Self-consistent viscous phase space
distributions from kinetic theory
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an amalgamation of:
DM & Zack Wolff, PRC95 (2017), 024903
Zack Wolff & DM, PRC96 (2017), 044909
M. Damodaran et al, arxiv:1707.00793

... plus work in progress
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Outline

. Hydro and o f problem

Il. Self-consistent 0 f from kinetic theory

I1l. Shear viscous ¢ f, effect on harmonic flow
IV. Bulk viscous o f, some results

V. Summary
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. Heavy ion physics

bang two heavy nuclei together to study the quark-gluon plasma

e.g., at Large Hadron Collider (LHC) or Relativistic Heavy lon Collider (RHIC)

initial nuclei quark-gluon plasma
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< O(10 fm/c) >

Initconds Hydrodynamics Kinetic theory
- hydro fields, e.g, e(7,t) / flight to detectors
- equation of state,

- viscosities, relax. times
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Fluid dynamics

assumption of local thermalization quite successful in explaining observables

conserved currents:

o,T*(x)=0 d,Ng(x) =0

if dissipation - extra fields and equations of motion:

TH (x) =Ty () + 0TH (x) OTHY = v — TIAHY
N¥(z) = NE,__(z) + ONH(x)

Navier-Stokes hydro: iy = n[VFu” + VYut — 2AH (9 - u)|, lys = —((0 - u)
causal 2nd-order dissipative hydrodynamics (#* Navier-Stokes):

STHY = AW({T*P,N7}) , SN+ = BF{T,N"})
Israel & Stewart '79; Muronga ’'04; Baier, Romatschke et al ’06; Heinz, Song et al; Teaney et al
DM, Huovinen et al; Koide, Kodama et al; Schenke, Jeon et al; Denicol, Rischke et al; Strickland et al...

utilizes equation of state (p(e,np), T(e,np)), transport coeffs (1, (, kp),
relaxation times (7, 7¢, 7.)
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The 6 f problem (hydro — particles)

hydro gives N* & T*"", but experiments measure particles
3
NE(7 ) = Y bi [ SPp# fi(p, 7 1)

3 - —
TH (7, t) = Y [ SRptp fi(P, 7, 1)

1

e in local equilibrium (ideal hydro) - 1-to-1 map to thermal distributions

gi 1
27‘(‘)3 e(p’uuu—,ui)/T —|— a

7w (x) = diag(e,p, p, p) o feail:p) = ¢

e near local equilibrium (viscous hydro) - “few to many”

T (g) = T () + 6T ()

N’“”(QS) _ ]\;geal )—|—5N“(33) <~ fz(xap) — feq,i(xvp) —I_de(aj?p)

ideal(x

= question of §f (even for single-species systems!)
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Elliptic flow (v3) and viscosity

initial spatial anisotropy converts to final momentum space anisotropy

Y

(pa—py) _
Vg = ﬁ = (cos 2¢,)

can be used to measure viscosity e.g., Romatschke & Luzum, PRC78 ('08):

CGC
25 T T T
o STAR non-flow corrected (est). -
ol ® STAR event-plane n/s=0.08
P pee%000,0, o0 however, result
%\ 15- /.....‘ s _ =
¢ $o" o0 00%0% 0 sensitive to 0 f
(] O 1
= 10k {‘.Ogoocp " n/i=016 DM & Wolff, PRCO5 & PRC96 ('17)
> _ 000330 Dusling, Moore, Teaney, PRC81 ('09)
o
| A2
23
Oj . | | |
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Huovinen & DM ('08)
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large effects at higher momenta (Jf increases)
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Parametrizations for shear (7/")

Grad ansatz - from “l4-moment” expansion in kinetic theory

ra _ 1 [T eq — -~ 2 req
5fG d(xvﬁ) _ 2T(a:)2[e(x)+p(a?)]p p WMV(x)f (x,p) p f

power law generalization of Grad e.g., DM & Wolff, PRC95 ('17)

_ C(a) p-u\*2 JTIRY eq a req

relaxation time approx: p-Of(x,p) = (p-u) L[4z, p) — f(z,p)]

TREL PuPv ™

feq -~ plfeq
2 (p-u)nT

= 0fRTA =

stretched thermal distribution: e.g., Strickland & Romatschke, PRD 71 ('05); Tinti et al

fe9 4 §fsp = Ne V E2+api/A more generally  f°4(p) — f(\/P E,.p")

instead: calculate from microcopic dynamics — kinetic theory
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Il. Covariant transport

dN (Z,p,t)

(on-shell) phase-space density f(z,p) = Bod®s

transport equation:
PO fi(w,p) = C’;_>2[{fj}](a:,p) + C§'<—>3[{fj}]($,p) + -

with, e.g.,

3
Cs =5 Z/ f5fs— f1f2 f%:gi / /dpj, = f*(z,pa)

Ikl 934

thermalizes (in box), fully causal and stable

near hydro limit transport coeffs & relaxation times:

n~1.2T/o, ¢ ~ small x T/o, T =~ 1.2
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0 f from linearized kinetic theory

Dusling, Moore, Teaney, PRC81 ('09); DM, JPG38 ('12); DM & Wolff, arXiv:0404.7850

crux: near local equilibrium, small gradients 0, X — expect small ¢f o< 0,X

late-time, near-equilibrium behavior universal, and can be studied
systematically de Groot, et al ('70s)... Arnold, Moore, Yaffe, JHEP 0011... Denicol et al PRD85 ('12)...

operationally: linearize in 6f = f — f°4, and put 0; — 0

p- V[ = C[f*, 0 f]

integral eqn. relates §f to gradients in the system (one way to derive
transport coeffs)

local thermal equilibrium: f°Y(x,p) = (2§3) exp[

u(z) —p- U(w)]
T(z)

shear: T = const, u = const, 20" = VFu” + VYut — 2AM (du) # 0
bulk: T' = const, u = const, Ou # 0
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For shear: p. Vo1 = —L  feapu(p) X, (z)

where oHv

T

124 1 vV o 1 174 (6% 124
P" = 2 |:AMA5P p’ — gA“ (Aapp pﬂ)} , X*

With 0 f = ¢ f°Y, decomposition into irreducible tensors in z and p gives

- ~_ PLR
¢i = xi(p) P"" X v, P = T
and the integral eqn. becomes
1 —
—-Puifyy = Z /// fii fay Wh3 s 8°(12 — 34) (x3k P31 + XaePaa
2 Jkt 234
—x1iP11 — x2;P21)
with ) o 1.
Xoi = XillPal) + Pab = Py Poy = (0u0p)” = 310ul* 106" - (1)

This is equivalent to maximizing

Q= 2T2Z/Pufuxh s 2 ] i stz - a0

Jk€ 19234
(x3kPs.1 4+ xaePai1 — x16P11 — x25P21) x1i

The maximum gives the shear viscosity: 1 = 8Q,,4.1°/5.
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Variational solution

This is analogous to how a linear algebra problem
Alx) = |b) = po=A47D)

is equivalent to a maximization/minimization problem

QI = 5|41 — (xIb) 5Q = 0

(if A is symmetric and negative/positive definite)

In our case, |y) is infinite dimensional. In practice we truncate

n

Xi(p) ~ Z Ci k k(D)

k=0
and solve the finite-dimensional maximization problem to get c¢; » — xi(p)

For isotropic o;;, need integration in 4D for each A;; — suitable for GPUs
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Il1l. Shear 0 f - one-component case

Grad ( p?) vs linear response - massless gas with isotropic o = const:

DM ('11)
30 . 5 .
------ Grad~p~, Q=12
— 'exact’, Q=12676
1.45 ~ _ X
20 t ~p 7, Q=1.2675 .

10 ¢

p/ T

15

T 7,,p"p"
of = x(p/T)—-+

feq

no Nl

1.2676T
n ~

o

Dusling, Moore et al: similar ~ p'-° for forward-peaked 2 — 2 and 1 < 2
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indeed converged

60

S0 f

40

X(p/T)

20

10

30 |

Grad, Q=1.2

step, n=4, Q=1.1029
step, Nn=128, Q=1.2670
power, n=4, Q=1.2675
power, n=32, Q=1.2676
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XAi XB

two-component, massless gas - weaker than quadratic ¢ f; too

DM ('11)
30 . .
------ Grad, Q=1.1619
— "exact", Q=1.2345
1.47 1.37
20 + ~p~" (A),~p (B)

O-AAO-ABO-BB:421 //’

10 - NA=Np

10 15

p/ T
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Hadron gas shear o f

studied a variety of systems: with elastic :j — ij processes DM & Wolff, PRC95
i) m gas with o = const
ii) 7 gas with o, .(s) fit to PDG tables

iii) 7 — N gas with 0¢// = 30 mb, afr];\f = 50 mb, af\f]{, =20 mb

[fit to Prakash et al, Phys. Rep. 227 (’93)]

iv) hadron gas with 49 effective species (states up to m = 1.650 GeV)
[total 144 species but lumped isospin states together|
we generally find smaller 0 f for larger mass, at fixed o
one also expects larger cross sections for baryons (additive quark model)

= generally smaller viscous corrections for baryons than for mesons
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grad
1

for 0;; = 30 mb

Species T =100 120 140 165 MeV
s 1.08 1.13  1.17 1.21
K 0.89 0.96 1.02 1.08
n 0.87 0.94 1.00 1.06
fo 0.85 0.92 0.98 1.04
P 0.80 0.87 0.93 0.99
W 0.80 0.86 0.93 0.99
K™(892) 0.77 0.83 0.90 0.96
\ 0.76 0.82 0.88 0.94
n'(958) 0.75 0.82 0.88 0.94
f0(980) 0.75 0.81 0.87 0.93
a0(980) 0.75 0.81 0.87 0.93
¢ (1020) 0.74 0.81 0.86 0.92
A 0.72 0.79 0.84 0.90
h1(1170) 0.72 0.78 0.83 0.89
> 0.71 0.77 0.83 0.89
b1(1235) 0.71 0.76  0.82 0.88
A(1232) 0.71 0.76  0.82 0.88
a1(1260) 0.71 0.77 0.82 0.88
K4(1270) 0.70 0.76 0.81 0.87
f2(1270) 0.70 0.76 0.81 0.87
f1(1285) 0.70 0.76  0.81 0.87
1(1295) 0.70 0.75 0.81 0.87
7(1300) 0.70 0.75 0.81 0.87
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Effect on elliptic flow of 7 & p

DM & Wolff, PRC95: v2(pr) in Au+Au at RHIC, b =8 fm, /s = 0.1

Oi5 = 30 mb
—— Idedl
| = Dem Grad
| Find

0.1t 165 MeV
30mb

0 0.5 1 1.5 2

oMM OMB 0B =4:6:9

0.2 ¢

(additive quark model)

—o— |ded

' Final
| 165 MeV
AQM

—= Dem (%rad
—¢— Dyn p D

m — p splitting grows larger with self-consistent 0 f
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Sensitivity to shear viscosity

DM & Wolff, PRC95

*+ n/s=0  dashed green:
02 | = n/s=005 solidred: p
+ n/s=0.15

& Final
0.1 | 165 MeV
AQM

—_—
— —
— —

—_—
— —
—
—
—

0 0.5 1 1.5 2 2.5

with self-consistent J f, need up to 50% larger 7/s to get same v, suppression
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Hadron gas /s

DM & Wolff ('17)

2w x mronly
! A =N :
c | HG-30mb |
| v v HG-AQM
@ =
< 1 ' M e ma [N
0.2} Y
I 7 1 v
50 100 150
T [MeV]

DM & Wolff, PRC96

e 49-species HG
UrQMD
B K-matrix (TKnN)
bR X (])4 (scaled)

120 140 160
T [MeV]

n/s drops quite low as number of species increases - mostly driven by s

agreement within factor of 2 with Prakash et al K -matrix result

do not find flat n/s vs T like Bass et al did (UrQMD)
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one-component massive gas w/ isotropic o = const also reproduced

de Groot et al:

Grad 1522 K3(2)h?(2) T
T T 16[(1522 + 2)K2(22) + (323 + 492)K3(22)] o
where Ks(2)
h(z) = ZK;(ZZ) : z=m/T

[fixed typo in de Groot et al kinetic theory book]
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V. Bulk 4 f models (II)

Grad ansatz: Monnai & Hirano, PRC 80 ('09)

0fGrada = —feqU[A+ B(p-u) + C(p-u)’] = —fell[A+ BELr + CE} g

relaxation time approx: Dusling & Schifer, PRC85 ('12)

IT p?
5fDS — _feqCTZ ( LE CiELR)
postulated linear deformations Pratt & Torrieri, PRC82 ('10)

feq +0fpPT = feq(pi = Nijpj, T =T, p—u)

[feq ~J eu/T—E(p)/T’ E(p) f— \/m2 —|—p2]
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like for shear, linearize in 0f = f — f.,, and put 9, — 0

p - vfeq — C[feqaéf]
but now keep bulk (V - u) deformation in flow fields

DV feqg= —feg2lrr [%AW(V cu) + VAuY 4+ VVuH — %AW(V - u)]

<0l 20r

= e G = ClfegeOf

solution of integral eqn. must be of form

7@ p) = (2t

feq

subject to two constraints that 6 f adds no energy or particle number:

d3
E

d3

= - uw)sf =0

“p-uw)?sf =0,
= bulk 0 f varies in sign(!)
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Variational solutions

the integral eqn for the bulk 0 f can be turned into a constrained variational
(maximization) problem §Q|[x] = 0:

Q[X] — 2T8 /// fl eqf2 eq X1 X3 + X4 — X1 — Xz) W12_>345 (12 — 34)

1234

3T4 /fl elepl + ap /fl eleEl + N /fl eleEl
(2)

where ap y are Lagrange multipliers, §*(12 — 34) = 6*(p1 +p2 — p3 — p4), and

d?’p@ 2
fi,eq — feq(pi) s Xi = X(pi) ,  Wiasga = ;SUTOT(S)

Maximum gives the bulk viscosity: ¢ = 4Q 0. T°.
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Bulk viscosity vs mass

Grad ansatz: §fgrqq = feqlA+ B(p-u) + C(p-u)?]
only 1 free parameter because must have de =0, on =0

For 0 = const, text book Grad result de Groot et al (80s)

K3 — 3y)h — 39T
CGrad _ & 2<Z)[<5 37) 3/7/] - with 2z = @
16]2K2(22) + 2K3(22)] o T
where v =¢,/c,
p_h _ 2K5(2) I
n Ks(z2) v—1

ultrarelativistic limit (z — 0): (graq ~ 2*T /0 — 0

nonrelativistic limit (z — 00): (graq ~ 27 3/2T /0 — 0
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Why bulk viscosity vanishes:

In UR limit

T“—/—ppufocmZ%O

In other words, T} = 3(p., + II) = T" = ¢, and so since II vanishes in
equilibrium (e = 3p.,), then it must vanish always.

Whereas in NR limit

IT

1. 1 [d,_, 1 [ 5
STt =2 [ 2E .
0T = [ SPiarsr - o [ dplpes

with the general constraints oe = 0, on =0, so

£ 1
5e—m5n556km:O:/dp(E2—mE)5f — —/d3p|p|25f =0
E 2m
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DM ('17)

00125 T T L | T T L T T L | T T L T T L T
[ ]

0.01

T

0.0075

T

T

( x olT

0.005

0.0025

T

1 | Ml R—

O Al - el ,
0001 001 01 1 10 100 1000

m/T

the Grad bulk viscosity result looks reasonably accurate
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DM ('17)

22 T T L | T T L | T T L | T T L |
L]

2 | |
1.8

I
|

1.6

I
|

¢/ Corad

L4 full / Grad ‘

x Grad num/ th

1.2

I
|

1 oo XWcooeeneeensd X R TIRRRCIE _ STEI ST S XX X000+ X .
l 1 1 l 1 1 1 l 1 1 l

0.001 0.01 0.1 1 10 100
m/T

except for m/T <1
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Full solution for y deviates from Grad ansatz x""* = Az> + B(Z*) + C(&%)?

0
-0.25
><
05} — Grad, Q=1.8795
—- p", N=8, Q=2.4592
05— g2 N=16, Q=2.4630
L 0"4 N=8, 0=2.4630
0 5 10 15
p/ T

e.g., less steep at high momenta

— Typeset by FoilTEX — D. Molnar @ Wigner RCP, Aug 13, 2018

29



also differs from rel. time result

OfRTA X (

because at low momenta

2
OfrTA X —Com

while at high momenta

1

2
L _ c§E2>
3

2 <0

5fRTA X (— — Cg) p2 > 0

3
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25

n/s

02 |

Hadron gas viscosity

49-species, elastic 29 — 17 interactions with constant, isotropic cross sections
that follow additive quark model (AQM) meson-baryon scaling: onsps
ovB o = 30:45 : 67.5 mb.

shear viscosity

P » mronly
s M A T['N ]
| HG-30mb |
v v HG-AQM
HA
v ma Ha N,
N 7 1 G A
o0 100 150
T [MeV]

Z/s (x 109

é)ulk viscosity DM '18
= Tronly
4 TN
27 e HG-30mb
1| v HG-AQM
0.5
0.2
0.1
0.05 | | | |
75 100 125 150 17
T [MeV]

With more species (/s is higher, especially at higher T.

Still, (/n ~ 10~2 only. Same holds for species-independent o;; = 30 mb.

— Typeset by FoilTEX — D. Molnar @ Wigner RCP, Aug 13, 2018

31



Species-dependent bulk 0 f

Now analyze the species-dependent Grad basis used in the calculation

xi = Az} + Bi(E/T) + Ci{(E/T)?

At T = 140 and 165 MeV, plot A;, B;, C; relative to those for pions:

15 — ————
L s A/A x10 ?/mbols AQM -
g s B/B xOl ashed: o=const . |
3 |e C/Co -
510 " St
N T=140 MeV > = L oa m
B e A A/AA// AA s M4
| — A
g 5 A}//‘_JA_‘L —I_I___._-_._-__._
| . ) -
S, -H._——.__.:”_o_.oo o ooo .Q_:
© i
O 1 .
0.5 1 1.5
m, [GeV]
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dynamical bulk of coeffs
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| T=165 MeV
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/‘/
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Y

[ A -

9o —

R L B L B T

_0 800
(]

?/mbols AQM

ashed: o=const |
_0 0@ 0EBeo o |
o 00 O 000 © “0.

0.5

1

1.5

m, [GeV]
~25% smaller coeffs for baryons due to larger o0 (AQM), but smooth mass
dependence within both meson and baryon bands. Significant 17" dependence.
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T = 140 MeV xi = Az + Bi(E/T)+Ci(E/T)?
L r——m
L [m-A A x10 mbols: AQM
T |4 -B/B;x01 ashed: o=const | |
o @ CI / Cﬂ A A‘A/ ~
qlé 10 Am// - ]
x [ T=140 MeV p = L
a | A/AA/ - s 4 -
LB g A a4
% . A}/,l‘ JAA\JI.J-“‘l
| " B s
S (o0 0 — & +om—o+oo 0 ou‘t_u:
T |
0 ! . ! . . . . ! .
0.5 1 1.5
m; [GeV]
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T = 165 Me xi = Aiz; + Bi(E/T)+ Ci(E/T)?
5 —————— -
% m -A /A x10 W/A
'+ -B./B _
o 10 ¢ > S . M
% ' T=165 MeV A/»" LA and _
8 | e + * gymbols: AQM
T ol & ~ 4 ashed: o=const
= __ s eememes o
% :o{:""._—._:” o—‘oo o 00 ® 000
- i e T L T LY
O | . | . . . . | .
0.5 1 1.5
m. [GeV]
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Effect on elliptic flow

Calculate v5 in Au+Au at RHIC as for shear 0 f
- use 241D AZHYDRO
- estimate 7w*¥ and II from flow gradients (Navier-Stokes)
Contrast self-consistent bulk and shear ¢ f; (solid) with
- “democratic” species-independent Hirano-Monnai A, B, C
- and constant xT = 71/2s (dashed)

Set 17/5s=0.1 and large ¢ /n=0.1.

— Typeset by FoilTEX — D. Molnar @ Wigner RCP, Aug 13, 2018

35



pion v2(pT) DM @ QM2018

ffffffffffff idea 7

ool T shear onl n /
| — Dulk only /
— shear+buk 7
R T=165 MeV
01 n/s=01
solidt: &g,
; .  dashed: Bf ey
0 0.5 1 1.5 2

pr [GeV]
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proton v2(pr) DM @ QM2018

ffffffffffff idea ) /
— shear only
021 pyik only Z
— shear + bulk
N | T=165Mev
017 nis
solic o g,
N - dashed: O gy
0 0.5 1 1.5

pr [GeV]
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ffffffffffff ideal /
—— shear only I -
021 — pulk only 7 uzy
—— shear + bulk 7~
T=165 MeV | o
01} n/s=01 0.1
([s=
solid: 3fg,
dashed: of
0 ' ' o 0
0 0.5 1 1.5 2

pr [GeV]

-~10-20% variation in v, with 4 f model.

— Dbulk only
—— shear + bulk

T=165 MeV

solid: 8fyy,

dashed: & g,

- generally more proton v, with self-consistent J f

- for m, correction even flips sign in pure bulk viscous case.
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Summary

Comparison of hydrodynamic calculations to data inevitably requires a
particlization model. Instead of ad hoc parameterizations, one can obtain
self-consistent viscous phase space corrections from linearized kinetic theory.

Self-consistent shear and bulk viscous corrections affect identified particle
va(pr) in A+A at RHIC, and very likely at the LHC too, even for (/1 ~ 0.1.
Corrections for p+A reactions should be significant as well (higher gradients).

We find 6 f corrections that vary smoothly with mass, which lends itself to
convenient parametrizations. Try our 0 f; in your calculations, if you can.

Next steps:

- inelastic channels o;;_, e
- full solution, go beyond Grad form for xpuix
- compare in detail to other bulk 4 f models

- implant into realistic hydro simulation
- heat flow (0 f o< VT) and diffusion (6 f x Vn;)
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