE Trans. Inf. Theor., 10, 116 (2006).
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MDS codes

= Constructing classical error correcting codes [n, k,dy], [1]

m kan — C_')
Word /WJ I \
n Code word

Generator Matrix

" G xn has standard form (by taking linear combination of the codewords)

Grxn = |1 k|A]

= Singleton bound for any linearcode: dy <n—k+1 |[2]

= Code is Maximum Distance Separable (MDS) if dgy =n —k + 1 — Code is MDS iff any
subset of k columns of Gy, is linearly independent.

[1] F.J. MacWilliams, N.J.A. Sloane, The theory of error-correction codes (1977).
[2] R.Singleton, IEEE Trans. Inf. Theor., 10, 116 (2006).
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An example of k-uniform state

= From any MDS code a k-uniform state can be constructed by taking the equally weighted
superposition of all the codewords

Classical MDS codes >  k-uniform states
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An example of k-uniform state

= From any MDS code a k-uniform state can be constructed by taking the equally weighted

superposition of all the codewords

Classical MDS codes >  k-uniform states

= Generator matrix of an MDS code [6,2,5]5

C =[101111
26 7 1o 111 2 3 4

= Yields minimal support 2-uniform state forn = 6, g = 5:

4
) = Z |IMGyxe) = Z|i,j,i+j,i+2j,i+3j,i+4j)
MEGF(5)2 i,j=0

(All additions and multiplications modulo q.)
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Graph state and basis

Description of the k-uniform states of minimal support within the graph state

formalism.
Starting from a single k-uniform state of minimal support |Y) € H(n,q), a
complete orthonormal basis for H (n, q) can be constructed.
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Graph states: Introduction

[0y lg— 1)

= initialize each qubit as the state, |+) = @ Qudits
Va
2
w
e
@ 3
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Graph states: Introduction

_10)+ -+ 1g—1)

= initialize each qubit as the state, |+) = @ Qudits
Va
2
w
b
@ 3

Perform CZ operations between any two qubits that are connected by an edge.

Adjacency matrix I’

€z = Y XU, ® 24 = ) ™I, @ Im)om, Ijj > 0 i,j connected
l Lm J [;; =0 not connected

= Multiple edges are possible because we are considering qudits
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Graph states: Introduction

_10)+ -+ 1g—1)

= o QUd|tS
Vaq

= initialize each qubit as the state, |+)

2

,

= Perform CZ operations between any two qubits that are connected by an edge.

Adjacency matrix I’

€z = Y XU, ® 24 = ) ™I, @ Im)om, Ijj > 0 i,j connected
l Lm J [;; =0 not connected

= Multiple edges are possible because we are considering qudits
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Graph states: Introduction

_10)+ -+ 1g—1)

= initialize each qubit as the state, |+) = @ Qudits
Va
, 2
1 > |F> — 1_[ CZijFij|+>®n
i>]
3 Stabilizers: gi" =X H(Zl)rlm 1<l<n
m

= Perform CZ operations between any two qubits that are connected by an edge.

Adjacency matrix I’

€z = Y XU, ® 24 = ) ™I, @ Im)om, Ijj > 0 i,j connected
l Lm J [;; =0 not connected

= Multiple edges are possible because we are considering qudits
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X and Z that generalize the Pauli operators oy and o to Hilbert spaces of dimension g < 2

XIliy =i =XQR®1R ~Z
) =1j+1 modag Stabilizers of the 91

, o : example: 92=1QXQXZ
Z|j) = w’|j) : g3 =Z Q Z ®X
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Stabilizers

= The minimal support k-uniform state are linear combinations of the rows of G xn,

k — UNIin(n,q) 3 |1/J)=Z|730kxn) >
v
. k o n—k \
(s =X 1 .. 1 X% X% X%k
d =1 X .. 1 X%1 x%2 X%@n-h
=1 1 .. X X% X% _ X%«

Constructing k-uniform states of non-minimal support
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Stabilizers

= The minimal support k-uniform state are linear combinations of the rows of G xn,

k= UNInin(n, q) 3 110} = z [VGiexn) > Grxn = 1 klAkxn—k]
v
< k o n—k \
(s =X 1 .. 1 X% X% X%k
< s2=1 X .. 1 X%1 X%z = X%(n-k) Hn—kxnz[_ATl]ln—k]
| Se=101 . X X xme .y

Ty (>
kan(Hn—kxn)T= 0 - Sllpll/}) - z a)Hn—kxn(Gan) v |U kan) - Il/J)
v

k

. . n—k .
(Sp41 = Z %1 Z %1 7 %1 7 1 .. 1
Spanp = Z~ 2 7 022 Z %2 1 7 .. 1
< k+2
Sy, =7 Mm-k) gz %m-k . 7 %n-b 1 1 .. Z

-
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Stabilizers

= The minimal support k-uniform state are linear combinations of the rows of G xn,

-

~

%~ UNLnin(n, 4) 3 1) = z [VGiexn) > Grxn = 1 k|Aksn—k]
v
< k o n—k \
(s =X 1 .. 1 X% X% X%k
S;,=1 X ... 1 X% X%2  X%n©n-k Hy_gexn = [_ATl]l n—k]
S;c =1 1 .. X X%1 X%z = X%n-k

Ty (>
kan(Hn—kxn)T= 0 - Sllpll/}) - z a)Hn—kxn(Gan) v |U kan) - Il/J)
v

k

- v n—k N
Spa1 = - g-an 7-021 7= 7 1 .. 1 on the last n — k qudits
Skan = Z %2 Z %22 Z % 1 7 .. 1 F-l7F = X

-1 — 71

Sp = Z-Uk  Z-%mk) 7 %mk 1 1 .. Z F=XF=2
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Stabilizers formalism within the graph states

= The minimal support k-uniform state constructed from the MDS codes

= UNLpin (2, @) 3 1) = ) [3Gien) > G = 1 el Akxni]
v

n
gll" = Xl H(Zm)rlmw 1 < [ <n
m=0

F¢=_[O AT
AT 0 L

k+1 k +2 k +3 n

= A complete bipartite graph shows the structure of the graph represent the k-uniform state of
minimal support

Constructing k-uniform states of non-minimal support - September 2018 1/1



An example of k-uniform state

= Generator matrix of an MDS code [6,2,5]5

4
2 — UNIL,;.(6,5) 3 [) = z i, i+ i+ 2),0 + 3),i + 4))
{.7=0
~ oot 101 1
G2X6_[]12|A]—[0 11 2 3 4
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Basis

= Given a k-uniform state of minimal support |Y) € H'(n, q) the q™ states

[Ya) = M) |P)
form a complete orthonormal basis of minimal support k-uniform state.

M) == M(W;) ® M(Vy)

=71 QR ZVk+1 R - Q) ZVk ® XWk+1 R XVk+2 X) -+ R) X Vn
K ] ) n—k i

> M@ M@ =] [ sun,
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Q-Clutch and constructing non-minimal support
k-uniform states

A systematic method to construct a set of non-minimal support k — UNI(n, q) states.
We call this method Q-Clutch.

A
All fth
terms ot the }:ﬂ States of the £'-uniform

£-uniform t basi
minimal support j asis
ka
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k-uniform states of non-minimal support

= The Q-Clutch connects all the terms of a £-uniform state to the quantum state of £'-uniform
basis and lead to construction of non-minimal support k-uniform state

.

Classical Part Quantum Part

Complete

-
5 orthonormal basis,
5

2

All terms in computational
basis of state,

e
[
[
[

t— UNImin (ncl» Q)

< J

= UNImin (qu, Q)

J

Y 57

Constructing k-uniform states of non-minimal support
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k-uniform states of non-minimal support

= The Q-Clutch connects all the terms of a £-uniform state to the quantum state of £'-uniform

basis and lead to construction of non-minimal support k-uniform state

.

Classical Part Quantum Part

Complete

-
5 orthonormal basis,
5

2

All terms in computational
basis of state,

e
[
[
[

t— UNImin (ncl» Q)

= UNImin (qu, Q)

J

]
< Y J Y
e.g. # gt - term #q"a - term

Constructing k-uniform states of non-minimal support

> N =ngt+tng

——

- September 2018
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k-uniform states of non-minimal support

= The Q-Clutch connects all the terms of a £-uniform state to the quantum state of £'-uniform
basis and lead to construction of non-minimal support k-uniform state

Classical Part Quantum Part

Complete
orthonormal basis,

All terms in computational
basis of state,

£ — UNIpin (nc1,q) ¢ — UNInin (nQ’ q)

5252525252525 4

< J [ ]

Y Y
e.g. # q? - term #q"a - term —_—> t=nq

Hence we have non-minimal support k-uniform state:

k=min{¢ +1,¢ + 1}
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k-uniform states of non-minimal support

= The Q-Clutch connects all the terms of a £-uniform state to the quantum state of £'-uniform
basis and lead to construction of non-minimal support k-uniform state

Quantum Part

All Complete

orthonormal basis,

= UNImin (qu, Q)

J

-
e.g. # q? - term #q"a - term —_—> t=nq

Hence we have non-minimal support k-uniform state:

k=min{¢ +1,¢ + 1}

Constructing k-uniform states of non-minimal support - September 2018



k-uniform states of non-minimal support

= The Q-Clutch connects all the terms of a £-uniform state to the quantum state of £'-uniform
basis and lead to construction of non-minimal support k-uniform state

.

Classical Part

All terms in computational

"5
basis of state, [ ort
2
e
§!

¥ — UNIpin (ncl» Q) 7'
a
< Y J
Ny
e.g. # q? - term #q"a - term —_—> t=nq

Hence we have non-minimal support k-uniform state:

k=min{¢ +1,¢ + 1}
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k-uniform states of non-minimal support

= The Q-Clutch connects all the terms of a £-uniform state to the quantum state of £'-uniform
basis and lead to construction of non-minimal support k-uniform state

Classical m Part
All terms in co plete
basis of s mal basis,
? UNImln min (nq: Q)
N ng > N =ngt+tng
e.g. # q? - term #q"a - term —_—> t=nq

Hence we have non-minimal support k-uniform state:

k=min{¢ +1,¢ + 1}
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Examples of k-uniform of non-minimal support

= AME(n =5,q9 =2):

) =

AME(5,2) 3 |y) = Zli,j,i +j) 7'® X/ Z |m, m)
i m ,

&
<

Constructing k-uniform states of non-minimal support

Clc;fsical
1 2

0) 10)
0) [1)
1) 10)
1) 1)

Quantum
Part

4&5
+

+

'S'%I'S‘S-

nq=2

- September 2018



Examples of k-uniform of non-minimal support

AME(7,4) 3 |y) = ZIi,j, Li+j+Li+xji+@+x)) ZHE x/+ z |m, m)

i,j,l ) m
Ne =5 Ng = 2
z 3 < 5 T ]
! ! ! | | !
Stab Stab Stab Stab Stab Stab Stab
el CMDS CMDS GMDS CMDS CMDS CMDS
Stab Stab Stsb Stab Stab Stab
| CMD5S GMDS CMDS CMDS CMD5S
GF(22) ={0,1,x,x + 1}
= {O’ 1' 2’ 3} - it:l;s itrjgs CMDE CMDS
] OA
Stab Stab Stsb Stab
2 c CMD5S CMDS CMDS
generated by x“=x+1 = 7| o oA oA oa oa on on
Q0A D04, Q04 Q0A Q0A Q0A D04,
n Stab Stab Stab Stab
| CMDS CMDS CMDS
(o]
Q0A
Stab Stab
a CMD5S CMDS CMDS
F. Huber, N. Wyderka, Table of absolutely
maximally entangled states,
http://www.tp.nt.unisiegen.de/+fhuber/ame.html o e
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Graphical representation

Classical Part Eg Quantum Part W) = |¢>|¢T7)
All terms :5 orthonormal basis |W3) = M (V) |y)
£ — UNlyin (P, ) ! 2 — UNIy, (g, )
min (Mcl, 4 ':' min qrq
- M@)=Z"Q® - QRZV" @ XWr+1 @ - ® X'
Iz ng—t'
e.g. #q™a - term —> t=nq

V)

Constructing k-uniform states of non-minimal support - September 2018



Graphical representation

Classical Part Eﬂ Quantum Part ¥) = 19)ys)
All terms :5 orthonormal basis |W3) = M (V) |y)
£=UNlpip (na, @) k5 €'~ UNIip (n,0)
H MB) =" QR Q®Z" Q XWe+1 ® - ® X'
Iz nq'—f'
e.g. # q* - term # q™ - term —> {=ng
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Summary

Classical error S k-uniform states of
correcting codes minimal support

Graph states: orthonormal basis:

[Wa) = M®) |)

Classical Part

Quantum Part

orthonormal basis

¢ — UNImin (nq» Q)

All terms
£ — UNImin (ncl: CI)

R52525252525254
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Summary

Classical error S k-uniform states of
correcting codes minimal support

Graph states: orthonormal basis:

[Wa) = M®) |)

Quantum Part

Classical Part

orthonormal basis

¢ — UNImin (nq» Q)

All terms
£ — UNImin (ncl: CI)

R52525252525254

Thank you for your attention!
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k-uniform of non-minimal support vs k-uniform of minimal support

= We show that the set of the states constructed by Q-Clutch method have better parameters
compare to the k-uniform states that are obtained from the MDS codes.

= forgivenn and q:

Q-Clutch MDS codes
k-uniform states of 7 S k-uniform states of
non-minimal support minimal support

We are &-close to a full proof. ..

= Which state is better for teleportation and ... ?
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