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Introduction
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Alternate Approach

This is NOT what we are going to do!

2D: Gray-Level (GL) Image 

mapped into 3D while 
using GL as the third 
Dimension 
                                    Relief 
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More on Reliefs

!5

1 D

1D: Gray-Level Strip 
mapped into 2D while 
using GL as the second  
Dimension. 
                                    
Intersections at constant GL, 
may yield both:   points (0D),  
                 AND     line segments (1D)!

Similar in higher Dimensions:

2D:

3D:

points (0D)
lines (1D)
triangles (2D)

points (0D)
lines (1D)
triangles (2D)

tetrahedrons (3D)

Furthermore: Too many Elements, Orientations not always clear … 

embedded in 3D:

embedded in 4D:
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Numerical Representations of Elements

Instead: Manifolds of Co-Dimension 1 
  

                                                   are numerically approximated best by: 

Line-Elements in 2 D                             Contours

Triangles in 3 D                                      Surfaces

Tetrahedrons in 4 D                    Hyper-Surfaces

Such Choices may lead to Size Correction Factors for the particular Tiling.         

“STEVE”

“VESTA”

“DICONEX”

1

3

1

1
2 D

3 D

4 D

2

2
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This presentation refers to the invention 
disclosure GSI / P309, “Verfahren zur Hyper- 
flächenkonstruktion in n Dimensionen.”

Proposed Literature:

“FLATLAND  
A Romance of Many  
Dimensions,” 
by Edwin A. Abbott, 
1st published in  
1884 by Seeley & Co.  
of London.

“HYPERSPACE  
A scientific odyssey  
through parallel  
universes, time warps,  
and the 10th dimension,”  
by Michio Kaku, 
Oxford University Press, 
1st edition (1994).

Higher Dimensions

German Patent Application  

       No.s 10 2011 050 721.3 

            & 10 2011 051 203.9 

PCT Application  

     No. PCT/EP2012/058873 

           (EP2715673 A1, 
            US20140104270 A1, 

            WO2012163657 A1) 

  

B. R. Schlei, “STEVE - Space-Time-Enclosing 
Volume Extraction,” arXiv:1302.5683 [cs.CG].

Cf., also
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Further Introductory Remarks

          - Georg Friedrich Bernhard Riemann, geometry on non-flat, i.e., curved, surfaces. 
            In contrast to Euclidean geometry, e.g., the Triangle Angle Sum Theorem:  

2D

Riemannian geometry works in n dimensions (Differential geometry). 
It enabled Einstein’s General Relativity Theory (published in 1915; generalization 
of the Special Theory of Relativity, originally proposed in 1905 by Albert Einstein).

         - A 2D “flatlander” 
           perceives a  
           3D object,  
           i.e., a sphere.

1854

1884 Analogously: 
A person in 3D 
could actually 
observe an inter- 
section of a 4D  
object with his 
world. 

↵+ � + � “ = ” 180o “ = ”“ > ” “ < ”

3D
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Grids
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Example: Pixels, Voxels and Structured Grids in Numerical Hydrodynamics 

Pixel = Picture Element (2D)

Voxel = VOlume piXEL (3D)i

j

i

k

j

t

t

r
z

r

Grid Points of Hydrodynamic Lattices may be viewed as Centers of Pixels in 2D, or 
Centers of Voxels in 3D.

Each Center may be characterised by Field Quantities 
such as Temperature, Energy Density, Baryon Density, 
Fluid Velocity, … etc.

2D IMAGE DATA

3D IMAGE DATA
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Single ND Picture Elements: Pixel, Voxel, Toxel, 5-Cube, and 6-Cube

!11

The Spheres indicate the center of each Picture Element.

3D2D 4D

5D 6D   
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N-Dimensional Neighborhoods (N = 1,2,3,4)

!12

1D 2D

4D

3D
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2 Dimensions
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Example: Skeletonization of Handwritten Characters

Original Segmented Skeleton (before and after Pruning)
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Example: Polymeric Foams

Micrograph of a Polymeric Foam:

Blob and Contour Extraction

Void Network Extraction 

KEY STEP: Void Splitting

Result: Automated Generation of Statistics.

Histograms for single void cells        [ 1 unit = 1 pixel ]

B. R. Schlei, L. Prasad, A. N. Skourikhine, Proc. SPIE 4476 (2001) 73.
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Example: Intelligent Video Camera, Version 1.0

# SONY - EVI  
   Video Camera 
# National  
   Instruments  
   Frame Grabber  
# LabWindows/ 
   CVI based GUI 

Shape Feature  
Extraction is 
invariant under 

- Translations 
- Rotations 
- Scaling 
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A few References on Contour Extraction

Many Papers have been written on Contour Extraction in Binary Images.  
Here is a selection: 
[1] H. Freeman, IRE Trans. Electronic Computers, EC-10, 2, June 1961, 260 – 268. 
[2] H. Freeman, in Picture Processing and Psychopictorics, B. S. Lipkin, and A. Rosenfeld, 
     Eds. Academic Press, New York, 1970, 241 – 266. 
[3] H. Freeman, Computational Surveys, 6, 1974, 57 – 97. 
[4] Z. Kulpa, Computer Graphics and Image Processing, Vol. 6, 4, December 1977, 434 – 451. 
[5] T. Pavlidis, Algorithms for Graphics and Image Processing, Computer Science Press,  
     Rockville, MD, 1982. 
[6] Y.-T. Liow, Computer Vision Graphics and Image Processing, 53(3), 1991, 313 – 321. 
[7] S. Di Zentro, L. Cinque, S. Levialdi, IEEETrans. Pattern Analysis and Machine Intelligence,  
     18(1), 1996, 83 – 89. 
[8] E. Bribiesca, Pattern Recognition 32 (1999) 235 – 251. 
[9] N. L. Jones, M. J. Kennard, A. K. Zundel, Computers & Geosciences 26 (2000) 831 – 837. 
[10] S. Kaygin, M. M. Bulut, Pattern Recognition Letters 22 (2001) 1169 – 1178. 
[11] Y. B. Bai, X. W. Xu, Computers in Industry 46 (2001) 65 – 74. 
[12] M. Ren, J. Yang, H. Sun, Image and Vision Computing 20 (2002) 125 – 131. 
[13] B. R. Schlei, in Vision Geometry XI, Eds. L. J. Latecki, D. M. Mount, A. Y. Wu,  
       SPIE Vol. 4794 (2002) 63 – 70. 

In the Following, we shall discuss the Approach of  
                                   Freeman [1 – 3] in more Detail.
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The Chain Code Algorithm

W. K. Pratt, Digital Image Processing, Wiley-Interscience, New York, 2001. (Papers by H. Freeman.)

04
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1. A Code Table is used for Boundary Coding. 
2. “Active” Pixels are traced along the Shape  
    Boundary and result in a Chain Code: 

    071070001122234434444556666    

8 Neighbors

Problem: The Contours of the Chain Code Algorithm may be self-intersec-
ting and degenerated, i.e., NOT all enclosed Areas are > 0 !
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DICONEX – DIlated CONtour EXtraction

B. R. Schlei,  
SPIE Vol. 4794 (2002) 63; 
Image and Vision Computing  
27 (2009) 637 – 647.

       Disconnect 
       Pixels.

       Connect 
       Pixels.

1

2 4

3 5

1: Initial Distribution of “Active” Pixels. 
2 / 3: Left / Right-Turning Vectors. 
4 / 5: Dilated Contours. Fast 3-Step Algorithm: 

“Vectors – Connect – Shift”
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Features of DICONEX Contours

0
1

3
2

4 Neighbours

1. Only four Pixel Neighbours have     
    to be considered during DICONEX    
    Contour Construction.  
2. DICONEX Contours are never   
    self-intersecting or degenerated !

Displacement of DICONEX Contours:

50100
85

Initially given Gray-Level Images provide additional  
Spectral Information, which allow the Dislocation of 
the Points, which support the DICONEX Contours:
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Example: Extraction of 1+1 D FOHS   (Part 1)

r

t

Temperature Field 
(Color Coded Gray-Level Image) 

Objective: Provide FOHS for 
TPixel = TFluid ≥ Tf ≈ 139 MeV.

r

t

Dilated Contours (DICONEX)  
with Shifted Point Normal Vectors

B. R. Schlei, Image and Vision Computing 27 (2009) 637 – 647.
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Example: Extraction of 1+1 D FOHS   (Part 2)

r

t

Final 1+1 D Freeze-Out  
“Hyper-Surface” after Removal  
of unphysical Edges

r

t

Dilated Contours (DICONEX) 
Shifted with Respect to  
Temperatures along  
Shifted Point Normal Vectors

B. R. Schlei, Image and Vision Computing 27 (2009) 637 – 647.

xµ
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Single- and Double-Inclusive Momentum Spectra

The Knowledge of a Freeze-Out Hyper-Surface (FOHS) and its corresponding Field 
Quantities (e.g., from Relativistic Hydrodynamics) allows to calculate both, Single-
Inclusive Momentum Spectra and Bose-Einstein Correlations. 

Single-Inclusive Momentum Spectra are 
given by (i.e., Particles of 1st Generation):

Bose-Einstein Correlations (e.g., for 
identical Pion Pairs) are given by:

: FOHS Space-Time Coordinates 

: FOHS 4-Normals 

: Particle 4-Momenta 

: 4-Velocity of Fluid

: Chemical Potentials (e.g., for B,S) 

: Freeze-Out Temperature

B. R. Schlei, U. Ornik, M. Plümer, R. M. Weiner, Phys. Lett. B293 (1992) 275.
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3 Dimensions
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Fluid Expansion and Cooling in HYLANDER-C (e.g., S+S @ 200A GeV)

DICONEX Contours enclose 
Pixels (Fluid Grid Points) 
with 
TPixel = TFluid ≥ Tf ≈ 139 MeV.

Note the Break-Up of ONE Contour into TWO Contours between Images t7 and t8. 

z

r

t1

t2

t3

t4

t5

t6

t7

t8

t9

t10

t11

U. Ornik, M. Plümer, B. R. Schlei, D. Strottman, R. M. Weiner, Phys. Rev. C54 (1996) 1381.
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Blob-Pixel Contours vs. Voxel Faces

While Building Temporal 
Correlations between 
the Contours, one may 
encounter 
Correspondence 
Problems.

z

t

r
Blob-Pixel 
Contours

Correspondence Problems

Discontinue 
Approach.

STOP !

z

t

r Voxel Faces

Rather 
Begin 
Here. 
GO !

Consider a Temporal Stack 
of Blob-Pixels (➔ Voxels). 
Use only Voxel Faces, 
which separate the Shapes 
Interior from its exterior 
Regions.  

Initially Given Connectivity
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The Marching Cubes Algorithm

i

k

j

http://exaflop.org/docs/marchcubes

W. E. Lorensen, H. E. Cline, Computer Graphics, 21 (1987) 163.

2. However, only 15 principal 
    Configurations remain. 
    Surface Templates are provided  
    by a Look-Up Table.

1. 2x2x2 Voxel Cubes are inspected for their  
    Configurations of “active” Voxels 
    (Volume Scan or Random Access). 
    There are 256 = 28 different Configurations 
    of “active” Voxels in a 2x2x2 Cube.
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Problems with and Fixes for the Marching Cubes Algorithm

=+

1. The exact Location of the Surface is not always  
    known from the Configuration of “active” Voxels.

2. As a Result, the Marching  
    Cubes Algorithm is not  
    guaranteed to produce a  
    closed Surface :

Problems with the Marching Cubes Algorithm:

Fixes for Marching Cubes Algorithm through: 
      - Static Analysis (Uniform Orientation, Face Adjacency, Simplex Decomposition) 
      - Interpolation Analysis (Closest Orientation, Interpolation, Subdivision, … etc.)

A Surface Construction Algorithm that requires Fixes 
is not really desirable ! 

S. Hill, J. C. Roberts, in “Graphics Gems V”, eds. A. W. Peath, Academic Press, 1995, p. 98.; and Ref.s therein.
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3D: VESTA — Volume-Enclosing Surface exTraction Algorithm

1 432

Voxels, which are in Contact with another Voxel only through  
one single Edge may be disconnected or connected.

B. R. Schlei,  
“Volume-Enclosing Surface Extraction,”  
Computers & Graphics 36 (2012) 111,  
doi: 10.1016/j/cag.2011.12.008.

!29
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VESTA - Surface Cycles

3-Cycle 7-Cycle5-Cycle4-Cycle4-Cycle

6-Cycle6-Cycle6-Cycle6-Cycle

Some N-Cycles are planar, some are non-planar ! 
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VESTA - Surface Cycle Break-Up

6-Cycle6-Cycle6-Cycle6-Cycle

3-Cycle 7-Cycle5-Cycle4-Cycle4-Cycle

Break-Up into Triangles allows for Acceptable Shape Adaptation 
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VESTA vs. Marching Cubes Algorithm

Holes may 
appear while  
using the 
original MCA
i.e., W. E. Lorensen, 
H. E. Cline, 
Computer Graphics, 
21 (1987) 163.

VESTA:  
Ambiguities will 
be explicitly 
resolved.

In general, 
there are  
more than one 
solutions 
possible! 

(b) low resolution, 
disconnect mode 

(c) low resolution, 
connect mode 

(e) high  
resolution, 
disconnect mode 

(f) high  
resolution, connect 
mode

B. R. Schlei,  
Computers  
& Graphics 36  
(2012) 111 – 130.
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VESTA Surface Manipulations

r

While using the actual  
Temperature Values 
within a Voxel and one 
of its Neighbours, one 
may dislocate the Face 
Centers of the VESTA 
Surface with respect to 
Tf (or εf, or nf, … etc. ). 
This usually leads to a 
Surface Smoothing.  

Surface Tiles with all of 
their Components t ≤ 0,  
or r ≤ 0, have no meaning 
for 2+1 D 
Hydrodynamics. 
They are therefore 
removed. 

z

t

r
z

t

rSurface Smoothing

t

z

r

t

z

rSurface Tile Removal
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Rendering of Corresponding Field Quantities

t

z

r

r
z

v||

r r
z

v⊥

r r
z

nB

r

z

r

z

r

z

r

v⊥ nBv||

long. Velocity Baryon Densitytransv. Velocity

Here, all other Field Quantities, such as Energy Density ε, Speed of Sound c0
2, etc., 

are constant, and therefore not shown.

r
z

t

r
Time
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FOHS and Normal Vectors

1

2

r
z

t

r

         are the Normal Vectors for           
         each FOHS Triangle; their   
         Lengths are equal to their   
         corresponding Triangle Area. 

        are the Centers of Mass for       
        each FOHS Triangle; all 
        related Field Quantities are 
        evaluated at these Points. 

xµ

xµ

xµ
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3D: Surface Extraction for Data Sets from Computed Tomography (CT)

3D Image Data from X-Ray Micro-Tomography, 
courtesy, Jerry Seidler et al., Univ. WA, Seattle. B. R. Schlei, “Volume-Enclosing Surface Extraction,”  

Computers & Graphics 36 (2012) 111,  
doi: 10.1016/j/cag.2011.12.008.
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4 Dimensions



GSI Helmholtzzentrum für Schwerionenforschung GmbH B. R. Schlei - 30.10.2018 !38

4D Analogies with 2D and 3D (Part 1)

4D

Pixel, 
Edges, 

Edge Centers, 
… etc.

Toxel, 
Volumes, 

Volume Centers, 
… etc.

Voxel, 
Faces, 

Face Centers, 
… etc.

Generalisations via Analogies 
DICONEX           VESTA           STEVE 
(STEVE = Space-Time Enclosing Volume Extraction, 
                      B. R. Schlei ( Copyright © 2003 - 2018) )

3D2D
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4D Analogies with 2D and 3D (Part 2)

2D: 4 Edges 
3D: 6 Faces 
4D: 8 Volumes 
nD: 2n Hyper-Faces 

2D: 4 Line Segments 
3D: 8 Triangles 
4D: 16 Tetrahedrons 
nD: 2n Hyper-Triangles 
       = (n - 1)-Simplices

Time t

t – 0.5

t + 0.5

Furthermore: 
2D: 2 Pixels, which touch in only one Point may be connected or disconnected.  
3D: 2 Voxels, which touch in only one Edge may be connected or disconnected. 
4D: 2 Toxels, which touch in only one Face may be connected or disconnected. 
nD: 2 Hyper-Voxels, which touch in only one Hyper-Edge may be connected or  
       disconnected.
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Transition Elements

2D 3D

4D
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STEVE – Construction of a Single Tetrahedron 

!41

In 3D one has 
24 initial Vector  
Pairs. 

Since a Tesseract is 
bounded by eight 
3-Cubes, 
in 4D one has 
192 initial Vector  
Pairs.
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STEVE’s 4D Frame of Reference

x

y

z

p
a
s
t

f
u
t
u
r
e

NOTE: in the field of digital image processing,   
the y-direction is arranged from top to bottom.

2x2x2x2 Toxel 
(time varying voxel) 

Neighbourhood

0 1

3
2

4 5

7 6

8 9

11 10

12 13

15 14

0-Site Position: 
Site Center ID: 0 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15

More columns (# of columns>1) 
may be added for further field 
values at the given sites. 

The first column will always be 
evaluated with respect to the 
above given iso-value. 

Sample Input File:          (W1 denotes ASCII)  

Numbering 
Convention: 
always start 
with “0” !!!

0-Site Positions (t/x/y/z)  
will be counted: 
- from past to future (t) 
- from left to right (x) 
- from top to bottom (y) 
- from front to back (z) 

       min/max values are  
       measured always at  
       the Site Centers !!! 



GSI Helmholtzzentrum für Schwerionenforschung GmbH B. R. Schlei - 30.10.2018 !43

Rotation of 2+1 D Image Data and FOHS Intersections

x
y z

x

y

z
r

x

y

For all  
z-Positions:

xyz-Data

Rotate 
r-Entries

Linear 
Inter- 
polation

FOHS at t1

Rotation of cylinder symmetric 2+1 D Image Data at fixed Times results in 3+1 D 
Image Data. This enables the Extraction of 3D FOHS Intersections for fixed Times.

Such Rotations will aid 
the Validation Process for 
fully 3+1 D FOHS 
Extraction Algorithms and 
Computer Codes.
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Blob-Pixel Contours vs. VESTA Surface

z

t

r Contours

Correspondence Problem

Surface
z

t

r

Correspondence solved !

While Building Temporal Correlations between the Contours, one may encounter 
Correspondence Problems.  
Instead, consider a Temporal Stack of Blob-Pixels (➔ Voxels). Use only Voxel Faces, 
which separate the Shapes Interior from its exterior Regions, and construct 
VESTA cycles (➔ Triangular Surface Tiling).
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Discrete Time-Sequence of Isothermes

VESTA Rendering of FOHS from 2+1 D Hydrodynamics at fixed Times (t1 < … < t8).

x

y z

t1 t2

t3 t4

t5 t6 t7 t8

Correspondence  
Problem
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Infinite Numbers of Intersections are 
possible for the continuous Hyper-Surfaces.

4D: STEVE — Space-Time-Enclosing Volume Extraction

!46
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Movie 1: Example of a Propagating Surface

Initial  
Surface 

Tile

Final  
Surface 

Tiles
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Movie 2: Time-Sequence of (Continuous) FOHS Intersections
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Definition of FOHS 4-Normals

points to the Exterior of an enclosed Space-Time Region.

L. D. Landau and E. M. Lifschitz, “The Classical Theory of Fields”, Pergamon Press, 1951.

The Projections of the Volume of a Parallelepiped are spanned by three 4-Vectors:

Freeze-Out Hyper-Surface Element 4-Normal: 

, with , i.e., the “Metric Tensor”, and ,

where is the “Completely Antisymmetric Unit Tensor” of fourth rank.

Conversely, we also have .

They are given by the Determinants

1

3

2



GSI Helmholtzzentrum für Schwerionenforschung GmbH B. R. Schlei - 30.10.2018

Movie 3: 3D Intersections of Envelope in 4D Transversal Trace-Space

x

x’

y’

y

4D Image Data for STEVE Input, 
courtesy, Peter Spädtke, GSI.

!50
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Medical Image Data 
4D-CT
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3D: Surface Extraction for Data Sets from Computed Tomography (CT)

3+1D Image Data from Computed Tomography, 
courtesy, Christian Graeff et al., GSI. 

A Series of 9 CT Images (256 x 256 x 150 voxels), 
2-Byte Hounsfield Scale. 

My Threshold: 250.0 HU = GL 123.

B. R. Schlei, “Flood fill segmentation for images from 
time-varying computed tomography,” submitted to 
GSI Scientific Report 2017.
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Movie 4: Time Sequence of 3D VESTA-Renderings from (Discrete) 4D-CT  



GSI Helmholtzzentrum für Schwerionenforschung GmbH B. R. Schlei - 30.10.2018 !54

Movie 5: 3D Intersections of Continuous Hyper-Surface from (Discrete) 4D-CT  
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Normal N-Vectors of Hyper-Surface Elements  

Normalized normal vectors (gray) that are attached to the centers of the 
oriented (N − 1)-simplices, which enclose the active N-dimensional picture 
element sites with ID 0 within the shown ND-cells: (a) in 2D (b) in 3D, and (c) 
in 4D, respectively. 

E.g., covariant 4-Normal

at contravariant Event
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Towards Magnitudes of Velocities for a Hyper-Surface  

3-Velocity

Magnitude

2D

x

t
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<latexit sha1_base64="QALJIaQ3kFspDGVzMTHfXTnIZiY=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAILkrJiLdl0Y3LCvYC7TBkMpk2NJMZkoxYhoIbX8WNC0Xc+hLufBvT6Sy09UDg4//PyUl+P+FMaYS+rYXFpeWV1dJaeX1jc2vb3tltqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsfXk/89j2VisXiTo8S6ka4L1jICNZG8uz9Xn5HV/Z9N0NVVDs7r6IxDIT34NkVVEN5wXlwCqiAohqe/dULYpJGVGjCsVJdByXazbDUjHA6LvdSRRNMhrhPuwYFjqhys3z/GB4ZJYBhLM0RGubq74kMR0qNIt90RlgP1Kw3Ef/zuqkOL92MiSTVVJDpojDlUMdwEggMmKRE85EBTCQzb4VkgCUm2sRWNiE4s1+eh9ZJzTF8e1qpXxVxlMABOATHwAEXoA5uQAM0AQGP4Bm8gjfryXqx3q2PaeuCVczsgT9lff4A5MaWXw==</latexit><latexit sha1_base64="QALJIaQ3kFspDGVzMTHfXTnIZiY=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAILkrJiLdl0Y3LCvYC7TBkMpk2NJMZkoxYhoIbX8WNC0Xc+hLufBvT6Sy09UDg4//PyUl+P+FMaYS+rYXFpeWV1dJaeX1jc2vb3tltqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsfXk/89j2VisXiTo8S6ka4L1jICNZG8uz9Xn5HV/Z9N0NVVDs7r6IxDIT34NkVVEN5wXlwCqiAohqe/dULYpJGVGjCsVJdByXazbDUjHA6LvdSRRNMhrhPuwYFjqhys3z/GB4ZJYBhLM0RGubq74kMR0qNIt90RlgP1Kw3Ef/zuqkOL92MiSTVVJDpojDlUMdwEggMmKRE85EBTCQzb4VkgCUm2sRWNiE4s1+eh9ZJzTF8e1qpXxVxlMABOATHwAEXoA5uQAM0AQGP4Bm8gjfryXqx3q2PaeuCVczsgT9lff4A5MaWXw==</latexit><latexit sha1_base64="QALJIaQ3kFspDGVzMTHfXTnIZiY=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAILkrJiLdl0Y3LCvYC7TBkMpk2NJMZkoxYhoIbX8WNC0Xc+hLufBvT6Sy09UDg4//PyUl+P+FMaYS+rYXFpeWV1dJaeX1jc2vb3tltqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsfXk/89j2VisXiTo8S6ka4L1jICNZG8uz9Xn5HV/Z9N0NVVDs7r6IxDIT34NkVVEN5wXlwCqiAohqe/dULYpJGVGjCsVJdByXazbDUjHA6LvdSRRNMhrhPuwYFjqhys3z/GB4ZJYBhLM0RGubq74kMR0qNIt90RlgP1Kw3Ef/zuqkOL92MiSTVVJDpojDlUMdwEggMmKRE85EBTCQzb4VkgCUm2sRWNiE4s1+eh9ZJzTF8e1qpXxVxlMABOATHwAEXoA5uQAM0AQGP4Bm8gjfryXqx3q2PaeuCVczsgT9lff4A5MaWXw==</latexit><latexit sha1_base64="QALJIaQ3kFspDGVzMTHfXTnIZiY=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAILkrJiLdl0Y3LCvYC7TBkMpk2NJMZkoxYhoIbX8WNC0Xc+hLufBvT6Sy09UDg4//PyUl+P+FMaYS+rYXFpeWV1dJaeX1jc2vb3tltqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsfXk/89j2VisXiTo8S6ka4L1jICNZG8uz9Xn5HV/Z9N0NVVDs7r6IxDIT34NkVVEN5wXlwCqiAohqe/dULYpJGVGjCsVJdByXazbDUjHA6LvdSRRNMhrhPuwYFjqhys3z/GB4ZJYBhLM0RGubq74kMR0qNIt90RlgP1Kw3Ef/zuqkOL92MiSTVVJDpojDlUMdwEggMmKRE85EBTCQzb4VkgCUm2sRWNiE4s1+eh9ZJzTF8e1qpXxVxlMABOATHwAEXoA5uQAM0AQGP4Bm8gjfryXqx3q2PaeuCVczsgT9lff4A5MaWXw==</latexit>

dnt
<latexit sha1_base64="oqYp2dJMrh3C2XSqwQH9+GWp43U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFFKRrwti25cVrAXmA5DJpNpQzOZIckIZSi48VXcuFDErS/hzrcxbWehrQcCH/9/Tk7yBylnSiP0bZWWlldW18rrlY3Nre0de3evrZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51geDPxOw9UKpaIez1KqRfjvmARI1gbybcPetM7XNkPvBzVUP38oobGMBS+9u0qqqNpwUVwCqiCopq+/dULE5LFVGjCsVKug1Lt5VhqRjgdV3qZoikmQ9ynrkGBY6q8fLp/DI+NEsIokeYIDafq74kcx0qN4sB0xlgP1Lw3Ef/z3ExHV17ORJppKshsUZRxqBM4CQSGTFKi+cgAJpKZt0IywBITbWKrmBCc+S8vQvu07hi+O6s2ros4yuAQHIET4IBL0AC3oAlagIBH8AxewZv1ZL1Y79bHrLVkFTP74E9Znz/etpZb</latexit><latexit sha1_base64="oqYp2dJMrh3C2XSqwQH9+GWp43U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFFKRrwti25cVrAXmA5DJpNpQzOZIckIZSi48VXcuFDErS/hzrcxbWehrQcCH/9/Tk7yBylnSiP0bZWWlldW18rrlY3Nre0de3evrZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51geDPxOw9UKpaIez1KqRfjvmARI1gbybcPetM7XNkPvBzVUP38oobGMBS+9u0qqqNpwUVwCqiCopq+/dULE5LFVGjCsVKug1Lt5VhqRjgdV3qZoikmQ9ynrkGBY6q8fLp/DI+NEsIokeYIDafq74kcx0qN4sB0xlgP1Lw3Ef/z3ExHV17ORJppKshsUZRxqBM4CQSGTFKi+cgAJpKZt0IywBITbWKrmBCc+S8vQvu07hi+O6s2ros4yuAQHIET4IBL0AC3oAlagIBH8AxewZv1ZL1Y79bHrLVkFTP74E9Znz/etpZb</latexit><latexit sha1_base64="oqYp2dJMrh3C2XSqwQH9+GWp43U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFFKRrwti25cVrAXmA5DJpNpQzOZIckIZSi48VXcuFDErS/hzrcxbWehrQcCH/9/Tk7yBylnSiP0bZWWlldW18rrlY3Nre0de3evrZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51geDPxOw9UKpaIez1KqRfjvmARI1gbybcPetM7XNkPvBzVUP38oobGMBS+9u0qqqNpwUVwCqiCopq+/dULE5LFVGjCsVKug1Lt5VhqRjgdV3qZoikmQ9ynrkGBY6q8fLp/DI+NEsIokeYIDafq74kcx0qN4sB0xlgP1Lw3Ef/z3ExHV17ORJppKshsUZRxqBM4CQSGTFKi+cgAJpKZt0IywBITbWKrmBCc+S8vQvu07hi+O6s2ros4yuAQHIET4IBL0AC3oAlagIBH8AxewZv1ZL1Y79bHrLVkFTP74E9Znz/etpZb</latexit><latexit sha1_base64="oqYp2dJMrh3C2XSqwQH9+GWp43U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFFKRrwti25cVrAXmA5DJpNpQzOZIckIZSi48VXcuFDErS/hzrcxbWehrQcCH/9/Tk7yBylnSiP0bZWWlldW18rrlY3Nre0de3evrZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51geDPxOw9UKpaIez1KqRfjvmARI1gbybcPetM7XNkPvBzVUP38oobGMBS+9u0qqqNpwUVwCqiCopq+/dULE5LFVGjCsVKug1Lt5VhqRjgdV3qZoikmQ9ynrkGBY6q8fLp/DI+NEsIokeYIDafq74kcx0qN4sB0xlgP1Lw3Ef/z3ExHV17ORJppKshsUZRxqBM4CQSGTFKi+cgAJpKZt0IywBITbWKrmBCc+S8vQvu07hi+O6s2ros4yuAQHIET4IBL0AC3oAlagIBH8AxewZv1ZL1Y79bHrLVkFTP74E9Znz/etpZb</latexit>

3D

x

t

y
dnt

<latexit sha1_base64="oqYp2dJMrh3C2XSqwQH9+GWp43U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFFKRrwti25cVrAXmA5DJpNpQzOZIckIZSi48VXcuFDErS/hzrcxbWehrQcCH/9/Tk7yBylnSiP0bZWWlldW18rrlY3Nre0de3evrZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51geDPxOw9UKpaIez1KqRfjvmARI1gbybcPetM7XNkPvBzVUP38oobGMBS+9u0qqqNpwUVwCqiCopq+/dULE5LFVGjCsVKug1Lt5VhqRjgdV3qZoikmQ9ynrkGBY6q8fLp/DI+NEsIokeYIDafq74kcx0qN4sB0xlgP1Lw3Ef/z3ExHV17ORJppKshsUZRxqBM4CQSGTFKi+cgAJpKZt0IywBITbWKrmBCc+S8vQvu07hi+O6s2ros4yuAQHIET4IBL0AC3oAlagIBH8AxewZv1ZL1Y79bHrLVkFTP74E9Znz/etpZb</latexit><latexit sha1_base64="oqYp2dJMrh3C2XSqwQH9+GWp43U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFFKRrwti25cVrAXmA5DJpNpQzOZIckIZSi48VXcuFDErS/hzrcxbWehrQcCH/9/Tk7yBylnSiP0bZWWlldW18rrlY3Nre0de3evrZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51geDPxOw9UKpaIez1KqRfjvmARI1gbybcPetM7XNkPvBzVUP38oobGMBS+9u0qqqNpwUVwCqiCopq+/dULE5LFVGjCsVKug1Lt5VhqRjgdV3qZoikmQ9ynrkGBY6q8fLp/DI+NEsIokeYIDafq74kcx0qN4sB0xlgP1Lw3Ef/z3ExHV17ORJppKshsUZRxqBM4CQSGTFKi+cgAJpKZt0IywBITbWKrmBCc+S8vQvu07hi+O6s2ros4yuAQHIET4IBL0AC3oAlagIBH8AxewZv1ZL1Y79bHrLVkFTP74E9Znz/etpZb</latexit><latexit sha1_base64="oqYp2dJMrh3C2XSqwQH9+GWp43U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFFKRrwti25cVrAXmA5DJpNpQzOZIckIZSi48VXcuFDErS/hzrcxbWehrQcCH/9/Tk7yBylnSiP0bZWWlldW18rrlY3Nre0de3evrZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51geDPxOw9UKpaIez1KqRfjvmARI1gbybcPetM7XNkPvBzVUP38oobGMBS+9u0qqqNpwUVwCqiCopq+/dULE5LFVGjCsVKug1Lt5VhqRjgdV3qZoikmQ9ynrkGBY6q8fLp/DI+NEsIokeYIDafq74kcx0qN4sB0xlgP1Lw3Ef/z3ExHV17ORJppKshsUZRxqBM4CQSGTFKi+cgAJpKZt0IywBITbWKrmBCc+S8vQvu07hi+O6s2ros4yuAQHIET4IBL0AC3oAlagIBH8AxewZv1ZL1Y79bHrLVkFTP74E9Znz/etpZb</latexit><latexit sha1_base64="oqYp2dJMrh3C2XSqwQH9+GWp43U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFFKRrwti25cVrAXmA5DJpNpQzOZIckIZSi48VXcuFDErS/hzrcxbWehrQcCH/9/Tk7yBylnSiP0bZWWlldW18rrlY3Nre0de3evrZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51geDPxOw9UKpaIez1KqRfjvmARI1gbybcPetM7XNkPvBzVUP38oobGMBS+9u0qqqNpwUVwCqiCopq+/dULE5LFVGjCsVKug1Lt5VhqRjgdV3qZoikmQ9ynrkGBY6q8fLp/DI+NEsIokeYIDafq74kcx0qN4sB0xlgP1Lw3Ef/z3ExHV17ORJppKshsUZRxqBM4CQSGTFKi+cgAJpKZt0IywBITbWKrmBCc+S8vQvu07hi+O6s2ros4yuAQHIET4IBL0AC3oAlagIBH8AxewZv1ZL1Y79bHrLVkFTP74E9Znz/etpZb</latexit>

dnx
<latexit sha1_base64="QALJIaQ3kFspDGVzMTHfXTnIZiY=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAILkrJiLdl0Y3LCvYC7TBkMpk2NJMZkoxYhoIbX8WNC0Xc+hLufBvT6Sy09UDg4//PyUl+P+FMaYS+rYXFpeWV1dJaeX1jc2vb3tltqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsfXk/89j2VisXiTo8S6ka4L1jICNZG8uz9Xn5HV/Z9N0NVVDs7r6IxDIT34NkVVEN5wXlwCqiAohqe/dULYpJGVGjCsVJdByXazbDUjHA6LvdSRRNMhrhPuwYFjqhys3z/GB4ZJYBhLM0RGubq74kMR0qNIt90RlgP1Kw3Ef/zuqkOL92MiSTVVJDpojDlUMdwEggMmKRE85EBTCQzb4VkgCUm2sRWNiE4s1+eh9ZJzTF8e1qpXxVxlMABOATHwAEXoA5uQAM0AQGP4Bm8gjfryXqx3q2PaeuCVczsgT9lff4A5MaWXw==</latexit><latexit sha1_base64="QALJIaQ3kFspDGVzMTHfXTnIZiY=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAILkrJiLdl0Y3LCvYC7TBkMpk2NJMZkoxYhoIbX8WNC0Xc+hLufBvT6Sy09UDg4//PyUl+P+FMaYS+rYXFpeWV1dJaeX1jc2vb3tltqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsfXk/89j2VisXiTo8S6ka4L1jICNZG8uz9Xn5HV/Z9N0NVVDs7r6IxDIT34NkVVEN5wXlwCqiAohqe/dULYpJGVGjCsVJdByXazbDUjHA6LvdSRRNMhrhPuwYFjqhys3z/GB4ZJYBhLM0RGubq74kMR0qNIt90RlgP1Kw3Ef/zuqkOL92MiSTVVJDpojDlUMdwEggMmKRE85EBTCQzb4VkgCUm2sRWNiE4s1+eh9ZJzTF8e1qpXxVxlMABOATHwAEXoA5uQAM0AQGP4Bm8gjfryXqx3q2PaeuCVczsgT9lff4A5MaWXw==</latexit><latexit sha1_base64="QALJIaQ3kFspDGVzMTHfXTnIZiY=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAILkrJiLdl0Y3LCvYC7TBkMpk2NJMZkoxYhoIbX8WNC0Xc+hLufBvT6Sy09UDg4//PyUl+P+FMaYS+rYXFpeWV1dJaeX1jc2vb3tltqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsfXk/89j2VisXiTo8S6ka4L1jICNZG8uz9Xn5HV/Z9N0NVVDs7r6IxDIT34NkVVEN5wXlwCqiAohqe/dULYpJGVGjCsVJdByXazbDUjHA6LvdSRRNMhrhPuwYFjqhys3z/GB4ZJYBhLM0RGubq74kMR0qNIt90RlgP1Kw3Ef/zuqkOL92MiSTVVJDpojDlUMdwEggMmKRE85EBTCQzb4VkgCUm2sRWNiE4s1+eh9ZJzTF8e1qpXxVxlMABOATHwAEXoA5uQAM0AQGP4Bm8gjfryXqx3q2PaeuCVczsgT9lff4A5MaWXw==</latexit><latexit sha1_base64="QALJIaQ3kFspDGVzMTHfXTnIZiY=">AAACA3icbZDLSgMxFIYzXmu9jbrTTbAILkrJiLdl0Y3LCvYC7TBkMpk2NJMZkoxYhoIbX8WNC0Xc+hLufBvT6Sy09UDg4//PyUl+P+FMaYS+rYXFpeWV1dJaeX1jc2vb3tltqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsfXk/89j2VisXiTo8S6ka4L1jICNZG8uz9Xn5HV/Z9N0NVVDs7r6IxDIT34NkVVEN5wXlwCqiAohqe/dULYpJGVGjCsVJdByXazbDUjHA6LvdSRRNMhrhPuwYFjqhys3z/GB4ZJYBhLM0RGubq74kMR0qNIt90RlgP1Kw3Ef/zuqkOL92MiSTVVJDpojDlUMdwEggMmKRE85EBTCQzb4VkgCUm2sRWNiE4s1+eh9ZJzTF8e1qpXxVxlMABOATHwAEXoA5uQAM0AQGP4Bm8gjfryXqx3q2PaeuCVczsgT9lff4A5MaWXw==</latexit>

d~n
<latexit sha1_base64="vHNuDrQT/X9a4yl0Sk1ScfXbbPc=">AAAB73icdZDLTgIxFIY7eEO8oS7dNBITV6QDctsR3bjERIQECOmUAzR0OmPbISETXsKNC41x6+u4823sACZq9E+afPnPOek5vxcKrg0hH05qbX1jcyu9ndnZ3ds/yB4e3ekgUgyaLBCBantUg+ASmoYbAe1QAfU9AS1vcpXUW1NQmgfy1sxC6Pl0JPmQM2qs1R50p8BiOe9ncyRPyqVakWCSLxG3UqtZIKRcLRawayFRDq3U6Gffu4OART5IwwTVuuOS0PRiqgxnAuaZbqQhpGxCR9CxKKkPuhcv9p3jM+sM8DBQ9kmDF+73iZj6Ws98z3b61Iz171pi/lXrRGZY7cVchpEByZYfDSOBTYCT4/GAK2BGzCxQprjdFbMxVZQZG1HGhvB1Kf4f7gp51/LNRa5+uYojjU7QKTpHLqqgOrpGDdREDAn0gJ7Qs3PvPDovzuuyNeWsZo7RDzlvn8umkHc=</latexit><latexit sha1_base64="vHNuDrQT/X9a4yl0Sk1ScfXbbPc=">AAAB73icdZDLTgIxFIY7eEO8oS7dNBITV6QDctsR3bjERIQECOmUAzR0OmPbISETXsKNC41x6+u4823sACZq9E+afPnPOek5vxcKrg0hH05qbX1jcyu9ndnZ3ds/yB4e3ekgUgyaLBCBantUg+ASmoYbAe1QAfU9AS1vcpXUW1NQmgfy1sxC6Pl0JPmQM2qs1R50p8BiOe9ncyRPyqVakWCSLxG3UqtZIKRcLRawayFRDq3U6Gffu4OART5IwwTVuuOS0PRiqgxnAuaZbqQhpGxCR9CxKKkPuhcv9p3jM+sM8DBQ9kmDF+73iZj6Ws98z3b61Iz171pi/lXrRGZY7cVchpEByZYfDSOBTYCT4/GAK2BGzCxQprjdFbMxVZQZG1HGhvB1Kf4f7gp51/LNRa5+uYojjU7QKTpHLqqgOrpGDdREDAn0gJ7Qs3PvPDovzuuyNeWsZo7RDzlvn8umkHc=</latexit><latexit sha1_base64="vHNuDrQT/X9a4yl0Sk1ScfXbbPc=">AAAB73icdZDLTgIxFIY7eEO8oS7dNBITV6QDctsR3bjERIQECOmUAzR0OmPbISETXsKNC41x6+u4823sACZq9E+afPnPOek5vxcKrg0hH05qbX1jcyu9ndnZ3ds/yB4e3ekgUgyaLBCBantUg+ASmoYbAe1QAfU9AS1vcpXUW1NQmgfy1sxC6Pl0JPmQM2qs1R50p8BiOe9ncyRPyqVakWCSLxG3UqtZIKRcLRawayFRDq3U6Gffu4OART5IwwTVuuOS0PRiqgxnAuaZbqQhpGxCR9CxKKkPuhcv9p3jM+sM8DBQ9kmDF+73iZj6Ws98z3b61Iz171pi/lXrRGZY7cVchpEByZYfDSOBTYCT4/GAK2BGzCxQprjdFbMxVZQZG1HGhvB1Kf4f7gp51/LNRa5+uYojjU7QKTpHLqqgOrpGDdREDAn0gJ7Qs3PvPDovzuuyNeWsZo7RDzlvn8umkHc=</latexit><latexit sha1_base64="vHNuDrQT/X9a4yl0Sk1ScfXbbPc=">AAAB73icdZDLTgIxFIY7eEO8oS7dNBITV6QDctsR3bjERIQECOmUAzR0OmPbISETXsKNC41x6+u4823sACZq9E+afPnPOek5vxcKrg0hH05qbX1jcyu9ndnZ3ds/yB4e3ekgUgyaLBCBantUg+ASmoYbAe1QAfU9AS1vcpXUW1NQmgfy1sxC6Pl0JPmQM2qs1R50p8BiOe9ncyRPyqVakWCSLxG3UqtZIKRcLRawayFRDq3U6Gffu4OART5IwwTVuuOS0PRiqgxnAuaZbqQhpGxCR9CxKKkPuhcv9p3jM+sM8DBQ9kmDF+73iZj6Ws98z3b61Iz171pi/lXrRGZY7cVchpEByZYfDSOBTYCT4/GAK2BGzCxQprjdFbMxVZQZG1HGhvB1Kf4f7gp51/LNRa5+uYojjU7QKTpHLqqgOrpGDdREDAn0gJ7Qs3PvPDovzuuyNeWsZo7RDzlvn8umkHc=</latexit>

dny
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The Hyper-Surface in Spacetime is equivalent to a 3D Velocity Field.
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Movie 6: Magnitudes of Velocities for a Hyper-Surface from 4D-CT  
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Summary and Outlook
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Summary 

• Nowadays, more explicit considerations of Higher Dimensions may be useful.

• Higher dimensional Objects can be observed via Projections, Intersections, etc.

• We are capable of constructing Manifolds of Co-Dimension 1 very efficiently!

• This all has led to:

Our Technology does NOT use Templates. 

 Topological Ambiguities can be resolved 

     in a purely DATA-DRIVEN Manner.

• We can handle Dimensions > 5 
comparatively easy!

B. R. Schlei, “Method for 
Hyper-Surface 
Construction in N 
Dimensions”, 

U.S. Patent 9,607,431 B2, 
Mar. 28, 2017, 

E.P. Patent 2 715 673 B1, 
Nov. 22, 2017. 
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Outlook: roseN — RObust (hyper-)Surface Extraction in n dimensions 

3D2D 4D

5D 6D                   

4 Edges 8 Triangles

16 Tetrahedrons

32 Pentachorons (4-Simplices) 64  5-Simplices
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Backup Slides
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Towards 4D: Tesseract and 3D Cubical Subspaces
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Intersections of a 4D Hypersphere with STEVE
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Intersections of a 4D Hypersphere with MCA

NO-GO: Appearance of Numerical Artefacts!
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