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Which was first?
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Puzzle for you:

What on earth to do with GPU about causality?

Find the right spot in the lecture!
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Wiener-Granger, predictive causality

Wiener-Granger causality

1. Axiom – cause precedes caused

2. Axiom – Using the past of the cause improves the forecast 

of the caused based solely on its own past.
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Life of the ants

Granger causality
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Life of the ants

Granger causality
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Takens’ Theorem

Let ft:MM

at+1=ft (at)

the map for a discrete time dynamical system with a 
strange attractor X with box counting dimension dX.

xt=g(at) observation

g must be twice-differentiable observation function, 

m>2dX then, the delay embedding X

Xt =(xt, xt-1,… xt-m+1)  reconstruct (up to ...) the 

state space of a

embeds X into Rm and left dX invariant.



14 October 2016

Time delay embedding

(𝑥𝑡, 𝑥𝑡−1)

m=2

Embedding of single variable

(𝑥𝑡, 𝑥𝑡−1, 𝑥𝑡−2)

m=3
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Time delay embedding

Takens’ Theorem

Example: logistic map

Embedded in D=2,3, the manifold is still one dimensional.

𝑥𝑛+1=𝑟𝑥𝑛(1 − 𝑥𝑛)
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Time delay embedding

(𝑥𝑡, 𝑥𝑡−1, 𝑥𝑡−2) (𝑦𝑡, 𝑦𝑡−1, 𝑦𝑡−2)

Embedding of single variables

Joint embedding

(𝑥𝑡, 𝑥𝑡−1, 𝑦𝑡)
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(𝑦𝑡−2, 𝑦𝑡−1, 𝑦𝑡) (𝑦𝑡−2, 𝑦𝑡−1, 𝑥𝑡)

Example 1.

Time delay embedding
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(𝑦𝑡−2, 𝑦𝑡−1, 𝑦𝑡) (𝑦𝑡−2, 𝑦𝑡−1, 𝑥𝑡)

Dimension increase indicates independence

y d=1 (in D=3) Joint d=2 (in D=3) 

Time delay embedding
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(𝑥𝑡−2, 𝑥𝑡−1, 𝑥𝑡) (𝑥𝑡−2, 𝑥𝑡−1, 𝑦𝑡)

Example 2.

Time delay embedding
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(𝑥𝑡−2, 𝑥𝑡−1, 𝑥𝑡) (𝑥𝑡−2, 𝑥𝑡−1, 𝑦𝑡)

Lack of dimension increase indicates causality,

y causes x

2d in 3D joint embedding is still 2d

Time delay embedding
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Xt , stationary time series t=1,….n 

Xt =(xt, xt-1,… xt-m+1) embedded in Rm

N(Xt,r) = # { s  :  |Xs -Xt |<r }

N(Xt,r)  rd(X) local dimensions

dx average of local dimensions

Embedding - a new look

dX is the intrinsic 

dimension of the 

X-manifold
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Intrinsic dimension

intrinsic dimension = information dimension
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Joint embedding

Xt , Yt time series 

Xt =(xt, xt-1,… xt-m+1) , Yt = (yt, yt-1,… yt-m+1)  embedded in Rm
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Joint embedding

Xt , Yt time series 

Xt =(xt, xt-1,… xt-m+1) , Yt = (yt, yt-1,… yt-m+1) embedded in Rm

And the joint:

Jt=(Xt,Yt)=(xt, xt-1,… xt-m+1, yt, yt-1,… yt-m+1)
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Joint embedding

Xt , Yt time series 

Xt =(xt, xt-1,… xt-m+1) , Yt = (yt, yt-1,… yt-m+1) embedded in Rm

And the joint:

Jt=(Xt,Yt)=(xt, xt-1,… xt-m+1, yt, yt-1,… yt-m+1)

dX,dY,dJ is the intrinsic 

dimension of the manifold, 

X,Y and the joint variable
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Dimensions

  YXJYX ddddd ,max

In general
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Dimensions Causal relation

dX < dY = dJ X drives Y

dY < dX = dJ Y drives X

dX = dY = dJ X circular Y 

max{dX,dY} < dJ= dX+dY

X  and Y are 

independent

max{dX,dY} < dJ< dX+dY

X,Y have a common 

cause
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Example and test 

the logistic map 

Y

X

Size of neighborhood



14 October 2016

Logistic map 
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Which one came first?
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Xlkalmazás

1930-1983 egg production 

and chicken population

*Mark E Fisher ≠ 

Ronald Fisher 

father of modern statistics

, American Journal of Agricultural 

Economics (1988)

*
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Which one came first?
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Which one came first?

Therefore, we conclude that eggs came first
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Kezdeti eredmények

paraméter

Which one came first?

Size of neighborhood
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Application to epilepsy focus detection
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Which region is the source of the epileptic seizure?

Shah XK, Mittal S. Invasive electroencephalography monitoring: Indications and presurgical

planning. Xnn Indian Xcad Neurol 2014;17, Suppl S1:89-94

12a

16b

C

Application to epilepsy focus detection
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Application to epilepsy focus detection

Areas to be analysed



14 October 2016

Application to epilepsy focus detection
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Application to epilepsy focus detection

Magenta areas have been removed
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Application to epilepsy focus detection

Discussion



14 October 2016

Summary

Our method

• Detects and distinguish all causality relations

• Assigns probability to causality relations
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Any suggestion for test data?
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Thanks for the attention


