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» Our problem

We argue that a physical HV model should be
not only local, realistic and noncontextual,
but should also obey generally accepted physical principles.
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In case of spin systems the model should conserve angular
momentum, i.e., the length of spin vectors should be fixed



For s=1

» Some basic facts ...

Consider a spin s particle whose spin state is represented
by a vector or a density matrix in a (2s + 1)-dimensional
Hilbert space.

The number s is either an integer or a half-integer.

The average values of spin coordinates can be determined
with a help of the three spin operators Sx, Sy, and Sz.
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» Some basic facts ...

Consider a spin s particle whose spin state is represented
by a vector or a density matrix in a (2s + 1)-dimensional
Hilbert space.

The number s is either an integer or a half-integer.

The average values of spin coordinates can be determined
with a help of the three spin operators Sx, Sy, and Sz.

The spectrum of each operatoris:s, s—1, ...., -S.

These eigenvalues correspond to possible spin projections
onto a given axis.



The length of the spin vector is \/S(S +1)
and that within quantum formalism this property is
conserved — it does not depend on a spin state.

In addition, the relation for the sum of squares does not
depend on the choice of directions x, y, and z. What matters,
is that the directions are mutually orthogonal.



Imagine that there is a HV theory
that assigns a well defined value
to each spin operator.

Each spin operator is preassigned one of
2s+1 eigenvalues:
(Sxs Sy, Sz) = (V(Sx), v(Sy), v(S2))

for example
>»(s—1,s—1,s—-1)

Kochen-Specker theorem:

For s = 1 such assignment is not possible for some properly chosen
sets of directions, but it is in principle possible to do it for three
mutually orthogonal directions x, y and z for any s.




» The main problem

It is possible to deterministically assign eigenvalues
to three spin operators for mutually orthogonal axes.
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However, is it possible to satisfy:
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» Example — spin 1/2

The HV model leads to:
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» Example —spin 1

For spin-1: 52 =s(s+1) =2

The HV model leads to:
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For spin-3/2:

The HV model leads to:

» Example — spin-3/2

Is|? =s(s+1) =
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» Magnitude conservation for arbitrary s

v(S})2-+~v(5})2-+-v(S})2 =s(s+1) "

9
(D
Legendre's three-square theorem (1798)
A non—negative integer n can be written as a sum of three
squares of integers iff n is not of the form 4%(8b + 7). )
~ Integer case
Half-integer case (*) has a solution if s cannot be written
(*) has a solution if as either of the forms:
2s = 1 mod 4 s = 48i+3),
s = 16(8i +7) x 47,
3711 _ :
No solution for: s = =,=,—, ... s = 4(8i+5) -1, |
222 s = 16(8i+1) x4/ —1,

No solution for: s =12, 15, 19, 44, 51, ...












» Magnitude conservation for arbitrary s

T

37 11
No solution for: s = S _ no HV model
No solution for: s = 12, 15, 19, 44, 51, ... for any state

a phenomenon that is analogous to the state-independent contextuality

Even if there is a model, only a limited For s = 2, s(s+1)=6

number of possible spin projections _

: : : The only HV assignments allowed by our
can be measured if the spin magnitude
) model are of the form (£2,£1,+1)
is to be conserved.

The remaining projections can never be a projection of the spin onto some axis could be zero

measured ac;o:ﬁing todtflmc? modtel,ds.otif(;chey |S — 2’ S, = 0)
i HREES S CE I MOC e SIEONEACICIEE: it automatically refutes the HV model

However, there exist states, such as
Is=2,s, = 1)

for which the probability of measuring a projection
zero along the directions x, y or z is O.

a phenomenon that is analogous to the state-dependent contextuality



The general form of the correlation inequality:
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» Example — spin-1
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» Example — spin-1

_ <§£A)§§B)> _ <§§A>SA§B>> B <§§A>§§B>>



» Example — spin-1
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(HV without conservation)  (quantum) (HV with conservation)




» Example — spin-1
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» Example — spin-2
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» Bell-like scenario :: for general s

The inequality:
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» Bell-like scenario :: the singlet state

The singlet state of two spin-s particles:

Vo) = )" m) @[ —m)

T X

m=

* is maximally entangled
e the corresponding total angular momentum is zero
* the state is invariant under rotations generated by

e@'ﬁ-sm)@ 2 o8B0



» Bell-like scenario :: quantum value

The singlet state of two spin-s particles:
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Let us calculate the correlation:
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The rotational symmetry implies:
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» Bell-like scenario :: quantum value

Next, consider an Euler rotation of Bob's spin generated by

[F(B) — iSB0iS(P)p islF)e

e
If this rotation is applied to the singlet state one gets |€b> = U |1/)0>

As a result
(A ~N(B
> @IS ESIUENg) = —s(s + 1)1
1=x,Y,z

However, the above can be rewritten as

(S . C. 8B = —5(s+1)
where Cis an orthogonal matrix whose entries are given by

UB DU — ¢ 5 4 6B) 1 ¢ 5P



» Bell-like scenario :: quantum value
(S . C.8B), = —5(s+1)

For a pair of arbitrary s-spin particles the operator s . C.sB)

has an eigenvalue —s(s-+1) with the corresponding eigenvector )

This is the smallest eigenvalue of the operator s . c.s®B)
because it has the same spectrum as S(A) . §(B) )

for which —s(s41) is the smallest eigenvalue.



» Bell-like scenario :: quantum value
(S™+8H)%) >0

(SW+8(B))2) — (S(A))2) 4 (S(B))2) 12(SA).SB) > ¢
74 N\
N X,

2s(s + 1) + 2(SW .S > 0

(S 8®) > —s(s +1)
We know that if Cis a rotation matrix, then in quantum theory the expression
<S(A) - C - S(B)> has a lower bound —5(5+1) .

In particular, there exists a state |€b>which corresponds to the eigenvalue —8(8 + 1)



an orthogonal

» Bell-like scenario :: violation

matrix the lowest
guantum value
(SW.Cc.-SB)=—5(s—1)=p
1 _ 1 =
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» Conclusions

In any HV-theory pertaining to measurements on a spin
one can find situations in which

either HV-assignments do not represent a physical reality
of a spin vector, but rather provide a deterministic

algorithm for prediction of the measurement outcomes,

or HV-assignments represent a physical reality, but the
spin cannot be considered as a vector of fixed length.
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