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Classical change-point problem
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'é‘m In statistical analysis, change-point detection tries to
identify times when the probability distribution of a

stochastic process or time series changes.

» Landscape changes

- Quality control, fault detection

- Stock market variations

- Network intrusion

- Protein folding

:

away from i.i.d setting! ]

N\

statistical analysis requires the |

stability of the system
parameters (not suitable if
abrupt changes occur)
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https://en.wikipedia.org/wiki/Statistical_analysis
https://en.wikipedia.org/wiki/Probability_distribution
https://en.wikipedia.org/wiki/Stochastic_process
https://en.wikipedia.org/wiki/Time_series
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Quantum change point (QCP)
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- A source is expected to prepare N quantum particles in the same
default state |0)

- At position k something occurs and the source starts producing
altered states |¢)

|O>1 |O>2 no |O>k—1 ‘€b>k |¢>k+1 Co |¢>N

- Assumptions:
- states and N are known
- change point is equally likely to occur in all positions.

[ Task: identify k J




QCP | Multihypothesis discrimination

- Hypotheses: {|¥:)},

Uy) = |0>1 |O>2 T |O>k_1 ‘O>k ‘O>k+1 S ’O>\

- Collective measurement with N outcomes (POVM)

{ M} > M =1 Mz =0

...but hypotheses are linearly independent —— von Neumann ok

My = |mg)Xmi|  (mglmy) = 6 p(K'|k) = [(mp| V)|



QCP | Multihypothesis discrimination

- All relevant information is encoded in the Gram matrix

i)}, linearly ind dent
Bkj {|¥)}—1 linearly independen

|
Gy = (W) = Sl o) = 3 BBy [a= 8185 0)
k

- Figure of merit: success probability of correct identification

P, = max — mp| Vi)
|mk>}NZ|< k)

[Ps = max — Z Brr|® st. BiB = G]




QCP | Success probability

- Each choice of B corresponds to a choice of measurement basis:

1
[Ps — NaX Zk: Biel” st. BB = G]

- Self-adjoint choice

> Square Root Measurement

S=vVG=St  G=5? PSZ%ZHS%PEPSRM

/
Saturated iff Skk — Sk’k:’ \V/]{, k'

N. Dalla Pozza N, G. Pierobon, Phys Rev A ;91 042334 (2015)



QCP | Success probability

How well does the SRM approximate the optimal measurement?

Theorem
tr S\ ° tr S\ ° Sk 1
e < poprt [ _ — —
[ (N) < PP < ( N> + v Amax |4 ulJ d S S Uk N

2
For constant Sk : Psry = % Zk |Skk‘2 — |Sll|2 — (%)

Obtaining the explicit form of Skx is not ( 1 . & o oMLy
easy, since we need to diagonalize G: ¢ 1 c N2
o G — c? c 1 cN—3
Gij = (Wi V) =" c:= (0]¢) ;
KCN—l N—-2 N-3 1 )

Not tridiagonal, not circulant: Life is hard



QCP | Asymptotic optimality

With the explicit eigensystem {\;,v;} , we can compute...
N 1
2
S:Z\/)\l |”Ul><’l)l‘ Sk;k:lzgq/)\”vélZ PS:NZ|Skk|
l p—

...but it's a mess for finite N

Only a vanishing fraction of S, deviate from the mean for large N:

tr S 2k 14+c¢c 4 1
Sk = g =g =0 <k3/2> la=ulh < 7= Fr= +© (N)

tr S 2 tr S 2
- < poprt [ & —
( ~ ) < povt < ( = ) 4 \/Ama%\unl

As N — oo only a vanishing fraction of
S,, deviate from the mean.



QCP | Asymptotic optimality

So, in the asymptotic limit:
2
tr s> 1 < 1 < 1 — ¢
opt T T - _ 1 -
by Nhi%o(N) Nhinoo<NZMl> z&linoo<zvz\/12ccosel+c2

Almost there!

2

We still have to sum the eigenvalues...
Last small technicality: uniform distribution of zeroes: {6, } uniform in (0, )

gt _ 1= (/” a0 )2 Z%/

i 2 V1 —2ccos + ¢2

popt _ 4(1 —¢?) K2 () It's finite!
s 2

complete elliptic function of the first kind



Local QCP strategies

\!

a¢ Does it pay off to use full quantum correlations?

\!

a¢ How far are local strategies from optimality?




Local QCP | Fixed measurements

/ In Bloch sphere \

Measure each particle with

a generic Stern-Gerlach
measurement.

pa(0) = (0] Mo |0) = p
pa(l) = (0| My [0) =1 —p

pe(0) = (0| Mo [9) = ¢
pe(l) = (| Mi|d) =1—¢




Local QCP | Fixed measurements

8 9 1O 11 12 13 14=N

/;"* L | ‘ | \ /{’« /:'w ( >3 ‘v'-\\'l /&1.-
e : : i IR ) B VA B |
\ ! g J | 1 A i Y/ 'ﬂp’

:ﬁp(ri)Hq(ri) k=1,...,N

N
Po= 33 Ple k)i = Y max Plr.k) = % 3" max P(rk)
k=1 r r r

Given a sequence of results r the optimal guess (estimator) is given by

k(r) = argmax P(r|k)
k



Local QCP | Fixed measurements

i= 2 3 4 S 6 / 8 9 10 ’I1 12 13 14=N

The value of k that optimizes P,(r|k) also optimizes the likelihood ratio:

N

k

(PR et sy am) s o q(r)
Ag(r) = log (P(r|nc)) = logg o) Z.:Zklogp = ;sz where s; = log ()
Optimal guess: l%(r) = argmax Ag(7) Change at k: P(r|k) = ﬁp(m) Hq(n)

No change: P(r|nc) = Hp(?“i) = Hp(ﬁ)Hp(ri)



We define a random walker that upon outcome r; it makes a step s; = log pq—g";

In case the minimum is

k
Sk(r) = Z Si ,i{\;(fr) = argmax Ay(r) =7 degenerate, pick any of
i=1

l those, e.g. the first minimum.



Local QCP | Fixed measurements

Since, Pix= _ ZmaxP rlk) = ZP r|k(r

we just need to compute the probablllty that given that a change

occurred in position k, the random walk exhibits a maximum precisely
at position k.

Pﬁx L walker A never walker B never HARD
s = Prob( g & . )
returns to origin crosses origin. o com pui'e!



Local QCP | Fixed Helstrom
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Unambiguous QCP

Task: identify exactly the change point, no errors allowed,
by allowing for an inconclusive outcomes:

{M, ,...,My, M, }

M, “clicks" if and only if input state is |¥},),
I.e. change occurred at position £:

p(K" # k|k) = (U] My |Wy) = 0



Unambiguous QCP

Task: identify exactly the change point, no errors allowed.

We can do this because {|¥,)} are linearly independent.

G=DB'B B =Y |W,Xk| Q=BB' = |0, Uy
k

The inverse of prOVideS SDP formulation
the unambiguous POVM ~ ™

= DTN (@) = = r{gf;wa e (1)
M, = i, |®r Py Bt s.t. G-Tp>0

(B | S,
T
My =1 - Z%@k (®x| >0 I'=0

| N\ J

71
efficiencies I'p = diag(T) = 2
= p(k = k|k) = (V| MY |Ty) N



efficiencies

Unambiguous QCP

- — —
=
N=21,¢=0.7 The sets of efficiencies,
: y '
| * Tk ! o . *
3| o : I'={vw} if c<c
Vo ' I"={n}t if c>c
oY I|I| l/ \ ,'*\ ,’.‘ 'II \‘n 1"'
] 3 ! Y % /A\ v . e - 'A\\ ,/ \“\ '," ‘\‘ ',' i . . ol
N T VAV satisfy the feasibility
YA A Y conditions for all c:
o—3 * G-Tp>0 T12>0
1 5 10 15 20 L lengthy proof...
k
-
1— iQC[l—(—C)N] < o<
pU 1+ TN (14c¢)? U<ec=sec Exact solution for
S ) e L 2e[1=(=0)7] 27 ¢ <ec<l1 bi N!
1+ N (1+¢c)? 1+(—c)N-3 ar |trary :

~




Unambiguous QCP

n

15

success probability

0.6

0.8

0.4

0.2

LOCAL strategies are OK, but
cannot reach ultimate limit!
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Malfunctioning

Anomaly detection |
sources

4

N
Translational symmetry (and more!) { ly,) = |O,...,O,¢,O,...,O)}

Equal overlaps ¢ =(¢|0) = COS%

(1 .. 02\
_ ¢ 1 . _(1_02) 2
G = . = 1+ ¢ |1)1]

SRM is optimal if Gram matrix is circulant!



Malfunctioning

Anomaly detection |
sources
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Malfunctioning
gates

Anomaly detection |




Malfunctioning

Anomaly detection |
gates

o

')

Equivalent to discrimination of N unitaries:  {U, = 90 }Zk\;1

e



Malfunctioning

Anomaly detection |
gates

* Optimal Ps is no longer an SDP

* Observe that our problem still retains its translational
symmetry

* Allows us to reduce our search for the optimal y to
the permutationally invariant subspace of N qubits

N
W) = D \/CulN.m)
m=0

N —1/2
'N’m>:< ) > 7 (1)8710)20)

8ESy



The Gram matrix is again circulant:

(

\
1 N N
Po) == |\ [L+ OV - 1)( > cmbm<¢>) (N - 1>J1 =Y b @)
\\ m=0 m=0 )
2m(N — m)(1 — cos ¢)

b = (N, m 190"~ N,m)=1-
) = (N.m] N, m) VT

*  Psis maximal it the overlaps bm(¢) are minimal
O<bn/i2(p)<bm(g) for all angles in the range

*

0<¢ <cos™! —1+% =: ¢*
)




Thusif @<¢* the optimal quantum strategy uses the
state |¥) = |N, [%1) and the SORM
N—-1 cos¢

Y R
P = sin® — + sin +
(&) 5 ¢ N Y

If, however, ¢>¢* bn2(p)<0 and superpositions between
symmetric states can help. In fact Ps(¢)=1 using the state

N



> NIN-

In the limit of a large number of gates

(gates) __ p(sources) __
PS B PS




Malfunctioning

Anomaly detection | gates (noisy)
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Malfunctioning

Anomaly detection | gates (noisy)

3¢ General upper and lower bounds.
m m
Ep) =Y KpKi  P(&) < ) Py(K)
=1 I=1

3 Upper bound attainable for rank 1&2 Pauli channels with product
probe states.

3 Closed expressions for amplitud damping channel

_ T—y(/T—y+1
1—y <y+\/ yWi-r+D

N - 2N e HO)



outlook: Y

VOOLVLOLOLOLO

It is just an illusion here on Earth that
one moment follows another one, like beads
on a string, and that once a moment 1is
gone, it is gone forever.

Kurt Vonnegut, Slaughterhouse-Five

However, ...we do live in this illusion, and often
decisions have to be made before “moment is gone”.



QUIckesI' change pomt detechon (CUSUM)

e D i i e
73¢n | \ :-;Jj‘/‘) .'g»\j;‘) / Ju“j:) ;-de;)
SO v “‘,{ v "L{ o "]{ o2 "]‘:

CEl ! ,C‘ ! ,ci ! ,C‘ N O

0 0
—~ — ' -
2 4 6 8 10 12
_1 o @ O A
] @ ] [
2}
[ ] 9o @
_3t N
e o STOPIF: Au(r) = ZSz >
_4 i N 1=k +
. -
Sk(r) = Zsi
P = q(r)s Zq ) log : = D(dllp)
QUSUM
b logTga h log Tra
Td — Td —

D(plle)  D(pllo)
work in progress!

D(pllg)  D(pllg)
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- Quantum Change-point and Anomaly detection: novel quantum task
- QCP collective outperform local measurements, not true for QAD
- Analytic asymptotic results.

- Exact unambiguous CP identification for arbitrary N : one of the few
multi-hypothesis discrimination instances with exact solution

- Many possible extensions:

4 Unknown states/channels K Channel CP
L Continuous variables & mixed states X Multiple CPs
XK QUSUM: Quantum CUSUM (sequential problems):

false alarm time vs minimum detection time Xy 1808.02729

PRL 117, 150502 (2016)
PRL 119, 140506 (2017)



