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Two models for magnetic dipole Stern-Gerlach force

All agree: magnetic potential U = —p - B J
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Two models for magnetic dipole Stern-Gerlach force

All agree: magnetic potential U = —p - B ]

Amperian - current loop

en.wikipedia.org/wiki/Magnetic_.moment
Fasa = V(u-B)
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Two models for magnetic dipole Stern-Gerlach force

All agree: magnetic potential U = —p - B ]

Amperian - current loop Gilbertian - magnetic dipole

S8 SHAL

en.wikipedia.org/wiki/Magnetic_dipole
en.wikipedia.org/wiki/Magnetic_.moment Fgsg=(n-V)B

Fasg = V(p-B) Named after William Gilbert 1544 - 1603
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Two models for magnetic dipole Stern-Gerlach force

All agree: magnetic potential U = —p - B ]

Amperian - current loop Gilbertian - magnetic dipole

en.wikipedia.org/wiki/Magnetic_dipole
en.wikipedia.org/wiki/Magnetic_moment Fgsg=(n-V)B

Fasg = V(p-B) Named after William Gilbert 1544 - 1603

There are no observed magnetlc monopoles. Point particles
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The new model should

@ Apply to magnetic moment of point-spinning (classical) particle;

@ Lead to one force-type only unifying Amperian and Gilbertian
forms as equivalent;

@ Be consistent in form with torque and spin dynamics:

Definition of torque:

T=puxnB

@ We want forces to be in covariant relativistic format, that is we
seek an extension of the ‘Lorentz-Force’

Lorentz Force: EM-Fields F*”, 4-velocity u,
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Spin dynamics in textbooks: Thomas-Bergmann-Michel-Telegdi

L. H. Thomas, “The motion of a spinning electron”, Nature 117 (1926) 514
V. Bargmann, L. Michel and V. L. Telegdi, “Precession of the polarization of particles

moving in a homogeneous electromagnetic field”, Phys. Rev. Lett. 2 (1959)

Covariant model of spin dynamics —7
/

dut e

_— = —F/'“/
g m
ut ) é&

dst
inF’“’sV—kai F*s, — —u-F-s
dr  m m c?

where a is the g # 2 anomaly
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Spin dynamics in textbooks: Thomas-Bergmann-Michel-Telegdi

L. H. Thomas, “The motion of a spinning electron”, Nature 117 (1926) 514
V. Bargmann, L. Michel and V. L. Telegdi, “Precession of the polarization of particles

moving in a homogeneous electromagnetic field”, Phys. Rev. Lett. 2 (1959)

Covariant model of spin dynamics

dr  m

where a is the g # 2 anomaly

@ Best way to see the problem: we need a force term valid for
neutral particles to account for the Stern-Gerlach force and a

torque equation that agrees with form of force.
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What is s”: classical Spin of point particle

Non-rotating ‘spin’ natural in quantum Dirac equation; this doesn’t
mean that spin is a quantum property! Spin arises in the context of
Minkowski space-time symmetry transformations: Poincaré group.
There are two Casimir operators commuting with all 10 symmetry
generators
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What is s”: classical Spin of point particle

Non-rotating ‘spin’ natural in quantum Dirac equation; this doesn’t
mean that spin is a quantum property! Spin arises in the context of
Minkowski space-time symmetry transformations: Poincaré group.
There are two Casimir operators commuting with all 10 symmetry
generators

Ci =pupt; €= m2c2J Cy = wwh; st = % J
wht is axial Pauli-Lubanski 4-vector made out of generators of rotations
J and boosts K

0 —J; —J —J3
_ —k  _ —x j] 0 —?3 FQ _ ]3 _
Wy = M;wpyv M, = 7, K; 0 -k, = | uyst = 5t =0
J; —K» K 0
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What is s”: classical Spin of point particle

Non-rotating ‘spin’ natural in quantum Dirac equation; this doesn’t
mean that spin is a quantum property! Spin arises in the context of
Minkowski space-time symmetry transformations: Poincaré group.
There are two Casimir operators commuting with all 10 symmetry
generators

Ci =pupt; €= m2c2J Cy = wwh; st = % J
wht is axial Pauli-Lubanski 4-vector made out of generators of rotations
J and boosts K

0 —J; —J —J3
_ —% _ —x j] 0 —?3 FQ _ Pu_
Wy =M,p", M, = 7, & 0 -k = | m,s" =5 =0
J; —K» K 0

Any and each point particle belongs to an irreducible representation of
the Poincare group described by the eigenvalues C; and C; of the
Casimir operators. 1/C; relates to mass and /C,/C; = |s*| to_spin.
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Relativistic ‘magnetic potential’

Analogical to electric energy E¢ = eV = ecA°. Since Emae = —p - B In
the rest frame of the patrticle

Need magnetic ‘charge’ d

Emag = Bocd = _MB, S dC = ‘1:
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Relativistic ‘magnetic potential

Analogical to electric energy E¢ = eV = ecA°. Since Emae = —p - B In
the rest frame of the patrticle

Need magnetic ‘charge’ d

Emag = Bocd = _MB, S dC = ‘1:

We look at a magnetic 4-potential B akin to e-4-potential A*

1
B,=Fs", F;, = EEWQBFW, F* = gAY — 9" A+

since s, is axial, B* is a polar 4-vector.
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Relativistic ‘magnetic potential

Analogical to electric energy E¢ = eV = ecA°. Since Emae = —p - B In
the rest frame of the patrticle

Need magnetic ‘charge’ d

Emag = Bocd = _MB, S dC = IIJ

We look at a magnetic 4-potential B akin to e-4-potential A*

1
B,=Fs", F;, = EEWQBFCVB, F* = gAY — 9" A+

since s, is axial, B* is a polar 4-vector.

B* generates additional magnetic force

du™
m—— = Fig; = (eF"+G"d)u,, G" = &"B'~0"B".
=
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Covariant Amperian and Gilbertian Stern-Gerlach force

The magnetic force will be now identified to be the Amperian form:

ASG force and the rest frame of a particle

Fhiso = eF*u, —u-0F*s,d+ 0"(u- F* - sd)

1 0
FZSG‘RFZ {07 eg‘i‘V(lllB)—c—zux E}
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Covariant Amperian and Gilbertian Stern-Gerlach force

The magnetic force will be now identified to be the Amperian form:

ASG force and the rest frame of a particle

FKeo=eF"u, —u-0F*"*s,d+ 0"(u- F*-sd
ASG

1 0
FZSG‘RFZ {07 eg‘i‘V(ll/B)—c—zux E}

Another approach that allows us to find the Gilbertian force:
We try to modify the fields

eFM" — |FM = eF" — 5. 9F*™ d |,
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Covariant Amperian and Gilbertian Stern-Gerlach force

The magnetic force will be now identified to be the Amperian form:

ASG force and the rest frame of a particle

Fhiso = eF*u, —u-0F*s,d+ 0"(u- F* - sd)

1 0
FZSG‘RFZ {07 68+V(HB)_C._ZMX E}

Another approach that allows us to find the Gilbertian force:
We try to modify the fields

eFM" — |FM = eF" — 5. 9F*™ d |,

ASG=GSG force and the rest frame of a particle

Fiisg = Flisg = (eF" — s - OF*™ d) u, — jugj" €yap,u*s g d
Fhsglre = {0, €€ + (- V)B + pop X j}
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Equivalence of point particle magnetic moment forces

Based on this we can write two equivalent generalizations of the
Lorentz force

ASG, GSG: two ways to write one and the same thing

F' =F\og=eF"u, —u-0F "s,d+ 0" (u- F*-sd)
F* = Fhoo = (eF*" — 5 - OF*"™ d) u, — poj” erapo®s’g"" d
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Equivalence of point particle magnetic moment forces

Based on this we can write two equivalent generalizations of the
Lorentz force

ASG, GSG: two ways to write one and the same thing

F' =F\og=eF"u, —u-0F "s,d+ 0" (u- F*-sd)
F* = Fhoo = (eF*" — 5 - OF*"™ d) u, — poj” erapo®s’g"" d

V(ip-B)— (- V)B=pux (V x B) with this we obtain
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Equivalence of point particle magnetic moment forces

Based on this we can write two equivalent generalizations of the
Lorentz force

ASG, GSG: two ways to write one and the same thing

F' =F\og=eF"u, —u-0F "s,d+ 0" (u- F*-sd)
F* =Fho = (eF" —s - OF ™ d)u, — pq]’yewgl,uo‘sﬁg”“d

V(ip-B)— (- V)B=pux (V x B) with this we obtain

cz ot

1 OE .
[Fasc — FGsGlgr = 1 X <———+ V xB - MQI) =0.

We recognize Maxwell equation in parenthesis
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How the modified force generates new spin dynamics (torque)

J. S. Schwinger, “Spin precession: A dynamical discussion”, American Journal of
Physics 42, (1974) 510,

Schwinger shows how the TMBT spin dynamics relates to EM force:

given u - s = 0 he takes proper time r derivative it - s + u - § = 0 and
substituting force for i for the case of Lorentz dynamics he argues:

dst
———F‘“’V =0.
<d7’ m s>
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How the modified force generates new spin dynamics (torque)

J. S. Schwinger, “Spin precession: A dynamical discussion”, American Journal of
Physics 42, (1974) 510,

Schwinger shows how the TMBT spin dynamics relates to EM force:

given u - s = 0 he takes proper time r derivative it - s + u - § = 0 and
substituting force for i for the case of Lorentz dynamics he argues:

dst
———F‘“’V =0.
<d7’ m s>

The general solution satisfying this equation is

dst e - utuP
E = %F'U‘VSV +a <g'LLp — 62 > Fp,/SV

We repeat the same for our generalized Lorentz force.
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Covariant dynamical equations

From now on we use the Gilbertian form of the Lorentz force Fésca in

vacuum j#* = 0.
The dynamical ‘Schwinger’ spin equation is obtained as described

above

Coupled covariant motion of particle 4-velocity u* and spin s*

du" 1 "
dL——(eFW—s-BF " dYu,,
T m
n d Hyp
‘fji = Lprvg, — —s~8F*Ws,,—|—Zi<g“p— u—g) Fous”
T m m c

@ Reduces to TBMT equations for d = 0 witha — a
@ dc=e/m+a
@ Dynamics of a neutral particle depends only on d
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Dynamical equations for neutral particles

For a neutral particle e = 0 and d # 0 the equations of motion reduce to

A g 4
dr m’

dst d utu”

7 :—s-aF*‘“’s,,%—ch <g“”— 2 )F,,psp.
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Dynamical equations for neutral particles

For a neutral particle e = 0 and d # 0 the equations of motion reduce to

% :—s-aF*‘“’uV%,
% =—s-0F"s, % +cd <g“” - u’:;t”) Fyps .
In the instantaneous co-moving frame
%v = %(M -V)B,
%s:px <B—nic(s-V)f> .
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Dynamical equations for neutral particles

For a neutral particle e = 0 and d # 0 the equations of motion reduce to

di oy 4
dr m
ds* d utu?
= s-OF*"s, = + cd <g“” —a ) Fps’ .
In the instantaneous co-moving frame
d 1
—v=—(pu-V)B
d 1 &
—s = B——(s-V)—) .
a” ~# 8 < mc (s-V) c>
Non-uniqueness
ds* KoV
% =...+b <g’“’ 4 '; ) T,,s" forexample T, = (s-0)F,,
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Neutral particle in an external plane wave (laser) field

Or: is it possible using lasers to guide neutral particles?

IOP Publishing Plasma Physics and Controlled Fusion

Plasma Phys. Control. Fusion 00 (2019) 000000 (9pp)

Classical neutral point particle in linearly
polarized EM plane wave field

Martin Formanek®, Andrew Steinmetz and Johann Rafelski

Department of Physics, University of Arizona, Tucson, AZ 85719, United States of America
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Neutral particle in an external plane wave (laser) field

Or: is it possible using lasers to guide neutral particles?

10P Publishing
Plasma Phys. Control. Fusion 00 (2019) 000000 (9pp)

Plasma Physics and Controlled Fusion

Classical neutral point particle in linearly
polarized EM plane wave field

Martin Formanek®, Andrew Steinmetz and Johann Rafelski

Department of Physics, University of Arizona, Tucson, AZ 85719, United States of America

Plane wave field with profile function f has the 4-potential

AM(E) = Agf(©), €=k-x k-e=0, B =0.
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Neutral particle in an external plane wave (laser) field

Or: is it possible using lasers to guide neutral particles?

10P Publishing
Plasma Phys. Control. Fusion 00 (2019) 000000 (9pp)

Plasma Physics and Controlled Fusion

Classical neutral point particle in linearly
polarized EM plane wave field

Martin Formanek®, Andrew Steinmetz and Johann Rafelski

Department of Physic rsity of Arizona, Tucson, AZ 85719, United States of Am

Plane wave field W|th proﬂle func’uonf has the 4-potential
AM(E) = Agf(©), €=k-x k-e=0, B =0.

Integrals of motion:

k- u(0) = yoc(1 — By - k), a fancy way to write the initial Doppler factor.
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M. Formanek (U of A department of physics)

Neutral particle in an external plane wave (laser) field

Squaring the generalized Lorentz force equation gives us a formula for
invariant acceleration

. . Ald*w* df

-2 _ 2 2 2Y10 _

(1) = = (k- s(m))" (k- u(0)*(f"(€(1)))" = 55— =%
Particle acceleration depends on initial Doppler shifted laser frequency
it sees and on alignment of the spin and the wave vector.

Balaton Workshop 2019
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Neutral particle in an external plane wave (laser) field

Squaring the generalized Lorentz force equation gives us a formula for
invariant acceleration

A ) 2 2,4
(1) = —(k - s(7))*(k - u(O))z(f//(g(T))yA::zl& SO = Zé’ )

Particle acceleration depends on initial Doppler shifted laser frequency
it sees and on alignment of the spin and the wave vector.

Solution of the dynamical equations

k- s(r) = k- 5(0) cos [Avd(f(£(7)) — f(£(m0)))] = @ sin [Aod(f(€(7)) — f(€(m)))]
W(0) = (k- u(0))(z - 5(0)) — (k- 5(0)) (e - u(0))
() = u"(0) + %hz(f)ic“(k “u(0)) + h(r)e" P u, (0)kas

R R C

v
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Geometry of the problem

Initial laboratory frame quantities

k= (1,k)

et = (0,¢)
ut(0) = ~yoc(1, Bo)
s(0) = (Bo - soL,Sor)

where s#(0) is Lorentz boosted (0, so).

4
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Geometry of the problem

Initial laboratory frame quantities

k= (1,k)

et = (0,¢)
ut(0) = ~yoc(1, Bo)
s(0) = (Bo - soL,Sor)

where s#(0) is Lorentz boosted (0, so).

Conserved quantity k - u(7) = vc(1 — k - B) = const means that particle
can lower it’s velocity by increasing the angle 6 and vice versa. The
mechanism is the spin interaction!

1- 6
(1+G())*’

_ G(1) + Bocos by 200y = 1 —
COSQ(T)_\/5§+G2(T)+2G(T)7 p(r) =1

G(r) = %hz(T)(l — k- Bo)+ h(r)Bo - (k x &)
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Accelerating relativistic neutrinos

Neutrinos don’t have any electric charge but they can have magnetic
moment (Dirac vs Majorana neutrinos). The current range for the Dirac
neutrino magnetic moment is

= 1071 = 10720
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Accelerating relativistic neutrinos

Neutrinos don’t have any electric charge but they can have magnetic
moment (Dirac vs Majorana neutrinos). The current range for the Dirac
neutrino magnetic moment is

po = 10711 =107

The square root of invariant acceleration can be estimated in the units
of critical acceleration a. = m,c®/h and using normalized
dimensionless laser amplitude ag = ;% as

eV)(E,[eV])?

\/I;Tz[ac] X &Qf”(g) Ev [(ml/ [ev])3

i 18] o< aof” (€)(10> — 1079)

for 20 GeV neutrino (produced at CERN) with mass .2 eV, and 1 eV
laser source. So in order to reach critical acceleration of unity we need
laser parameters in range

aof" (€) € (1072 — 10%)
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Accelerating relativistic neutrinos

@ State of the art laser systems ag  10°
o Classical regime \,/\, ~ 10!
@ How high can be 1 (£)?

@ Would be useful for determining neutrino properties - magnetic
moment, mass.

@ the product controlling the precession:
Aod = 1072 — 10718

no precession for neutrinos.
@ The function controlling the direction of the beam G(7)

G(r) ~ (107° = 107)f'(&(7))

@ Neutrons have much higher magnetic moment - spin precession
happens, but they are much heavier - harder to change the
trajectory.
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Quantum considerations

Motivation: Comparing the relativistic quantum mechanics models in order to find the
best one which could serve as a basis for our classical model.
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Quantum considerations

Motivation: Comparing the relativistic quantum mechanics models in order to find the
best one which could serve as a basis for our classical model.

Eur. Phys. J. A (2019) 55: 40 THE EUROPEAN
DOT 10.1140/epja/i2019-12715-5 PHYSICAL JOURNAL A
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Magnetic dipole moment in relativistic quantum mechanics

Andrew Steinmetz®, Martin Formanek®, and Johann Rafelski®

Department of Physics, The University of Arizona, Tucson, AZ, 85721, USA

Received: 4 December 2018 / Revised: 27 January 2019
Published online: 26 March 2019
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Quantum considerations

Motivation: Comparing the relativistic quantum mechanics models in order to find the
best one which could serve as a basis for our classical model.

Eur. Phys. J. A (2019) 55: 40 THE EUROPEAN
DOT 10.1140/epja/i2019-12715-5 PHYSICAL JOURNAL A

Regular Article — Theoretical Physics

Magnetic dipole moment in relativistic quantum mechanics

Andrew Steinmetz?, Martin Formanek®, and Johann Rafelski®

Department of Physics, The University of Arizona, Tucson, AZ, 85721, USA

Received: 4 December 2018 / Revised: 27 January 2019
Published online: 26 March 2019

Two often-used models

. eh v
DP: <’7“(1th# —eA,) —mc — aATnCGWF“ ) =0

KGP: <(ihc6M —eA,) —mPct — 7—JWF‘“’> =0
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Test system: Homogeneous magnetic field

Landau levels in the B = Bz field

2
DP: E, =+ \j <\/mzc4 + 2eficB (n + T s) — @(g — 2)s> + p2c?
2 2mc

KGP: E, =+ \/mzc4 + p2c* + 2ehcB (n + % — §s>

Notice that DP energy levels explicitly dependend on the anomaly
g — 2. Both reduce have the correct non-relativistic limit for particle

states 5
)4 ehB 1 g
E —me? =Y 4 77 - _ 9
n — Mc 2m+mc <n+2 AR

but their high field behavior is different!

M. Formanek (U of A department of physics) Balaton Workshop 2019 June 20, 2019 19/24



High field behavior

Ground state of electron with n = 0, spin s = 1/2, no momentum in the
field direction p, = 0. Magnetic anomaly g/2 — 1 = /27

E/me?

1.0

05~

Dirac Pauli (DP) Klein Gordon Pauli (KGP)
Merging of the particle (solid) and antiparticle (dashed) states at
different values of magnetic fields! Plotted in units of Schwinger critical
field 5y
B, = 1< — 44141 x 10°T .
eh
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The Coulomb problem

KGP can be solved analytically (Niederle & Nikitin, 2006), DP only
numerically (Thaller, 1992). In the non-relativistic limit we can compare
the transition lines difference proportional to a®.

@ Lamb shift j = const, I changes (line has 4.4x107° eV)

AE, 5 AEzD‘S;l/ =Py Difference
(a+d*/2)2e aZd ame — 1.6 x 10710 eV
@ Fine structure [ = const, j changes (line has 4.5x107> eV)
2P ,,—2P1 ) 2P3 2—2P1 )2 ;
AE qp AEp Difference
) Z —
(1/2+a+a?/2)52 (1/2+ a)Zd ame — 6.1 x 107! eV

Both discrepancies get more enhanced in muonic hydrogen or proton -
antiproton systems because of the higher mass.
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High Z behavior for KGP

E/mc?
1.1

1.0 e

~———

09

0.8
07-
0.6

0.5

9=1.9977 g:1i.9977

6 ‘20‘ ‘ 40 Gb ‘80 ‘100‘ ‘ 120\ ‘1)10

@ |g| < 2 singularity similar to DP

@ |g| > 2 joining of particle states with the same j and opposite spin.
These states are problematic even in the DP numerical solutions,
but they cross instead of merging.

-z

@ g =2 acusp point - character of the solution strongly modified
even for a small anomaly.
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Future developments

Correspondence principle between relativistic quantum theory and
our classical formulation for a suitable RQM model.

Explore other RQM models - for example Improved KGP from
Andrew’s paper.

RQM explanation of the extra gradient terms in the spin dynamics,
inclusion of others if necessary.

Is there a physics principle constraining dynamics of spin?
(Establishing uniquely the torque dynamical equation).

Extension of Pauli Lubanski definition of spin to be consistent with
SU(2) symmetry of space. (Now it is R?).

Developping theoretical framework for experiments with neutrinos
and neutrons.

Classical charged particle behavior
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